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Paet I. 
INTRODUCTION TO THE MECHANICAL SCIENCES. 



CHAPTER I. 

OF MATTER AND ITS PROPERTIES. 



• 



(1.) The object of Mechanics being to investi- 
gate the effects produced by forces upon material 
substances, it is necessary, in commencing a trea- 
tise on the Mechanical Sciences, to say a few 
words respecting the properties of matter, and the 
various forms in which it exists in nature. We 
shall dwell but briefly on this subject, and only so 
far as it is necessary to the proper understanding 
of Mechanics. We shall confine our attention to 
those general properties which belong, more or 
less, to all kinds of matter, and upon which the 
various effects produced by forces, under different 
circumstances, depend. The special properties 
which distinguish the different kinds of matter 
from each other belong to the province of Chemis- 
try, and we shall not make any allusion to them 
here. 



2 MECHANICAL SCIENCES. 

(2.) Of the Inertness of Matter. — The terms 
Matter and Spirit are to a certain degree opposed 
to each other; the former being applied to the 
various substances, whether solid, fluid, or aeriform, 
of which our own bodies and the world around us 
are composed; while the latter is applied to that 
mysterious and unseen substance of whose exist- 
ence within himself each man is conscious. The 
distinguishing property of Matter is, that it is per- 
fectly passive, without power of self-locomotion, 
and incapable of change except by the force of 
some external cause. On the contrary. Spirit is 
endowed with that wonderful active principle called 
the Willi which is capable of producing, by an in- 
ternal and independent effort, various motions and 
changes in the material body over which it has 
power. We know by observation and experience, 
and by reasoning upon the phenomena of the 
material world, that Matter has no self-active 
energy ; and we are convinced by what we feel 
and know of ourselves, that Spirit is self-active, 
by which we mean that it has the power of choos- 
ing to act or not to act, independently of any 
external influence. 

It is true that material bodies exert various 
powers upon each other; thus the Sun has the 

Eower of drawing or attracting the Planets towards 
im, and the Planets exercise the same kind of 
power upon the Sun, and upon each other. But 
we know of no material body that can act upon 
itself so as to put itself in motion if it be at rest, 
or to stop its motion if it be in motion. We, 
therefore, assume this want of self-active power 
to be the distinguishing property of matter, and 
tlu's 13 what is meant by saying that matt^t la 
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inerty or that it possesses the property of Inertia, 
the word being derived from the Latin, and signi- 
fying inactivity or sluggishness. We must say more 
respecting the full meaning of this important word 
when we come to consider the subject of Motion. 

(3.) Extension and Impenetrability. — A mate- 
rial substance always occupies a certain portion of 
space, and this is called the property of extension. 
Furthermore, one body cannot penetrate or oc- 
cupy the same space as another without, to a 
certain extent, displacing it: this is called the 
property of impenetrability. 

(4.) Ditisibility, — Every material body may 
be divided into two or more, or any number of 
parts, and, as far as our experience goes, there is 
no limit to this divisibility of matter. We may, 
without difficulty, divide a grain of gold into at 
least a million of parts visible to the naked eye ; and 
one of these parts might doubtless be divided 
again into as many subdivisions. How far the 
process of subdivision may be carried in the case 
of any substance we cannot assert, we can only 
say that there is no sensible limit to the degree of 
minuteness to which the division of matter may 
be effected. 

There is good reason, however, to suppose that 
all material substances are composed of what are 
called Atmos, by which word is meant " that which 
cannot be (mt^ or dividedJ^ These atoms are often 
called Particles, from the Latin word signifying a 
tery little part ;. they are also called Molectdes and 
CarpusctdeSy both which words mean very minute 
bomes. They are supposed to be inconceivably 
small; indeed some philosophers have imagined, 
and with reason, that they are actually devoi^L oi 
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extension, being nothing but mere points endowed 
with powers of attraction and repulsion, in virtue 
of which they collect together, without coming 
into actual contact, and so form masses of ex- 
tended matter. It is almost proved, we may say, 
.that there is a great deal of truth in this view of 
the constitution of matter, viz. that bodies are really 
composed of particles which may be regarded as in- 
divisible, or rather, which never are divided in any 
process of nature. Whether they are mere points, 
or absolutely incapable of division by any means, 
it is not necessary, nor possible, to determine. 

(5.) In Mechanics the words Particle, Corpus- 
cule. Molecule, are continually employed, without, 
however, any assumption of their indivisibility ; in 
fact, we do not call them atoms. All that we 
mean by these terms is, that we may regard bodies 
as composed of an immense number of minute 
parts, to which parts we give the above names. 
A very good term is used in the same sense by 
some writers, namely. Material Pointy by which is 
meant, a portion of a material body so small that 
it may be considered as a point without sensible 
error. Giving this meaning to the term, we may 
suppose every body to be composed of material 
points adhering together. 

(6.) Porosity. — A substance is said to be porousy 
or to possess the property of Porosity ^ when it is 
full of holes or pores, like a sponge. Every kind 
of matter that has been experimented upon appears 
to be compressible^ that is, capable of being forced 
into a smaller space than it naturally occupies. 
This fact alone is suflScient to make the porosity 
of matter a very reasonable supposition, for com- 
pressibility is a natural consequence of ^jorosity. 
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But the mixing together of substances, as, for 
instance^ fluids with fluids, appears to leave no 
doubt of the porosity of matter. How, for in- 
stance, could wine and water be mixed together 
so intimately as to become, as it were, one fluid, 
if they did not mutually penetrate into each other 
in virtue of their porosity ? The chemical union 
of substances, as, for instance, the composition of 
water by the union of the two gases, oxygen and 
hydrogen, is perhaps the best proof that can be 
given of this property of inatter. 

Philosophers account for the porosity of matter 
very simply, by saying, that the atoms or particles 
are not in contact with each other, but are kept at 
certain distances from each other by forces of at- 
traction and repulsion, as we have observed before. 
Of course, if matter is composed of particles not in 
contact with each other, it is necessarily porous. 

(7.) Cohesion and Repvhion. — That the particles 
of solid bodies stick together, or cohere, is familiar 
to every one, inasmuch as it requires a certain 
amount of force to break or tear asunder such 
bodies, which would not be the case if the particles 
had not a power of cohesion. This power is often 
called the Attraction or Force of Cohesion, In 
some bodies it acts powerfully, in others feebly ; 
and this is, in a great measure, the cause of those 
different qualities which we call hardness, tough- 
ness, softness, fluidity, &c. In the case of fluids, 
the power of cohesion appears to be almost insen- 
sible, compared with what it is in solids. 

But the particles of matter are also endowed 
with a power of repulsion, which makes itself 
manifest when we attempt to compress bodies. 
We must use force to compress a body m\.o ^ 
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smaller space than that it naturally occupies ; and 
in many cases, the body in a great measure re- 
covers its original dimensions when the compress- 
ing force is removed. Every known substance has 
this power of resisting compression, in a greater 
or less degree ; from which fact we conclude that 
the particles of matter repel each other when they 
are brought closer together than in their ordinary 
condition. 

These two powers of cohesion and repulsion are 
often supposed to be merely modifications of the 
same force, which has been called molecular force. 
This force is supposed to be exerted between 
molecule and molecule, and to be an attractive or 
repulsive force according to the distance between 
the molecules. When the molecules are at a 
certain distance from each other, the molecular 
force does not act ; when at a greater distance it 
becomes attractive, and at a smaller distance repul- 
sive. A supposition of this kind fully accounts 
for the facts above stated respecting the resistance 
which bodies offer either to a tearing or breaking 
force, or to a compressing force. The supposition, 
however, of a cohesive and repulsive power re- 
siding in each particle comes really to the same 
thing, and is a simpler way of explaining the 
phenomena of cohesion and repulsion to persons 
not familiar with mathematical formulae. 

We may assume then, that, when the particles 
of a body are at their natural and unconstrained 
distance from each other, the cohesive and repul- 
sive powers are equal, and destroy each other ; but 
when the distance is increased the attractive power 
prevnih, and when it is diminished the repulsive 
power prevails. When the distance \^ cou«.ider- 
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ably increased both powers appear to become ex- 
tincty as we know from the fact, that, when once a 
fracture is made in a body, there is no difficulty in 
removing the two parts to any distance from each 
other. 

(8.) The distance between the particles at which 
the two opposing powers of cohesion and repulsion 
destroy each other, depends very much upon the 
amount of heat in the body; the greater that 
amount is, the greater the distance becomes. In 
fact, heat appears to increase the repulsive power, 
or, what would be the same thing, to diminish the 
attractive power. The consequence of this is, that 
heat expands, and cold contracts bodies. When 
the heat of a body is increased to a certain degree, 
the cohesive power is so much diminished that the 
repulsive power causes the body to expand into a 
vapour, as we know from common experience. It 
is probable that heat is itself the repulsive power 
which keeps the particles from coming together. 

(9.) The three Forms of Matter : Solid, Liquid, 
and Aeriform. — Material substances occur in three 
distinct and dissimilar forms or conditions. First 
of all there are solid substances, or those which pos- 
sess in a considerable degree the property of hard- 
ness. In such substances the powers of cohesion 
and repulsion both act with considerable energy, 
and make it difficult either to increase or diminish 
the distance between the particles; so that the 
body offers considerable resistance if we attempt 
either to tear it asunder or to compress it. The 
various degrees and qualities of hardness which 
we find in sohd bodies depend upon the relation 
between the cohesive and repulsive powers. Se- 
condly, there are liquid substances* These ap^^^cc 
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to have little or no cohesive power, but quite as 
much repulsive power as solid bodies, or rather 
more. If the distance between the particles be 
ever so little diminished, the repulsive power acts 
strongly; but, if increased, little or no cohesive 
power is brought into play. Lastly^ there are 
aeriform substances^ gases and vapours of various 
kinds. In these the cohesive power appears to be 
utterly extinct, and the repulsive power compara- 
tively weak, though strong enough to make itself 
sensible by the tendency which the substance has 
to expand and diffuse itself in space, if not re- 
strained and kept in by some force or resisting 
obstacle or vessel. We say that the repulsive 
power is comparatively weak, for a moderate 
amount of force is able to compress a gas into half 
or quarter the space it occupies ; whereas no force 
that we can command, however great, is capable 
of doing this, or anything approaching to it, in 
the case of a liquid or solid substance, if we except 
Very soft and porous solids. 

By the action of heat we may, as we have 
stated, greatly modify the intensities of the cohe- 
sive and repulsive powers, and so change solids 
into liquids, and liquids into vapours: and the 
reverse action may be produced by cold, as has 
been remarkably exemplified in the case of several 
gases, which resisted all efforts to compress them 
into the liquid form, until a considerable degree of 
cold was produced previously. 

(10.) Bigidityi Flexibility^ Elasticity^ S^c. — ^When 

the cohesive and repulsive powers are so energetic 

that no ordinary amount of force can increase or 

diminish the distance between the particles of a 

jbodjr^ it 18 called a rigid body. A. rigid body, 
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therefore, is one which cannot be broken, or bent, 
or compressed; in short, one whose shape and 
dimensions cannot be altered by the action of ordi- 
nary forces. There is no such thing as a perfectly 
rigid body in nature, though many bodies may be 
regarded as rigid when not exposed to the action 
of unusually great forces. In practice it is always 
necessary to bear in mind that no substance is so 
rigid that it cannot be bent or broken ; and it is 
an important part of Mechanical Science to deter- 
mine how far, and within what limits, different 
kinds of materials can resist the action of forces 
tending to bend or break them. 

( 1 1.) A remarkable property of many substances 
is flexibility^ or the capability of being bent. A 
string or rope is a familiar instance of bodies pos- 
sessing this property. The least force will bend 
a string, and make it assume any curved form that 
we please. A piece of wire possesses this pro- 
perty also, but in a much less degree, for it re* 
quires some force to bend it. No body is perfectly 
flexible, it always requires some little force to 
bend even the most flexible body. There is no 
substance that does not possess a certain degree 
of flexibility, inasmuch as there is no substance 
that is perfectly rigid, for if the rigidity of a body 
is imperfect, it must be flexible to a certain extent. 

There are some flexible bodies, (as for in- 
stance, a common rope,) which cannot be stretched 
or broken except they are pulled by a considerable 
force. Such bodies are said to be inextemibhy 
that is, not capable of being extended or stretched. 
When we talk of a string or rope being inexten- 
sible, we do not mean that it is perfectly so, for 
there i^ no substance that cannot be stretc\i^4. Si 
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a sufficiently powerful force be employed to pull 
it ; we only mean that it is not capable of being 
stretched in any sensible degree by the action of 
moderate forces. 

Again, there are other flexible bodies which 
offer but little resistance to a pulling force, and 
may be easily stretched, and that to a considerable 
extent, without breaking. A string of Indian 
rubber is an instance of this. Bodies of this kind 
are said to be extensible. 

(12.) When a body is compressed, or stretched, 
or bent by the action of a force, it is said to be 
elastic, if it recovers its natural shape and size on 
the removal of the force. If a string of Indian 
rubber be stretched, the moment it is let go it 
springs back and assumes its original length. If 
a straight steel spring be bent into a curve, it 
becomes perfectly straight again, when released 
from the bending force. If air be compressed in 
a vessel into a smaller space than that it naturally 
occupies, it will expand and resume its original 
bulk when the compressing force is removed. All 
these bodies are said to possess the property of 
elasticity , which is a power of quickly recovering 
from the effects of a compressing, stretching, or 
bending force. 

When, a body is compressed by a force, and 
then allowed to expand again by removing the 
force, it exerts a certain amount of force in the 
act of expanding, which may be felt if we try to 
prevent that expansion. This force of expansion 
is sometimes nearly equal in amount to the force 
which compressed the body, and sometimes con- 
siderable less than it, but never either quite equal 
to, or greater than it. When the force of expan- 
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sion is nearly equal to the compressing force, the 
body is said to be very elastic, or to possess the 
property of elasticity in a high degree ; and, in 
general, the nearer the force of expansion ap- 
proaches in amount to the compressing force, the 
more elastic the body is said to be. 

(13.) Heaviness and Lightness. — One of the most 
remarkable properties of material substances, and 
familiar to every one, is a tendency to fall down, 
commonly called weight or heaviness, which appears 
to be greater in some kinds of substance, and less 
in others. This tendency to fall down is made 
manifest to our senses by the actual falling of bodies 
when unsupported, and by the muscular effort we 
must make to prevent bodies from falling down. 
It is chiefly, however, from the muscular force 
required to hold up bodies, that we get the idea of 
weight or heaviness ; and, indeed, we can form a 
good idea of the relative weights of different 
bodies, by supporting them in the hand, and 
feeling what amount of muscular exertion is re- 
quired to do so. 

But there are some substances which appear to 
possess the opposite property of lightness, or a 
tendency to rise. Thus, the bag of a balloon being 
filled with the gas called hydrogen, shows a very 
considerable tendency to rise, and is capable of 
drawing up a considerable weight. Other sub- 
stances, such as feathers, smoke, or the like, appear 
to be neither heavy nor light — that is, they seem 
to have no tendency either to rise or fall. But 
what is most remarkable is, that the heaviness of 
a body appears to be capable of alteration by im- 
mersing it in different fluids. Thus, a piece of 
v^ood, frbicb exhibits a tendency to Ml msAi/\^ 
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put under water, immediately rises, and a piece of 
iron, which, when put in water, immediately sinks, 
will exhibit a considerable tendency to rise, if 
immersed in quicksilver. 

The phenomena of heaviness and lightness are 
now well understood, and there is no diflSculty in 
explaining the facts just stated in a very simple 
manner by the theory of gravitation, as we shall 
presently show ; but not long ago this subject was 
one of the greatest diflSculty to philosophers, and 
gave rise to continual disputation. 

(14.) We have now said enough, by way of in- 
troduction to the Mechanical Sciences, respecting 
the general properties of matter. To most of the 
points here alluded to, we shall have to recur 
hereafter at some length. We shall conclude this 
chapter by mentioning facts and experiments 
which confirm and illustrate some of the above 
statements. 

EXPERIMENTAL ILLUSTRATIONS. 

(15.) Divisibility of Matter, — If we take a grain 
of one of the common blue dyes, (a compound of 
copper,) and put it in a gallon of water, the whole 
of the water will become sensibly coloured blue. 
Now, it would be easy to show that there are more 
than 1,000,000 small drops of water in a gallon ; 
if, therefore, we take one small drop of the coloured 
water, it will contain only the millionth part of 
a grain of the dye. In this way we may divide 
so small a portion of matter as one grain of the 
dye into a million of parts. But, furthermore, 
the drop of coloured water, seen in a powerful 
microscope, would appear of conaideiable aize^ and 
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capable of being divided into some 1,000 visible 
equal parts. This proves that the grain of dye 
might be divided into a thousand millions of equal 
parts; 

The animalculae seen in a powerful microscope 
afford a wonderful proof of the extreme divisi- 
bility of matter. It has been calculated that more 
than a million of animalcules of a certain kind^ 
heaped together, would form so minute a portion 
of matter, as to be scarcely visible to the naked 
eye. Now, each of these creatures is an organ-^ 
ized being, having limbs of various kinds, and 
vessels or tubes for the circulation of fluids. How 
inconceivably minute the particles of the fluids 
which circulate through these tubes, and the par- 
ticles of which the creature is composed must be. 

(16.) Porosity of Matter, — Quicksilver may be 
easily forced in minute drops through leather, 
wood, and other substances of the same nature; 
which proves the porosity of these bodies. The 
well-known experiment tried at Florence in the 
seventeenth century shows that gold, apparently 
one of the most condensed and closest substances, 
is porous, and that water may be forced through 
its pores. The Florence academicians filled a 
hollow ball of gold with water, and then put it in 
a press, where it was exposed to the action of a 
considerable compressing force, in order to try 
whether water was a compressible substance or 
not ; for they supposed that gold was too dense a 
substance to allow the water to pass through it, 
and that they might succeed in this way in com- 
pressing the water into a smaller space than that 
it naturally occupied, by squeezing the gold ball 
in the inside of which it was contained. TVv^ 
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result of their experiment was quite contrary to 
their expectations, for the water was actually 
forced through the pores of the gold, and appeared 
like dew on the outside of the ball. The fact 
that water may be forced through the pores of 
gold has been frequently proved Jby experiment. 

(17.) Forces of Cohesion and Bepulsion. — If two 
pieces of plate glass, soon after they have been 
polished, be placed with their surfaces in contact, 
they will soon stick together, and, if left for any 
time in such a state, will become as closely united 
to each other as if they had been originally only 
one piece ; so that if an attempt be made to force 
them asunder, it will be found that they will not 
split or give way along the surface of union, as 
one might fancy, but in some other direction. 
This has often occurred in plate-glass factories, 
and it affords a very striking illustration of the 
powerful force of cohesion which the particles of 
glass are capable of exercising on each other. 

The forces of cohesion and repulsion exist not 
only between particles of the same kind, but also 
between particles of different kinds, as the follow- 
ing facts will show : — 

If a small open glass tube be dipped in water. 
Fig- 1. as in fig. 1, the water will rise in the 
tube, and outside it, as is represented, 
in the figure. This proves that the 
particles of glass which compose the 
tube draw up the water towards them, 
which will be made very manifest if 
we lift the tube slowly and gently out 

of the water. In other words, this 

^Ez experiment shows that there is a cohe- 
slve force between the particlea of glaaa and water. 
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If the same sort of tube be dipped in quick- 
silver instead of water, the contrary Fig.2, 
effect will be produced, as is shown in 
fig. 2. The quicksilver will sink, in- 
stead of rising, both inside and outside 
the tube; which shows that there is 
a repulsive power between the particles 
of glass and quicksilver, which makes 
them recede from each other, and in 
this way the quicksilver is forced down- 
wards. 

(18.) WAy certain substances are wet by certain 
fluids, and others not — Water wets glass, (if it be 
not greasy,) because there is a cohesive force be- 
tween the particles of water and glass, in virtue 
of which the water adheres to, or wets the glass. 
The same may be said of wood and water. Quick- 
silver, on the contrary, does not wet glass, because 
there is a repulsive force between the particles of 
glass and quicksilver, which prevents the quick- 
silver from adhering to the glass ; and the same 
may be said of water and any greasy substance. 

(19.) Put two balls, one of wood, and the other 
of any greasy substance, or pi^.3. 

of wax, in a vessel of water, 
(fig. 3,) and the contrast of ^=^^^3^ 
the cohesive and repulsive 
forces will be made very manifest. The water 
will rise and wet the wooden ball, as is shown in 
the figure, and will so make an elevation on the 
surface of the water. On the contrary, the water 
will not wet, but will be repelled by the wax ball, 
and the consequence will be, that a depression 
will be formed in the surface of the water. 

Thi^ expMna the reason why balls put m ^a\.ex 
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in this way, sometimes attract, and sometimes 
repel each other ; and why little suhstances float- 
ing on the surface of a fluid in a vessel, sometimes 
run to the sides of the vessel, and sometimes do 
not. When two balls of wood are placed suflS- 
ciently near each other in water, the water rises 
between the two balls considerably more than it 
Pi^.4. would do, if there was only 

one ball, as is represented in 
fig. 4, and the effect of this 
is, that the balls are drawn 
together by the cohesive power of the water 
which rises up between them. Again, if the 
two balls be of wax, the water sinks between the 
two balls more than it would do if there were only 
Fig. 5. one ball, as is represented in 

(, fig. 5, and the consequence 

is, that the water at a and 
J, by the repulsive power it 
exerts on the balls, pushes them together. 

If one ball be of wood, and the other of wax, 
they are pushed away from each other by the 
action of the water. The reason of this may be 
given in the same manner as in the former cases ; 
and the same may be said of the fact, that sub- 
stances floating near the sides of the vessel which 
contains it, sometimes run towards the sides, and 
sometimes do not, 

(20.) Solidsy Liquids^ and Gases. — It is scarcely 
necessary to give instances of the three forms 
which material substances assume, but it is worth 
while stating a few facts relative to the change of 
form which is brought about by the action of 
hent or cold, and by external pressure. 
The degree of heat, or tYie temperature, «>»e it is 
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called^ to which a mass of water must be raised to 
make it boil, is, as most people know, 212^ of 
Fahrenheit's thermometer, under ordinary cir- 
cumstances. Now, the water begins to boil, or 
assume a gaseous form, as soon as the cohesive 
power of its particles is so far diminished by the 
action of heat, (as we have stated above,) that the 
repulsive power prevails suflSciently to make the 
particles tend to separate, and fly away from each 
other with rapidity. But this tendency is re^ 
strained by the pressure of the atmosphere on the 
surface of the water; for the atmosphere, as we 
shall presently explain more particularly, exercises 
a considerable pressure on every body exposed to 
it, amounting, in round numbers, to fifteen pounds 
on every square inch. It is easy to understand 
that so great a pressure as this must keep in the 
particles of the water, and overcome their ten- 
dency to fly away from each other, unless there 
be suflicient heat communicated to increase the 
repulsive power so much as to make it overcome 
the atmospheric pressure. As we have stated, it 
requires a temperature of 212^ Fahrenheit to 
produce this effect ; and we may easily see why 
the water, which, comparatively speaking, is not 
very much affected at a lower temperature, flies 
rapidly into vapour as soon as the temperature 
comes up to 212°. Under this temperature the 
repulsive tendency communicated to the particles 
of the water by the heat is completely kept in 
check by the superior atmospheric pressure, and no 
boiling takes place; but as soon as the repulsive 
tendency is increased so much as to exceed the 
atmospheric pressure, there is nothing to restrain 
the Beparatlon of the particles of the watei, aiA 

c 



18 MECHANICAL SCIENCES. 

the consequence is, that the water turns rapidly 
into steam, or, in familiar language, boils. 

(21.) This view of the phenomenon of boiling 
by the action of heat is strongly borne out by the 
fact, that, if the atmospheric pressure be di- 
minished, the water boils at a lower temperature 
than 212^; which may be shown either by boil- 
ing water on the top of a mountain or under the 
receiver of an air-pump. At the top of a moun- 
tain of some elevation, the atmospheric pressure 
is considerably less than at the level of' the sea : 
and, accordingly^ it is found that water boils at 
a lower temperature on the top of the mountain 
than at the level of the sea» Indeed, it has been 
proposed to measure the height of mountains by 
observing at what temperature water boils upon 
them ; and an instrument for this purpose is often 
used when very great accuracy is not required. 

(22.) If we boil water under the large glass vessel 
in the air-pump called the receiver, from which the 
air is pumped away, and in which therefore there 
is little or no atmospherical pressure, it is found 
that the temperature at which boiling commences 
is so low as 72® of Fahrenheit's thermometer, while 
in the open air it requires a temperature of 212®. 
This is an important experiment, inasmuch as it 
shows that when the atmospherical pressure acts 
on the surface of the water, it requires as much 
as 140® increase of temperature to overcome its 
restraining power, and make the water boil. 

(23.) Pressure, therefore, counteracts the effect 

of heat in turning liquids into a gaseous form ; 

and of course, cold, on the contrary, must be 

assisted by pressure in making gases assume a 

liquid form. Cold alone can ^xodvicft the effect 
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of turning vapours into liquids, as we know in 
the case of steam and other vapours ; but there 
are many gases which no known degree of cold 
will condense into liquids without tne assistance 
of pressure ; nor will Miy known amount of 
pressure^ without the assistance of cold. By com- 
bining cold and pressure Dr. Faraday has suc- 
ceeded in turning into liquids several gases that 
were supposed to be incapable of such a trans^^ 
formation. 

(24.) A simple experiment, to show the effect 
of dinnnished pressure in making water boil at a 
lower temperature, is thus made : partially fill a 
flask or bottle with hot water, and make it boil 
with a spirit-lamp, or otherwise; cork the fiask 
tightly, and allow the water to cease boiling for 
some minutes, and then plunge the fiask in cold 
water* The effect will be curious ; for the water 
in the fiask will immediately begin to boil a^ain, 
though the temperature has really been dimi- 
nished by putting the flask into cold water. The 
explanation of this is easy ; for the vapour which 
fills the portion of the fiask not occupied by water 
exercises a pressure on the surface of the water 
equal to that the atmosphere would exert if the 
fiask were not corked ; but the cold of the water 
into which the fiask is plunged unmediately con* 
denses this vapour into water, and so relieves the 
water in the fiask from pressure; and thus, the 
pressure being removed, and the temperature 
oeinff considerably over 72°, the water imme- 
diately boils. 

(25.) Tenacity of Materials. — ^When a string 
or wire is exposed to the action of a stretching 
force of Bu^cient power, it is torn asunder. TVi^ 
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•eater the force which is required In order to 
lo this, in proportion to the thickness of the 
string or wire, the more tenacious the substance 
is said to be. The term tenacity, meaning the 
degree of resistance which the substance is capable 
of opposing to a force applied to tear it asunder, is 
estimated oy the force required to tear asunder a 
wire of the substance of a certain thickness. Iron 
is a substance possessing a wonderful degree of 
tenacity. A bar of cast-iron, whose transverse 
section, or thickness, is a square inch, will sup- 
port more than eight tons without breaking; a 
similar bar of wrought-iron will sustain over 
twenty-rfive tons without breaking ; a cable of iron 
wire, of a square inch thickness, will support as 
much as sixty tons without breaking. 

(26.) Heaviness and Lightness. — There is an old 
experiment which may be mentioned in relation 
to this property of matter. In the open air, a 
guinea appears to be composed of a much heavier 
substance than a feather, as we generally conclude 
from the fact, that if we let both bodies go at the 
same time, the miinea will fall very quickly to 
the ground, but the feather very slowly, or not at 
all. If, however, we remove the air, which 
may be done by allowing the bodies to fall inside 
a tall receiver of an air-pump from which the 
.air has been pumped, the feather will fall quite 
as quickly as the guinea, and therefore the sub- 
stance of the feather will appear to be as heavy 
as that of the guinea. We shall explain the 
reason of the lightness, or buoyancy, of some 
bodies in air, water, and other fluids, hereafter. 






CHAPTER 11. 

PF FORCE, AND THE VARIOUS KINDS OF FORCE IN 

NATURE. 

(27.) Of the term Force. — It Is not necessary to 
define the term force^ which we have frequently 
introduced in the preceding chapter, inasmuch as 
its meaning is familiar to every one. Indeed, 
the idea expressed by this term is acquired by the 
mind in the same manner as the ideas of tone^ 
tagte, colotiry and others of the same nature, which 
are called simple ideas. Ideas of this kind can 
be conveyed to the mind by exemplification^ — that 
is, by giving examples or instances, — ^but not by 
definitions properly so called. In explanation, then, 
of the meaning of the term force^ it is enough to say, 
that when we pull a body by a string, we exert a 
force upon it ; when we push against an obstacle, 
we exert 2, force upon it ; when we hold up a heavy 
body, we exert a force upon it; and, in like 
manner, when any other agent, animate or in- 
animate, exerts a similar power, by pulling, or 
pushing, or supporting, or the like, we say that 
that agent exerts ^ force. It is usual, however, to 
define iorce to he "that which produces or tend* to 
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produce motion ;" but It may be questioned whether 
these words would convey anything like the idea 
of force to a mind previously devoid of that 
idea. 

(28.) The Idea of force appears to be suggested 
to the mind by the muscular effort we have to make 
when we endeavour to move a body, or prevent 
its motion : by this effort we become sensible that 
we exert a force upon the body. In the same 
way we become sensible of the forces which other 
agents exert, by the effort it requires to overcome 
these forces, or prevent them from taking effect. 
Thus, it requires a certain amount of muscular 
exertion to hold up a heavy body, and keep it 
from falling : this exertion makes us sensible that 
there is some force pulling the body downwards. 
In like manner, the effort required to break a 
tough body across makes us feel that there is a 
force of cohesion keeping the parts of the body 
together. 

(29.) Of the different kinds of Force in Natwre. 
—Before commencing the study of mechanics, 
properly so called, which consists of various pro- 
positions and investigations relative to the action 
of forces, singly and in combination, it is desirable 
that the student should have some knowledge 
of the different kinds of force which act in the 
material world, and of the means and contrivances 
by which they are estimated and measured. Such 
preliminary knowledge is not only useful for its 
own sake, but it also has the advantage of making 
familiar to the student the idea of force in general, 
the nature of the effects it produces under various 
circumstances, and several of the terms employed 
in relation thereto ; so that, vfVien ha commences 
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the formal and abstract reasonings which occur at 

the commencement of and throughout mechanics, 

he finds little or no difficulty in understanding 

them. The reason why mechanics sometimes 

appears dry and difficult is, because the student 

has never thought upon the subject in a familiar 

and simple way, before commencing the formal 

and abstract study of it. We shall, therefore, 

devote the present chapter to an enumeration of 

some of the various kinds of force in nature, and 

an explanation of methods employed to estimate 

their energy. 

OF THE ATTRACTION OR FORCE OF GRAVITY. 

(30.) We shall commence with the Force of 
Gravity, which produces effects so familiar to us 
and of such constant occurrence, and whose sphere 
of action extends throughout the visible universe^ 
The distances of the bodies composing the solar 
system from the sun and from each other are 
regulated and preserved within due limits by the 
agency of this wonderful force, and there is ^ood 
reason for asserting the same of the whole host 
of stars which surround us. The particles of 
each body are held together in compact globular 
masses by the force of gravity ; and, in our own 
world, the multitude of objects, animate and in- 
animate, which occupy the surface of the earth, 
are by the same force kept in their proper places 
and positions. Indeed, it would be an endless 
work to enumerate the uses and consequences of 
the action of this force. 

(31.) Of the Attraction of Gramty generally. — 
The Theory of Universal Gratiiaixfm^ aa \\» Sa 
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called, established by Newton in such a manner 
that there can be no doubt of its exact truth, is, 
that every particle of matter is endowed with a 
power of attracting^ or drawing towards it, every 
other particle of matter, whether near or at a dis- 
tance; but the greater the distance, the less is 
the power of attraction, according to a certain 
law which we shall presently state. Thus, if 
A and J5, fig. 6, represent any two particles of 
j..^ g matter, A attracts By and B at- 

tracts A ; so that the two will run 
-f- ^ ^ J together, except there be some ob- 
stacle or repulsive force to prevent 
it. Furthermore, the nearer the two particles 
are placed, the more energetic will this force of 
attraction be, and the more violently will the 
particles run together, if allowed to do so ; and, 
mce versdj the greater the distance, the less the 
attraction. Furthermore, the amount of force 
which A exerts upon B is precisely the same as 
that which B exerts upon A ; or, in other words, 
it will require just as much resisting force to pre- 
vent A moving towards 5 as it does to prevent B 
moving towards A, And this is true whether A 
and B be equal or unequal in size. 

With regard to the effect which the distance 
between the two particles has upon the amount of 
attraction they exercise upon each other, we shall 
only observe now, that if the distance is dimi- 
nished, and made one half of its original length, 
the force of attraction is increased to so much that 
it becomes four times greater than it was before ; 
if the distance is made one-third, the attraction 
becomes nine times greater ; and so on, according 
to the Jaw expressed in the ioWoYjm^ taJcAa^ su^- 
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poBing F to denote the force of attraction when 
the distance between A and ^ is 1. 



Distance betweem 
^and.8. J 


1 


\ 


i 


i 


i 


&c 


Force of altrac- 1 
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The numbers in the second line here, as is evident 
on inspection5 are the squares of 2, S, 4^ 5, &c* 
Hence, the attraction of gravity is said to increase 
as the distance diminishes, in inverse proportion to 
tie square of the distance. 

(32.) This is the statement of the theory or law 
of universal gravitation; it applies to every particle 
of matter composing the earth, and every thing 
upon it, not excepting the air that surrounds it ; 
it likewise applies to every particle composing the 
solar system, and we have good reason to assert 
the same of the whole visible universe. We shall 
hereafter state the proofs which Newton has given 
of the existence and universality of the law of 
gravitation, as far as the solar system is con- 
cerned. Since his time, various motions observed 
among the stars, and the establishment of the 
fact that the sun, followed by the planets, is 
moving rapidly in space, afford strong grounds 
for the assertion that this law extends to the fixed 
stars. We shall hereafter show, that what we 
now state furnishes a most wonderful and stu- 
pendous evidence of unity and design in the 
visible universe. 

(33.) Weight (yr Heaviness caused by the Attraction 
of Gravity, — We have already spoken of the teiv- 
dencj^ to fall which most bodies manifest, and 
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which 18 familiar to every one under the name of 
weight or heaviness. The reason why a body tends 
to fall, is because the attraction of gravitation 
residing in the particles of matter which compose 
the earth draws the body towards the earth, and 
produces in it a tendency to fall. Every particle 
composing the earth attracts the body, and the 
effect resulting from all these attractions is, that 
the body is drawn towards the centre of the 
earth, or very nearly so. Properly speaking, the 
body is attracted perpendicularly towards what is 
called the mean or level surface of the earth ; that 
is, what would be the surface, if there were no 
mountains or valleys ; or, to speak more accu- 
rately, if the sea covered the whole earth, and 
were undisturbed by winds or tides. Now, this 
level or mean surface of the earth is nearly, but 
not exactly, a sphere ; and, therefore, the perpen- 
dicular to it does not in all places point directly 
towards the centre of the earth, though the devia- 
tion from the centre is very small. We shall not 
at present be so unnecessarily exact as to take 
this deviation into account ; and we shall there- 
fore say that the body is drawn, by the aggregate 
attraction of all the particles of the earth, to- 
wards the earth's centre. 

(34.) The ancients, not having had any definite 
idea of the earth's rotundity, had very confined 
notions of the meaning of the words up and down ; 
and the idea of antipodes^ where men were obliged 
to walk with their feet upwards and heads down- 
wards, was very diflSicult of comprehension. We 
now understand the words up and down in an 
enlarged sense : down means, towards the earth's 
centre, and up, of course, the contrary direction ; 
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yvy speaking more accurately^ down means the 
direction in which bodies fall towards the earth* 
Hence^ since the earth is rounds and bodies 
always fall towards the centre of the earthy it 
follows that down here is about the same direction 
as up in New Zealand. One of the great ob- 
jections brought against the supposition of the 
earth's being a round ball was, that it made it dif-< 
ficult5 if not impossible^ to distinguish between up 
and down ; for what was up to one man, would be 
dmcn to another on the opposite side of the earth, 
if it were a globe. The force of this difficulty 
cannot be estimated in our days, when the rotun-» 
dity of the earth and the idea of antipodes are 
familiar to all ; but in former times it was yery 
different, and the difficulty was perpetually urged 
by the most enlightened men. We may notice 
here the importance of a correct definition, for, by 
defining the word dawn as the direction in which 
bodies fall towards the earth, all the difficulty we 
allude to vanishes. 

(35.) Ketuming to the subject of heatinessy we 
are now prepared to state the cause of it very 
simply : it is the effect of the attraction we have 
just spoken of towards the centre of the earth* 
Every body is drawn downwards {i.e, towards the 
earth's centre, according to our definition of the 
word) by the attraction of the earth ; and the ten- 
dency to fall so produced is called heaviness. 

(36.) By the term weight we mean somewhat the 
same thin^; but, to speak more correctly, and at- 
tach defimte ideas to our terms, we must define the 
weight of a body to be the amount of force which 
acts tqfon it in consequence of the eartKs attraction of 
Sframly. Weight, then, is the force re8ult\i\g faotp 
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the earth's attraction of gravity. It is, therefore, 
a force which always acts downwards towards the 
centre of the earth, and draws every body towards 
that point. 

(37.) Vertical Line; Horizontal Plane. — We 
may here conveniently define the terms vertical 
and horizontal. By a vertical line is meant a line 
drawn in the direction in which bodies fall, or, 
what is the same thing, in which weight acts. 
This, as we have stated, is a line drawn perpen- 
dicular to the earth's level surface; or, what is 
very nearly the sarnie thing, a line drawn towards 
the earth's centre. 

We may easily find the vertical direction expe- 
rimentally by letting a heavy body fall, or, what 
is much better, by hanging a heavy body by a 
string. The string, of course, will hang down- 
wards in the direction in which the force of gra- 
vity pulls the heavy body, that is, in the vertical 
direction, and thus it exhibits to the eye the 
vertical line. A string thus used is called a plumb- 
line, from plumbum^ lead, because the heavy body 
suspended by the string is generally a piece of lead. 

The horizontal plane is the plane to which the 
vertical line is perpendicular. Any line in the 
horizontal plane is said to be a horizontal line ; in 
other words, all lines at right angles to the vertical 
line are called horizontal lines. 

OF THE CENTRE OF GRAVITY. 

(38.) We have stated that the weight of a body 
is the amount of the force of gravity exerted on 
that body ; but we have not said at what part, or on 
what point of the body this force acts. In reality, 
tie weight of a body arises fiom the combined 
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action of seyeral forces, namely, the forces of 
attraction acting on each particle of the body 
towards the centre of the earth ; for the law of 
grayitation is, that each particle of a body is drawn 
towards the centre of tne earth by the aggregate 
attraction of all the particles of the earth. Hence, 
the weight of a body is the total force resulting 
from the united energy of all the attractions acting 
on the different particles; or, to speak more 
simply, the weight of a body is the force resulting 
from llie combined action of the several weights 
of the particles of the body. 

Now, it may be shown, and we shall show it in 
a future part of this treatise, that this total force 
arising from the weights of the different particles 
is equal to the sum of all those weignts, (as, 
indeed, we may assert without proof,) and that it 
acts at a certain invariable point of the body. By 
an invariable point we mean a point that does not 
change its position in the body, when the body is 
turned round, or inverted, or otherwise moved. 

This point is called the centre of gravity of the 
body. It may be found by experiment, or theo- 
retically, and the knowledge of its precise position 
in every body is a thing of great importance. 
When a body is suspended by its centre of gra- 
vity, it will rest in any position it is placed in ; 
for if the centre of gravity, or the point where all 
the weight acts, be supported, there can be no 
tendency in the body to move. 

(39.) The centre of gravity of any body of 
perfectly regular form (such as a sphere, a cube, 
a parallelopiped, or a flat body in the form of a 
circle, square, ^araUelcgram, or the like) ia eaaWy 
detenmned, for it is always the central point of t\ie 
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body, as, for instance, the centre of the circle or 
sphere, the middle point of the square or parallelo- 
gram. In bodies of regular form, there is always 
a middle point or centre ; and it has this distin- 
guishing property, that ecery line drawn through 
it, to meet the surface of the body both ways, is 
bisected by it. Such a point is always the centre 
of gravity of the body. 

The centre of gravity of a flat 
^ig-f' body in the shape of a triangle 
A B Cy fig. 7, is found by drawing 
lines from any two of the angular 
points — A and B suppose — to the 
middle points D and E of the oppo- 
site sides. The point G, where the 
two lines intersect, is the centre of 
gravity of the triangle. If we sus- 
pend the triangle by a string, or 
otherwise, at the point G, it will remain at rest, 
without any tendency to turn round, in whatever 
position we hold the triangle. 

(40.) It is important to bear in mind these 
distinguishing characteristics of the centre of gra- 
vity; no other point of the body possesses the 
same properties. They may be all briefly stated 
as follows : the centre of gravity does not change 
its position in the body, when the position of the 
body is altered in any way whatever. The effect 
of the force of gravity on the body is to pull the 
centre of gravity towards the centre of the earth ; 
but it has no tendency to turn the body round, or 
make it revolve about its centre of gravity. 

(41.) From what we have just stated, it follows 

that the centre of gravity will always assume the 

lowest position it possibly caii\ fox \t \^ t\Y^ igoint 
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oh which the weight acts, and which is drawn 
downwards by the force of gravity ; and therefore, 
it will always fall, or move to a lower level, if it 
can, but never rise. 

Hence, if we suspend a body by any point, the 
body will hang with the centre of gravity 'certically 
below the point of suspension — ^that is, both points 
will be in the same vertical line, the former below 
the latter. This is obvious from the consideration, 
that the lowest position the centre of gravity can 
assume, is when it hangs vertically below the point 
of suspension. 

OF THE FORCE OF RESISTANCE EXERCISED BY 

SOLID BODIES. 

(42.) When one solid body is pressed against 
another by any force, there is a force of resistance 
brought into play between the two bodies, which 
prevents them from penetrating into each other. 
Thus, suppose a body A to be Fig. s. 

placed on a table B (7, (fig. 8,) 
and to be pressed against it 
hy any force represented by 
the arrow F; then the table 
will resist the action of the 
force, and prevent the body from being driven 
downwards. This force of resistance which the 
table exerts on the body is an upward force, which 
we have represented by the arrow B, The effect 
of the force B is simply to destroy the force F^ 
and therefore the two forces must be equal and 
opposite; for two forces acting on a body with 
equal energy in opposite directions, can produce 
no motioQ aae ivajr or the other, which is wWl v^^ 




32 MECHANICAL SCIENCES. 

mean when we say, that the force R destroys the 
force F. A force unresisted produces motion, but 
if it be resisted, so that no motion results from 
its action, it is said to be destroyed. The only 
way in which a force can be resisted, so as to be 
destroyed in this sense, is by the action of an 
opposing force of equal energy ; and this is the 
manner in which the table acts upon the body ; it 
brings into existence an opposing force Ry which, 
acting against the force -F, and with the same energy 
as Fy so that tiie two forces mutually destroy each 
other, prevents motion from taking place. 

(43.) The resistance of a solid body has its 
limits, which depend upon the toughness and hard- 
ness of the material of which the body is com- 
posed. We may increase the force F in the above 
example up to a certain amount, and the table 
will always produce a force R capable of destroy- 
ing F; but if F be made to exceed that limit, the 
table will give way, either by breaking, or being 
crushed, or otherwise, and the body will move 
down. The table will always furnish a force of 
resistance R just sufficient to destroy the force F^ 
whether F be small or great, provided it be under 
a certain limit. 

This, then, is the peculiar nature of the resist- 
ance which a solid body exerts, when another body 
is pressed against it by any force not exceeding 
a certain limit ; the resistance will always adapt 
itself, so to speak, to the pressing force, and be 
just sufficient to destroy it. There are a great 
number of problems in mechanics in which this 
consideration, properly made use of, greatly facili- 
tates the solution. 
(44,) Jleaction. — A force exiled mto action by 
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another force is called a reaction ; thus^ if a man 
presses against an obstacle, the obstacle will, as 
we have just explained, resist that pressure by 
returnirWi so to speak, an equal and opposite pres- 
sure : the return pressure thus exerted is called a 
reaction. A reaction is therefore only another 
name for the force of resistance we have just de- 
scribed. 

OF TENSION AND THRUST. 

(45.) Tension, as the name signifies, has refer* 
ence to a chain or string drawn tight ; it is used 
to denote the force which is transmitted along a 
string or chain, when one end is pulled. Let us 
suppose that AB i&s, chain, and abed, &c. the 
fiuccessive links of it, (fig. 9) ; and let ^ig. 9. 
a force, represented by the arrow jP, act 
on this chain at A, and pull it, the other 
end B being fastened to some obstacle. 
Then the link a, being pulled by the 
force F9 will pull the next link b with 
an equal force, and, in like manner, b 
will pull Cy c will pull d, and so on. In 
this manner the force F is transmitted 
along the chain from link to link, and it 
is thus brought to bear upon the obstacle B. The 
same might be said of a string or rope of any 
kind, only, instead of the links, we should speafc 
of the different particles which, united together, 
form the string or rope. 

(46.) It is important to notice that the force or 
tension thus transmitted by the string, always acts 
along the string, that is, the direction in which 
the force acts always coincides with the direction 
of the Btrwg, This is true also when the BtavDi^ 



1 






Tk 




34 MECHANICAL SCIENCEa 

passes over pulleys^ and so has its direction changed. 
Thus, let ABODE be a string, (% 10,) passing 

over fixed pulleys, 
B^ Gy 2>, which 
are supposed to 
allow the string 
to run over them 
with perfect free* 
dom. A ptMey is 
a little wheel with 
a groove cut all round its rim, (see fig. 11,) and 
the string or rope passes over the wheel resting in 
Fig.u. this groove. The wheel is made capable 
^^ of turning roimd its axis or pivots 
smoothly, and without resistance, so 
that if one end of the string has ever 
so small a pull exerted upon it, the 
pulley will inunediately turn round, 
and allow the string to move freely in the direc- 
tion in which it is pulled ; or, if both ends of the 
string be pulled, but one side with a greater force 
than the other, the string will inunediately move 
in the direction of the preponderating force, how- 
ever little it mav exceed the other. The use of 
a pulley of this kind is, first of all, to give perfect 
freedom of motion to the string, and secondly, to 
prevent the rubbing, and consequent wear and tear 
of the string ; for if the string were passed over a 
pin or tack, or through a hole or ring, instead of 
over a pulley, it is clear that there would be a 
good deal of rubbing, which would both resist the 
motion and wear out the string. When the axis 
or pivots round which the pulley turns are fixed, 
the pulley is called a fixed pulley. Of movable 
pulleys we shall speak YieteaSleT, "R^tvjcovm^ to 
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fig. 10, the string AB CDE passes over the pulleys 
Bj C, D, and is fixed to some obstacle at E. A 
force represented by the arrow F^ pulls the string 
at Ay and draws it tight, the effect of which is 
that a force of tension is sent along the string 
over the pulleys, to the obstacle at E, This force 
of tension acts on every part of the string, exactly 
in the same manner as in the cose of the links of 
the chain above mentioned^ and its direction is 
always alona the string. This is represented by 
the arrows in the figure ; the tension at B acts in 
the direction of the arrow at B, the tension at G 
acts in the direction of the arrow at C7, the same 
may be said respecting D, and finally the tension 
at E pulls the obstacle in the direction of the 
arrow at E. 

(47.) Furthermore, all these tensions are equal 
in energy to the original force Fy so that this force 
is transmitted along the string over each pulley, 
and finally is brought into action upon the obstacle 
at E. Practically speaking, however, this is not 
strictly true, for the pulleys can never be made so 
exactly, and with such smooth pivots, that they 
are capable of turning round with perfect freedom : 
there must always be a certain amount of rough- 
ness and firiction, as it is called, which does not 
allow the pulleys to turn without some degree of 
resistance ; and the consequence of this is, that a 
certain small amount of force is lost or wasted at 
each pulley, and thus the force F is not transmitted 
along the string to the obstacle, without some little 
diminution. 

^48.) What we have just stated supposes the 
string to be perfectly flexible, and this we may say 
is true of very thin strings made of flexible ma\^» 
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rial. With thick strings or ropes, however, th^ 
case is different ; they are by no means perfectly 
flexible, but have always a certain degree of 
rigidity or stiffness, which must be allowed for in 
estimating their mechanical effect. 

The force of tension plays an important part in 
Mechanics, and must be taken into account in a 
preat number of problems which we shall give 
nereafter. 

(49.) The force of Thrust. — This force, which is 
exercised by rigid or perfectly stiff bodies, is 
analogous to the force of tension, and equally 
important in Mechanics. When a man pushes 
with a stick or stiff body of any kind against an 
obstacle, he is said to exert a thrust, which is trans- 
mitted along the stick to the obstacle. A tension 
arises from a pull with a string, a thrust from a 
pttsh with a stick. 

(50.) A thrust is always transmitted in the 
direction of the force which produces it, and in 
this particular it differs from a tension. Thus, let 
Fig. 12. ABCD, (fig. 12,) be the 

rigid body, which is em- 
ployed to transmit the thrust, 
F the force which produces 
the thrust, and E the obstacle 
upon which the thrust ulti- 
mately acts. Then, suppos- 

x-ir ^ . . , , v^g AB CD to be perfectly 
stitt and rigid, the force which is exerted upon 
the obstacle Ey in virtue of the thrust transmitted 
through the interposed body ABCD, will always 
«ct m the direction of the force F produced, as is 

urAa^ the shape of A BCD may be. "Box m^ta.iLce, 
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if ABCD be of the shape represented in fig. 13, 
the arrow 7, (which, as in fig. 13, represents the 
force of* thrust brought into play j.. ^j 

on the obstacle, by the action of 
the force F transmitted through 
the rigid body ABCD,) will 
always point and lie in the same 
direction as the arrow F, pro- 
vided, of course, the body AB GD 
be perfectly stiff. 

The distinguishing character, 
then, of a force of thrust is, that it is always 
transmitted through a rigid body in the same 
direction as that of the force which originally 
produces it. We may also observe that the original 
force is transmitted through the rigid body uri" 
diminished^ that is, the force T^ in any of the above 
figures, is always equal in energy to the force F 
which produces it. 

(51.) What we have just stated is an instance 
of a principle we shall presently employ, called the 
Principle of the Transmission of Force through a 
Rigid Body, which asserts, that when a force acts 
upon a ngid body, it is transmitted through 
it unchanged in direction, and undiminished in 
energy. The effect of a force on a fluid confined 
in a vessel is very different, as we shall explain at 
length hereafter, for it is transmitted through the 
fluid, not in one particular direction, but literally 
in efoery direction^ up and down, right and left, and 
in this way it is brought into action on every point 
of the sides of the vessel which contains it. 
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OP THE FORCE OF FRICTION. 

(52.) The Force of Friction^ as it is called, is 
brougnt into play by the roughness of bodies placed 
in contact with each other ; it is a force of great 
importance in practice, both because it is of great 
utility in some cases, and of considerable disad- 
vantage in others. Without friction no structure 
could stand securely, no arch could be made use 
of, no nail or screw could hold framework together. 
At the same time, the friction in the different parts 
of machinery, whether stationary or locomotive/ 
is a serious cause of waste and expense. 

(53.) When a body A^ (fig. 14,) is placed upon 

a flat table, we know 
by constant experience, 
"^ that it requires a certain 
amount of force to make 
it move in any direction 
upon the table ; this may 
be made evident very simply by the following 
method : — 

Fasten a string to the body A^ let it pass over 
a fixed pulley B at the edge of the table, and 
suspend a weight by it, or, what is better, a scale- 
pan, into which we may put any amount of weight 
as we please. If, now, we put a very small weight 
into the scale-pan, supposing the scale-pan itself 
to be light, we shall general^r find that the body 
A will not be moved by it. But if we go on 
putting more weight into the scale-pan, and so 
increase the pull on the string, we shall find at 
length that A will begin to move. This proves 
the existence of a force which prevents the body 
ud from moving until a cettam amouKi\. of N^reight 
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pulls the string. The weight put in the scale- 
pan produces a force of tension on the string, 
which is transmitted over the pulley, and is so 
brought to bear in a horizontal direction on the 
body, as is represented by the arrow F; in fact, 
the string and pulley together are merely a con- 
trivance for making the vertical force of gravity, 
that is, the weight in the scale-pan, act horizon- 
tally on the body A, in order to determine whether 
such an amoimt of force is sufficient or not to 
cause A to move. 

The force jP, then, which is thus made to act 
horizontally on the body Ay does not move A at 
first ; and the cause of tiiis is the roughness of A 
and of the table, which prevents A from moving. 
The force F is therefore destroyed by the rough- 
ness, and this of course is effected by a force equal 
and opposite to i^, (as we have already explained 
in speaking of Besistancei) which the roughness 
brings into action against F. The force thus 
brought into action by the roughness is called the 
Force of Friction. It is of course, in this case, a 
horizontal force, since it directly opposes the force 
jP, and for the same reason it acts in a direction 
contrary to that in which F tends or endeavours 
to move the body. 

(54.) It is important to remark, that the rough- 
ness is capable of bringing into play a force of 
Motion of any magnitude, within a certain limit* 
This is proved by the fact, that the body A will 
not be moved by the string until a certain amount 
of weight is put in the scale-pan; but when that 
amount, or anything over it, pulls the string, A 
immediately moves. The force of friction can 
therefore aJwajrs destroy the force jF, whatevex \i^ 
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the magnitude of F^ provided it does not exceed 
a certain limit. It follows, therefore, since the 
force of friction must be exactly equal and oppo- 
site to -F, in order to destroy it, that the rough- 
ness may bring into play an opposing force of 
friction of any magnitude, under a certain limit. 
What that limit is we shall explain more fully 
hereafter. 

(55.) That the roughness is the real cause of 
this resistance to the force -F, may be easily proved 
by increasing or diminishing the roughness, when 
it will be found that the resisting force of friction 
will be increased or diminished accordingly. Thus, 
if the table be made of oak, with the grain in the 
direction of the string, and if the body A be 
100 lbs. weight of wrought-iron, it will be found 
that no weight under 62 lbs. put in the scale-pan 
will move -3, but any weight above 62 lbs. will 
move A. In this case, then, the resisting force 
may be of any amount not exceeding 62 lbs. Now, 
if the same experiment be tried upon a wrought- 
iron table, instead of an oaken one, it will be 
found that the greatest resisting force will be only 
14 lbs. If we roughen the surfaces of the body 
and table with a file, the resisting force will be 
greatly increased. In fact, it will soon be per- 
ceived on trial, that an increase of roughness will 
always increase the resisting force, and enable it to 
sustain a greater amount of weight in the scale-pan. 

The most polished surfaces will always exercise 
a certain amount of friction on each other, because 
no polish can be so perfectly effected by the 
mechanical means we possess, as not to leave a 
certain degree of roughness on the surface. The 
least amount of friction is found in the surfaces of 
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bodies which have a natural polish, and a consider- 
able degree of hardness and brittleness combined, 
as for example^ in the case of ice sliding upon ice. 
(56.) One other important point may be ob- 
served here respecting the force of friction, namely, 
it increases with, and in proportion to the force 
which presses the body against the table. In the 
case above supposed, of iron on an oak table, the 
body A weighs 100 lbs., and therefore 100 lbs. is 
the force which presses A against the table. The 
force of friction, in this case, at greatest is 62 lbs. 
Now, if we put a weight of 100 lbs. upon^, and so 
make the force which presses it against the table 
200 lbs., it will be found that as much as, but not 
more than 124 lbs., or twice 62 lbs., may be put in 
the scale-pan without moving A. And if we put 
a weight of 200 lbs. on Ay and so make the whole 

Eressure 300 lbs., we shall find that as much as, 
ut not more than 186 lbs., or three times 62 lbs. 
may be put in the scale-pan without moving A. 
Whence it is evident that the force of friction 
increases with, and proportionally to the force 
which presses the body against the table. 

OF ANIMAL FORCE. 

(57.) The muscular strength which animals pos- 
sess gives them the power of exercising at their 
will very important and sometimes very consider- 
able forces; and when several combine together, 
the effects produced by animal effort are very 
stupendous, as for instance, the enormous struc- 
tures we see continually erected, the harbours, 
canals, and railways, and such like works. But 
the chief peculianty of the forces which auVoi^^) 
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and especially man, can exert, is their applicabiKtj 
to produce every kind of motion, however compli- 
cated, and so minister to our necessities and com- 
forts. We can only say a few words here on the 
subject of muscular force. 

(58.) We may first observe, that the manner in 
which an animal moves his Umbs is by the con- 
traction of the muscles attached to the different 
bones. By a wonderful stimulus, which is con- 
veyed, at our will, by special nerves, from the 
brain to different parts of the body, a swelling and 
consequent contraction is produced in the muscle ; 
and in this way a pull or tension is brought into 
play upon the bone. This will be made evident 
to any one who observes the manner in which he 
lifts his hand by a motion from the elbow. If he 
feels the arm between the elbow and shoulder^ 
he will perceive the swelling of the muscle when 
he lifts the hand, and the fact that it pulls the 
bone a little way in front of the elbow-joint, and 
so raises the hand. In exactly the same manner, 
all other voluntary motions are produced in the 
body, by the contraction of muscles. 

(59.) The simple act of walking is generally but 
little understood: it is effected chiefly by those 
muscles which throw the body forward, and whidi, 
if the feet were not moved, would upset the man. 
The man, resting on one foot, inclines his body 
forwards, but arrests his fall by putting out the 
other foot: then resting on that foot he again 
inclines his body forwards, and puts out the former 
foot to arrest his fall : and by continually repeating 
this action he performs the act of walking. The 
motion of walking is in &ct extremely Eke the 
rolling of a wheel without ^ tybc^ having only 
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spokes : the centre of the wheel, like the centre of 
gravity of the man, is continually tending to fall 
forwards by turning round the extremity of the 
spoke which touches the ground, but the spoke 
just in front of that is continually arresting the 
falL The difference is that in man the two legs, 
being capable of being brought rapidly forward in 
succession, answer mstead of the great number of 
spokes all round the wheel. 

(60.) Engineers have estimated the average 
amount of work which animals are capable of 
doing under various circumstances : we shall give 
a few of their statements. 

An unloaded man can walk 31 miles per day on 
level ground ; which, estimating his weight at 10 
stone, and supposinig that he rests for 14 hours 
per day, is equivaleiit to the work of moving 10 
stone at the rate of about 3 miles per hour while 
he is actually walking. 

A strong man carrying 128 lbs. can walk at the 
rate of 9^ or nearly 10 miles per day. 

A man walking up an easy flight of steps can 
ascend a vertical height of nearly but not quite 
2 imles per dajr. 

A man walking up the same steps and carrying 
a weight of 150 lbs. can ascend only a vertical 
height of half a mile daily. 

A man drawing a boat on a canal can do 750 
times more work daily than he could do in moving 
materials with a wheel-barrow. 

A man moving materials with a wheel-barrow 
can do 9 times more work than when digging with 
a spade. 

A horse carrying a moderate burden, such, for 
instance^ as a man, can do 10 times as muolx \{Ott 
as a borae turning a milL 
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A dromedary carryins^ a man can do twice the 
work of a horse carrying a man. 

(61.) The subject of the work done by animals 
of various kinds and in various circumstances is 
one of much practical interest^ as the above state- 
ment may show. We shall give one other illus- 
tration of this subject. 

Suppose that a strong man, a porter for instance, 
has to transport a large quantity of material from 
one place to another, what is the best load for him 
to take each time ? If he takes too large a load he 
will ffo slowly, if too small a load he will waste 
time In going and returning too often. The answer 
is — he ought to take about 135 lbs. each time, 
supposing the ground to be level. Doing this he 
wul walk about 7 miles per day, and transport 
a greater quantity of material than he could do if 
he took a smaller or a greater load each time. 

OF ELECTRICAL AND MAGNETICAL FORCES. 

(62.) Electrical Attraction and Reptdsion. — The 
electric fluid, which produces such powerful and 
destructive effects in the form of lightning, is 
capable of exercising forces of a very wonderful 
nature, which appear to play a very important 
part in the various operations and processes of the 
material world, especially those connected with 
vegetable and animal organization. The forces of 
attraction and repulsion which bodies exercise on 
each other when they are charged with electric 
fluid are, if we except thunder and lightning, the 
simplest and most familiar instances of the effects 
produced by this subtle agent. If a piece of 
sealing wax be rubbed with a piece of dry silk it 
will become charged with electric fluids and will, 
in consequence, acquire tVie ^^et ol ^XXxwi-NMi^ 
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liglit bodies, such as small pieces of paper, thread, 
feathers, or the like. If a piece of glass, a glass 
tube or small phial for instance, be rubbed in the 
same way, it will exhibit like effects of attraction. 
But there is a curious difference between the electric 
fluid in the sealing wax and in the glass, which 
jDSLj be thus statea. 

(63.) Two bodies charged with vitreous elec- 
tricity (the word vitreous means ^^ ^produced from 
glassy^^ repel each other ; two bodies charged with 
resinous electricity {resinous means produced from 
resin, or a resinous substance, like sealing wax), 
likewise repel each other; but, if one body be 
charged with vitreous electricity and the other 
with resinous, they attract each other. From this 
it is supposed that there are two kinds of electrical 
fluid, one of which is called vitreous and the other 
resinous ; that vitreous electricity exercises a repul- 
sive power on vitreous electricity, but an attractive 
power on resinous, and that resinous electricity 
exercises a repulsive power on resinous electricity, 
but an attractive power on vitreous. These two 
kinds of electricity have also been called positive 
and negative electricities. 

(64) But the electric fluid 
when put in motion along spiral 
or twisted wires, exerts a much 
more curious kind of force. If 
we bend a rod of soft iron into 
the shape ABC, fig. 15, and twist 
a wire covered with silk about it, 
round and round from one end to 
the other, and then send a con- 
tinual stream of electric fluid 
through the wire, the piece of iron 
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will acquire a very considerable power of attraction 
on any other piece of iron brought near it at A C. 
Indeed in this way, by means of a very feeble 
electrical current, we may produce such a power 
of attraction in the piece ABC^ that if we put 
another piece of iron D underneath it, and suspend 
several stone weight from Z), the attractive power 
in the piece ABC will pull D upwards and sustain 
the whole weight. The moment we stop the 
current of electricity through the wire, the piece 
ABC loses altogether its power of attraction, and 
D falls. 

{^^*^ Magnetic Attraction. — The well-known 
Bubstance called loadstone (an ore of iron) exercises 
an attractive power on iron extremely like that 
which we have just described, and which is attri- 
buted to what is called the magnetic fluid, or 
magnetism; whatever exhibits this kind of attraction 
being called a magnet. It is now proved beyond 
doubt that magnetism is only a modification of 
electricity ; in fact all the phenomena attributed 
to magnetism may be produced by sustained 
currents of the electric fluid, and furthermore, the 
electric fluid may be drawn from a magnet. The 
earth is a great magnet, and probably it is so in 
consequence of currents of electricity circulating 
round it, having some connexion with its rotation 
about its axis. The magnetism of the earth is 
j,.^. 16 familiar from the curious effect 

it produces of making a magnetic 

needle point towards the north. 
ji ■BBssdamassa^ (^^O The nature of magnetic 

force may be briefly stated thus. 

If ^5 and CDy fig. 16, be two 
c f ^mmAmwm jd magnetic \)at&, \ii\L^l\i^T Ti<ai\iraL 
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magnets^ or artificial, or produced by electrical 
citfrents; and if they be suspended or balanced so 
as to be capable of turning freely round their 
middle points; then the extremities, or poles as 
they are called, of these bars have the following 
properties. 

One extremity or pole will always point north- 
ward or nearly so, that extremity of the bar is 
called its fwrth poUy and the other extremity its 
9(mih pole* 

Assuming A and C to be the north poles of the 
two magnets, and B and D the south poles, if A 
be brought near C they will repel each other, and 
if B be brought near D they will also repel each 
other: but A will attract Z), and B will attract C 
In other words, poles of the same name repel each 
other, and poles of a contrary name attract each 
other. 

CHEMICAL AND OTHER FORCES. 

(67.) We have already spoken of the forces of 
Cohesion and Repulsion, and therefore we need not 
allude to them here, more than to observe, that 
they are very important to be noticed in a treatise 
on Mechanics, as will appear hereafter. There 
are other forces of a similar nature called Chemical 
Forces, which produce most extraordinary effects, 
but of whose nature we know very little. These 
are the forces which give rise to those chemical 
mixtures and transformations of substances whereby 
their properties are modified and changed in the 
most curious and unaccountable manner. Thus 
the two gases called oxygen and hydrogen, when 
mixed together in certain proportions, form aiv 
invisible aeriform substance in which chem\C2\ 
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forces of tremendous power are, as it wer^ con- 
cealed and ready for action. For, if a lighted 
taper or electrical spark be applied to this mixture, 
a violent explosion takes place, caused by the 
rushing together of the particles of the two gases, 
in consequence of intense attractions which they 
exercise on each other. The result of the explo- 
sion is that the gaseous mixture is transformed 
into a few drops of water. Gunpowder is a familiar 
instance of the same sort of violent action, only 
instead of a gas being converted into a liquid, a 
few solid grains are almost instantaneously ex- 
panded into a gaseous form. 

(68.) Respecting a variety of other forms which 
might DC enumerated here we have not space to 
say any thing ; the forces of gravity, cohesion and 
repulsion, resistance and friction, tension and 
thrust, are those we have to consider most fre- 
quently in Mechanics. These and the other forces 
above spoken of are the principal causes of the 
various phenomena of the material world, for almost 
all these phenomena are simply manifestations of 
force and consequent motion. 

This assertion applies to many things which 
appear to be something different from and of a 
more subtle nature than mere effects of force and 
motion. Thus Sound is but a tremulous motion 
communicated to the ear by the vibrations of the 
air, and Light is of the same nature. All the 
varieties of tone, and language, and musical pitch, 
all the shades of colour, and the numberless effects 
thence resulting, are but modifications of motion, 
and effects of force. 
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EXPERIMENTAL ILLUSTRATIONS. 

(69.) We shall give some experimental illustra- 
tions of what has been said with regard to the force 
of gravity. We may observe, first, that the exist*- 
ence of the force of gravity may be proved by 
a very remarkable experiment which we shall 
briefly describe. 

(70.) CavendhKs Ea:pertmenL^-^TbiB experiment 
was described by Cavendish in the Philosophical 
Transactions for 1798 ; its object was to show the 
existence of the attraction of gravitation between 
substances of moderate dimensions on the earth's 
surface, and to determine the weight of the earth. 
Two balls of lead, A and B, fig. Fig. it, 

17, were fixed at the ends of a 
rod, and the rod was suspended 
by its middle point. The object 
of this arrangement was to allow 
the leaden balls to move with the greatest possible 
freedom, so that a very small force acting upon 
either of them might become immediately sensible 
by communicating motion to it. The balls thus 
suspended were put under a wooden box, to 
prevent any disturbance or agitation being com- 
municated from the air. A lamp was put in the 
box on one side and a telescope inserted on the 
other, so that, by looking through the telescope, 
any motion of the balls might be easily observed. 

Now he found that when large leaden balls were 
placed outside the box, near each end of the rod 
on which the leaden balls just spoken of were 
fixed, the effect was, that the extremities of the 
rod were drawn towards the large leaden \>«i!ik\a5 
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and the rod being thus disturbed out of its position 
of rest, vibrated backwards and forwards horizon- 
tally like a pendulum. 

By observing the manner in which this vibration 
took place. Cavendish was able to calculate how 
great the attraction of the large leaden balls was 
upon those fixed on the rod. We are not suffi- 
ciently advanced to explain the principle of this 
calculation here; suffice it therefore to say, that 
the result proved beyond doubt the fact tnat the 
leaden balls exercised an attraction of gravitation 
towards each other, according to the law of the 
inverse square of the distance above explained; 
but the most interesting and important deduction 
from the experiment was that the earth was on the 
average about 5J times heavier than water, — ^that 
is, that the weight of the whole earth was about 
5^ times more than the weight of an equal bulk 
of water. This makes the weight of the whole 
earth to be somewhat more than 

1,000,000,000,000,000,000 tons, 
that is a million of millions of millions of tons in 
roimd numbers. The exact numbers have been 
made out in this case, but it would be useless to 
give them. 

(7 1.) It may seem very extraordinary, and almost 
incredible, that the weight of the earth may be 
determined by watching the vibrations of leaden 
balls suspended as above, but the fact is so beyond 
doubt, and it forms a very striking illustration of 
what may be done by a Imowledge of mechanical 
principles. At first sight it would appear an 
impossibility for such a creature as man to deter- 
mine the weight of the enormous sphere on which 
he dwells, but, as we shall "pieaexillY dvow^ the 
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laws of mechanics, properly understood and applied, 
enable him to do this with comparative ease. And 
it is still more extraordinary that, by the same 
laws, he can prove that the Sun weighs 354,936 
times more than the Earth, but that the material 
of which the Earth is composed is on the average 
about 4 times heavier than that of which the Sun 
is composed. And in the same manner the weights 
of the planets have been determined, as we shall 
show hereafter. 

(72.) Attraction of Mountains. — ^From what we 
have stated respecting the attraction of gravity re- 
siding in every particle of matter, it follows that a 
great mountain must exercise some sensible amount 
of attraction on bodies near it. This was found to 
be the case by Dr. Maskelyne, (and others,) who 
suspended a plumb-line, and found it was drawn, 
though not to any extent, out of the true vertical 
by the attraction of neighbouring mountains. 
Near the mountain called Schehallien in Scotland 
Dr. Maskelyne tried experiments with plumb- 
lines north and south of the mountain, and he 
found, by means of astronomical observations, that 
the north plumb-line made an angle with the 
south plumb-line 11^'' more than it would do in 
a plain country. This showed the attraction of 
the mountain, by which the plumb-lines were drawn 
out of the true vertical towards the mountain, and 
80 made a greater angle with each other than they 
would do if there were no mountain mass to 
attract them. 

(73.) The Centre of Gramty always descends as 
low as it cany but never rises. — A very simple expe- 
riment may be mentioned which puts this principle 
in a Btnkivg point of view. If we get a piece ot 
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wood or metal of the shape ot 
a double cooe, A B, fig. 18, and 
fonnsBortof inclined plane with 
two rods CD, CF, which join 
at C, making an angle with each 
other which may be increased 
or diminished at pleasure : and, 
if we place the double cone at 
the bottom of this inclined plane, as in fig. IS, it 
will run up the inclined plime to the top, provided 
Fig. 19. the angle D CF be euf- 

o ficiently large. But, 

if we make the angle 
D CF small, and put 
the double cone at the 
top of the inclined 
plane, aa in fig. 1 9, it 
w ill run downthe plane. 
AU this is easily explained, for it will be per- 
ceived, that, when the angle BCF ia sufficiently 
larg^ the central point of the double cone, which 
is the centre of gravity, really descends when the 
cone ascends up the plane, and that at the top of 
the plane the centre of gravity ia actually id a 
lower position than it is at the bottom. Whence, 
the cone must run up the plane in order that the 
centre of gravity may descend aa low as it can, 
according to the principle we are now considering. 
In the case where the angle DCF is small, it wSl 
be perceived that the centre of gravity ascends 
when the cone runs up the plane, and therefore 
the cone must run down. 

(74.) We shall not now delay to ^ve illustrations 
of the other forces we have spoken of in the 
present chapter, as many op>^OTt\uatiQa of doing 
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80, and with greater advantage, will occur in 
different parts of this treatise. Enough has now 
been said, by way of introduction, respecting 
matter and force, to make the student who has 
never thought upon the subject familiar with the 
idea of force, and, to a certain extent, with the 
different kinds of forces in nature, and their effects 
on material substances. 

IMPORTANCE OF MECHANICS AS A BRANCH OF 

STUDY. 

(75.) The object of Mechanics being, as we have 
stated, to investigate the effect^g produced by forces 
upon material substances, it is evident, that the 
greater part of those sciences which treat of the 
phenomena of the material world must depend 
more or less upon Mechanics, and that without 
a complete knowledge of the laws and principles 
of Mechanics, it is impossible to make any great 
prc^ess in those sciences. Thus the motions of 
the planets in their orbits are effects resulting 
from the force of gravitation, and therefore, to 
understand the motions of the planets completely 
we must know how to determine and trace out 
the effects of such a force, which of course can only 
be done by the help of Mechanics. In like 
maimer, sound is a vibratory motion resulting 
from the elastic force of the air, and therefore, in 
investigating the laws of sound we must be fami- 
liar with the principles of Mechanics. But it is 
not necessary to multiply examples; the above 
enumeration of the different kinds of forces in 
nature is sufficient to prove the importance of that 
science in which force and the effects of force foitcv. 
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the subject of investigation. The great variety 
and extent of the phenomena which are produced 
by these forces directly and indirectly may well 
induce any one who wishes to study the laws of 
nature to make himself well acquainted ^ith the 
rules of Mechanics and their application. 

(76.) The study of Mechanics is also imporfiant 
as regards the common affairs of life, especially to 
those who may be engaged in any of the practical 
pursuits where the power of reasoning upon and 
estimating the effects of force in its different 
modifications is valuable and in many cases neces- 
sary. In our days it is scarcely necessary to 
insist on this point, when so much is effected by 
mechanical means, and so much has been gained 
by the improvement of machinery. Whether it 
be in building a house> or making a road, or con- 
structing drains, or supplying water, or in the 
more stupendous works of engineering science, or 
in the operations and processes of manufacturing 
art, in all an accurate and extensive acquaintance 
with the science of Mechanics is invaluable. 

(77.) If it were only to discourage the absurd 
use which many ignoi^ant persons make of their 
inventive powers, the study of Mechanics would 
be very useful. It is really surprising how much 
time and money have been spent in inventing and 
constructing machines which can never answer 
the purpose intended, and in which, notwith- 
standing, the inventor feels the most extraordinary 
amount of confidence, from ignorance of the com- 
monest mechanical laws. The author of this 
treatise has at various times been consulted on the 
subject of inventions the supposed value and merit 
of which consisted in wliat v^a% xesSiiL^ ^ ^v^utradic- 
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tion to a well-established law of Mechanics which 
states, that Motion can never generate Farce. In 
one case more than 5,000/. had been spent in con- 
structing a very complicated machine^ which was 
to have superseded steam-engines in the production 
of moving power, but which, in the end, could not 
produce power enough even to move itself. In 
another case a monster wheel of 40 feet diameter, 
moved hj a horse, was to help the horse, simply by 
its rotation, in such a wonderful way, as to enable 
him to do the work of 10 horses. There have 
been an incredible number of inventlbns for pro- 
ducing perpetual motion, all of which have griev- 
ously disappointed the inventors. A great number 
of patents nave been taken out, at an average cost, 
we suppose, of 300t or so, for what are called 
rotatory steam-engines, which have never been 
brought into use. So that, taking the waste of 
time, ingenuity, and money in constructing these 
useless machiiaes, to which in many cases the 
expense of the patent must be added, the loss has 
been considerable indeed. 

Now in all these cases a competent knowledge 
of Mechanics would have saved the poor inventor 
from disappointment, and never allowed him to 
indulge in the delusive hope of doing that which 
the laws of nature forbid. By a knowledge of 
Mechanics the absurdity of making motion gene- 
rate force would have been confiited, and men 
would not have constructed machines to pump up 
water, hoping and believing that the 'W5ater by 
falling down again would produce force enough, 
not only to keep the pump going for ever without 
requiring any other external help, but also would 
furnish a large surplus of power to be appla^ to 
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move machinery, or do other work.* A knowledge 
of Mechanics enables a man in a great majority of 
cases to estimate beforehand the effect which any 
combination of mechanical powers or other con- 
trivances will produce, and by so doing an inventor 
may tell the value of his invention, and calculate 
his chance of success, by simple operations of 
arithmetic, without being put to the expense and 
trouble of actually constructing the machine. 
Had this been done in the case of nearly all the 
rotatory steam-engines which have been con- 
structed, the inventors would have found out in 
a few hours or daysy what they were afterwards 
taught by years of trouble and expense ending in 
disappointment, that the fancied superiority of 
their invention over the common steam-engine was 
a delusion. 

(78.) But the chief utility of the study of 
Mechanics to many persons is the excellent exer- 
cise which it affords to the mental powers. It is 
a subject in which we have a combination of 
deductive and inductive reasoning, of strict demon- 
stration and appeal to observation and experiment. 
Some of the fundamental laws of Mechanics are 
proved by the inductive method, — that is, the method 
by which a law or principle is established from 
a great number of instances or examples in which 
it is proved to be true by actual observation or 
experiment. Again, a great number of proposi- 
tions in Mechanics are deduced by such demon- 
strative reasoning as we find in Euclid or any 
other part of abstract mathematics, with this 

* The number of hydraulic machines for perpetual motion, all 
}>ased upon the erroneous principle here stated, that have been 
Invented, ia coi2siderable. 



THE FORCES OF NATURE. 57 

difference, however, that the process of demon- 
stration in Mechanics is generally not only shorter 
and simpler, but also more intelligible to minds 
unpractised in such exact reasoning, because the 
thing to be proved is more obvious and common 
place, and capable of very palpable illustration 
from ordinary experience. 

Now to confine the mind to purely abstract and 
deductive reasoning is naturally enough considered 
by practical men as prejudicial to its full develop- 
ment ; and the same may be said of the opposite 
system of neglecting that training in strict demon- 
stration which mathematics furnishes, and teaching 
nothing but sciences of observation and experi- 
ment. In Mechanics, however, and the numerous 
applications of mechanical science, we have a 
valuable combination of both systems, the deductive 
and the inductive, and it is on this account, inde- 
pendently of any practical utility, that we look 
upon the mechanical sciences as forming together 
a branch of instruction better calculated to improve 
the mind than any other. 

(79.) Lastly, the mechanical sciences are neces- 
sary to the proper understanding, not only of some 
of the most stupendous proofs of design and unity 
in the constitution of the universe that we can 
appeal to, but also of many other evidences on 
a smaller scale of Creative skiD, in the various 
mechanical contrivances we meet with in our own 
bodies and in those of animals, and in other parts 
of the material world. Into whatever part of 
nature we look, whether animated or not, whether 
within the confines of this earth, or beyond it in 
the vast and innumerable systems of suns and 
planets^ we fifld everywhere mechanical pioofe o? 
I)iyine agency and wisdom* 



CHAPTER III. 

MEASUREMENT AND GRAPHICAL REPRESENTATION 
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MEASUREMENT OF FORCES. 

(80.) Measurement, what ?-^The measurement of a 
quantity of any kind, whether it be length, soli- 
dity, weight, time, or the like, consists in esti- 
mating numerically the magnitude of that quan- 
tity as compared with a standard, or unit, as it is 
called. We measure, for instance, a distance by 
comparing its length with a foot, supposing a foot 
to be our unit, and by expressing the result of that 
comparison by a number. The comparison in this 
case is effected by trying how often a foot is con- 
tained in the distance. In other cases the mode 
of comparison is different. 

In measuring a quantity, then, two things are 
necessary; Ist, to fix upon a unit or standard of 
reference; 2dly, to find some method of com- 
paring the quantity to be measured with the unit, 
so as to determine and express by a number how 
much greater or less than the unit the quantity is. 
We shall now explain how these two things are 
done in the case of forces. 

(81.) Unit of force. — In the same way that a 
/botj or an inch, or a mile, or «XLy other distance 
zaaj^ be cboaen as a unit of leng^, bo «jq^ ^sklwscdx 
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of force may be fixed upon as a unit of force. The 
most usual unit of force in this country, and one 
which we shall always exclusively employ in this 
treatise, except when the contrary is specified, is 
the Pound weight Avoirdupois. This is not far 
from the weight of a pint of water, according to 
the old saying, 

*' A pint 's a pound 
All the world round." 

More correctly we may say,* 

*' A pint of pure water 
Is a pound and a quarter." 

The number of pounds avoirdupois in a cubic 
foot of water is 62J lbs., or, more accurately, 
62.3210606 lbs. A square block, as in ^ig, 20. 
fig. 20, measuring a foot each way, that 
IB, A B, AC, A D, &c. being each a foot, 
is called a cubic foot. 

Having settled what a pound weight 
is, we define the unit of force to be, 
that force which a pound weight exerts in pulling 
directly downwards. In other words, if we hang 
a pound weight by a string, the force acting on 
the string is our standard force, to which we shall 
refer all other forces for the purpose of measuring 
them. 

{H2»)— Methods of comparing forces with the unit 
of force. The simplest method is by means of the 
common Balance, which is used to measure any 
forces acting vertically dewnwards, such as the 
weights of bodies. When the force does not act 
vertically downwards, some other method must be 

* T&iDjr Cyclop : Art, TTei^hts and Mea&urea. 
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employed : what Is called a Spring Balance may 
be used in such a case, or a Bent Lever Balance. 
There are several methods of measuring forces 
which it will not be necessary to allude to here ; 
the following are sufficient for our purpose. 

(83.) Measurement of forces by the Common 

Balance. The Common Balance consists of a rod 

^^ jj or beam A B, fig. 21, sus- 

^' pended from a point C, which 

is exactly half way between 

A and B, and a little over 

the centre of gravity of the 

beam, in order that the beam 

1/ \ may rest in a horizontal po- 
^ c^ sition, and, if disturbed from 
that position, tend to return 
to it again. This, it will be 
found, will be the case if the centre of gravity be 
a short way below the point of suspension C in 
a vertical Ime when ^ ^ is in a horizontal posi- 
tion. On this point we shall speak more definitely 
hereafter. CA and CB are called the two arms 
of the balance ; they are exactly equal and similar 
in length, weight, and form. From A and B are 
suspended strings which support scale-pans; we 
shall suppose that one of these scale-pans is re- 
moved, namely, that suspended from Ay and that 
the other is retained, as shown by 2> in the figure ; 
to make up for the removed scale-pan we must 
suppose a counterpoise E equal to the scale-pan B 
to be suspended from ^ by a string. 

Now we may assume the following principle as 
self-evident ; namely, if two equal forces act ver- 
tically downwards, one at A and the other at B, 
thej- will balance each otliet, «a \\,\a«>«A,— that is. 
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they will produce no motion in the beam A B, in- 
asmuch as the tendency of the force at A to draw 
down the arm CA, is exactly equal and directly 
opposed to the tendency of the force at B to draw 
down CB. But if one of the forces be greater 
than the other, the greater force will prevail and 
bring down the end of the beam on which it acts. 

This being assumed, we may measure any force 
acting vertically downwards as follows, feepre- 
sent the force in question by the arrow JPy and 
suppose it to act on the counterpoise E; put 
several pound weights into the scale-pan i>, and 
go on adding more, or taking away some if neces- 
sary, until tne force F is balanced by them : then, 
by the principle just stated, the force F must be 
equal to the force exerted downwards by all these 
pound weights. Thus it is easy to see that F 
is measured by counting the number of pound 
weights which balance it. If, for instance, 10 
pound weights balance F, F must be a force 10 
times greater than the unit, and then F is properly 
measured and represented by the number 10. 
When therefore we say that a force is 10 or 20, 
or any other nmnber of pounds, we mean that 
it may be balanced, in the manner just described, 
by so many pound weights put in the scale-pan. 

(84.) We may frequently find, that no exact 
number of pound weights will balance i^ ; in such a 
case we must use subdivisions of a pound. Sup- 
pose, for instance, we have weights equ^J to 1-lOth 
of a pound, and others equal to 1 -100th of a 
pound, and so on. Then if 15 pound weights, 7 
of the weights equal to 1-lOth of a pound, and 
3 of those equal to 1-lOOth of a pound, be put in 
the Bcale-paDj and found to balance F^ F must \i^ 
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equal to the force exerted downwards by all these 
weights^ and is therefore properly measured and 
represented by the sum of the numbers 15, 7-lOths 
and S-lOOths, or by the mixed decimal 15.73. 

(85.) If it be found impossible to balance F by 
any set of pound weights and subdivisions thereof, 
a case possible in theory, but not in practice, then 
the force is said to be ineommensurable, — that is, 
incapable of being measured by any number of 
pounds or subdivisions thereof. We shall not 
however trouble the student by the introduction 
of incommensurable forces in this treatise. 

(86.) Meastirement by the Spring Balance. — A 
Spring Balance generally consists of a circular 

box, A B Cy fig. 22, inside which 

Fig, 22. there is a strong spring fixed ; with 

this spring the projecting hook D is 

connected, so that the spring is bent 

when D is pulled by any force. 

To show how much the spring is 

bent there is a hand G E capable of 

turning roimd the centre 6r, and so 

connected with the spring, that the 

more the spring is bent, the more the 

hand E moves away from its natural 

position, which we shall suppose to 

be at A. Bound the circumference 

which the extremity of the hand describes, are 

the numbers, 0, 1, 2, 3, &c., which are put in their 

proper places as follows : — 

The number is put at A. A pound weight 
is suspended by the hook, and at the place to 
which the hand points there is put the number 1. 
Again, 2 pounds are suspended, and at the place 
to which the hand pointa ib ^Mt the number 2. 
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In like manner the places of the numbers 3, 4, 5, 
&c are determined by suspending the correspond- 
mg number of pounds. Of course the box ABC 
is suspended from some fixed hook, or otherwise 
supported while these operations are going on. 

From this description it is obvious that we may 
measure any force oy means of this instrument ; 
for, if we apply it to pull the hook D, and observe 
to what number the hand points, that number 
shows how many pounds the force is equivalent 
to. 

As we may hold or support the box firmly in 
any position we please, and so make the projecting 
hook lie in any required direction, this is a con- 
venient way of measuring forces which do not 
act vertically downwards. The spring balance 
is, however, by no means capable of the same 
exactness as the common one. 

(87.) We might conceive forces to be measured 
by means of a pulley in the following manner. 
Suppose the arrow -F, fig. 23, to Fig.2z. 
represent the force to be measured ; 
let it be made to pull the string 
ABC which passes over a fixed 
pulley at By and let a scale-pan 2), 
of a known weight, be suspended 
firom the string at CX Then, if we 
put weights into the scale-pan just 
sufficient to overcome the force F and prevent it 
from pulling up the scale pan, the whole amount 
of these weights, together with the weight of the 
scale-pan, will be equivalent to the force JP, and 
thus the magnitude of F will be determined. 
This method appears to be simple enough, but in 
practice it would be very inaccurate, on a(iCO\«i\. 
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of the friction of the pivots of the pulley, and for 
other reasons. 

(88.) Magnitude of a force. — ^From what has been 
said the meaning of the term magnitude^ as applied 
to force^ may be understood. By the magnitude 
of a force we shall always mean, the number of 
pounds to which that force is equivalent, or, what 
is the same thing, the number of pounds by which 
that force may be balanced and measured according 
to any of the methods just described. 

REPRESENTATION OF FORCES. 

(89.) There are three things by which a force is 
determined, namely, its point of application, its 
direction, and its magnitude ; in other words, \£ we 
are required to specify what such and such a force is, 
we answer by saying, that it is a force of such and 
such a magnitude, applied to or acting at such and 
such a point, and tending to move it in such and such 
a direction. By the point of application we mean 
of course the point to which the force is applied, 
or at which it acts ; and by the direction we mean 
the line along which the force tends to move the 
point of application. Thus when we pull a body 
by a string, the point of application of the force 
we exert on the body by means of the string, is 
that point of the body to which the string is fas- 
tened, and the direction of the force is along the 
string. We have already fully explained what the 
magnitude of a force is, and how it is measured. 

Now it is necessary, in considering and explain- 
ing the effects of forces, to have some method of 
representing them to the eye upon paper, so as 
to show the point of application, direction, and 
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magnitude of each force. This may be very con- 
veniently done by means of straight lines ; for a 
straight line, like a force. Is drawn from a particular 
point, in a particular direction, and of a particular 
length. If therefore we take a certain point on 
the paper, to show the point of application of the 
force we wish to represent, and draw from that 
point a line in the direction of the force, it is 
evident that so far the force is represented by the 
line. It only remains to draw the line of such a 
length as to represent the magnitude of the force 
also. This is done by fixing upon some convenient 
unit of lengthy suppose for instance an inchy and 
considering that every unit of length in the line 
represents a unit of force, that is, that every inch 
represents a pound. Thus, if it be required to 
represent a force of six pounds, acting upon a 
point Ay fig. 24, at an angle of 60® p^- «*. 
to the horizon upwards, we draw a 
line ^-jBsix inches long, making 
angle BAC equal to 60°, supposing 
the line AC to represent the hori- 
zontal direction on the paper. 

(90.) Whenever we speak of a line, AB,ia the 
following treatise, we shall always mean, a line 
drawn from A to -B, not from B to A ; and if we 
speak of a line B Ay we shall mean a line drawn 
from BXjo Ay not from A to B. Hence, if we say, 
thsLt any line A B, drawn upon paper, represents 
a force, our meaning is that the force a^cts upon 
or tends to move the point A in the direction A By 
and that there are as many pounds in the force as 
there are inches in ^jB. BA similarly would 
represent an opposite force applied at B. 
(91.) Webareiere spoken of an inch astheuniloi 
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length, but any other convenient unit will of course 
answer as well^ if it be specified or understood 
beforehand what it is to be. The unit deter- 
mined upon will of course depend in a certain 
degree upon the magnitude of tne forces to be re- 

{)resentea, and the size of the paper on which the 
ines are drawn. We may take as our unit an 
inch, half an inch, quarter of an inch, 1-lOth of 
an inch, or any other length, as the case may be ; 
only, the scale on which our figures are drawn 
should not be too small ; for, if it be^ we cannot 
expect to avoid serious errors in the measurement 
of the lines. 

This graphical method of representing forces is 
of the greatest possible advantage in the solution 
of mechanical problems, and in the proof of me- 
chanical theorems ; for it enables us to show on 
paper the forces that are in action in any parti-* 
cular case, each completely represented in every 
particular by a distinct line ; and thus the mind 
IS assisted by the eye in considering and reasoning 
upon the effects of these forces. Furthermore, 
by drawing our figures with care and accuracy, we 
may, by actual measurement, make out the mag- 
nitudes or directions of unknown forces repre- 
sented on the paper, and so solve a great variety 
of problems, as we shall show, with sufiScient 
accuracy even for practical purposes. 

(92.) Tihja graphical method of solving mecha- 
nical problems by actual measurement is one which 
we shall often refer to. It has the great advan- 
tage of requiring no previous knowledge of 
technical mathematics on the part of the student. 
A person imacquainted even with Euclid may by 
tiuB method solve verj diffii^cvjl^, «3\d important 
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mechanical problems. There is also the method 
of calculating the lines and angles (in the figures 
representing a set of forces) by means of the rules 
of Geometiy, Algebra, and Trigonometry. This, 
which we may call the mathematical method^ re- 
quires of course a knowledge of mathematics to 
[ 8ome extent, and is so far not suitable to a treatise 
Kke the present. We shall always employ the gra- 
phical method, without however neglecting to 
allude occasionally to the mathematical method, 
where it is possible to do so without introducing 
complicated or difficult mathematical processes. 

INSTRUMENTS REQUIRED FOR THE GRAPHICAL 

METHOD. 

(93.) The required instruments are few and 

ample. A good flat drawing-board, which need 

not be large, must be procured, and the paper, 

haying been previously damped with a sponge, 

must be fastened on the board in the usual way, 

80 that, when it dries, it may by its contraction 

be stretched quite flat and tight upon the board. 

A hard drawing-pencil must also be got, and be 

pointed finely. In addition to these the following 

mstruments are necessary : 

(94.) Hair Compasses. — These are, Fig.25, 
like common compasses, only one of 
the legs is capable of being moved by 
a screw. They are shown in fig. 25, 
where 8 is the screw, by the motion 
of which the leg C A may be moved 
as far as the position shown by the 
dotted line CD. To measure a dis- 
tance PQ on paper with, these com- 




68 



MECHANICAL SCIENCES. 



passes, put the point B of tfae fixed leg at one 
extremity P of the distance, opening the com- 
passes so that the other point A may £^1 as 
nearly as possible upon the other extremity Q 
of the distance. Then, by turning the screw Sy 
move the point A till it comes exactly to coincide 
with Q. In this way the compasses may be 
opened so as to measure, or, as it is said, take the 
distance P Q with considerable accuracy. The 
use of the screw is obvious; for, without it, it 
is not easy, with a compass having a joint as stiff 
as it ought to be, to open the legs so as to measure 
any required distance with exactness. 

(95.) Scales. — It is necessary to have some di- 
vided scales of equal parts of different lengths, in 
order to measure or lay down distances on paper. 
Fig. 26 represents the simplest description of 

JPt^. 26. 
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scales of equal parts. The divisions in the line 
AA^ are each an inch, or any other convenient 
unit ; and one of these divisions, namely, that at 
A, is subdivided into ten (or sometimes twelve) 
equal parts. The divisions in the line Bff are 
each one-half of an inch; those in CO' one-third 
of an inch ; and so on. The first division in each 
line is subdivided into ten parts. The use of 
these scales is obvious: if we wish to measure 
any distance on paper, we have only to open the 
compasses to that distance, as above exjdained, 
and then, placing the points oi tVv^ cjOim^asses on 
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each of the linea A A, BS, CCf, &c in succea- 
uon, till sufficient aocoracy is attaiBeil, Tve may 
fiod how loiuiy equal parts, and tenths of the 
ume, are ocmtiuned in the distance to be mea- 
sured. 

(96.) Diagonal .S^oafM^—Tbe diagonal tcale ia 
re^aesented m fig. 27, its name being derived 
from the lines MN^, NO, &c at the extremity, 




drawn diagonally across the longitudinal lines 
A A', BB', 00, &c The scale is divided into 
equal parte by the perpmdioular lines UU', VV', 
&C. There are ten longitudinal lines AA,BS, 
CO, drawn at equal distuices from each other. 
The division MT is divided into ten equal parts, 
MN, NO, OP, &c. The division Jlf 7* is also 
divided into ten equj parts M'N, N'O, OP, &c ; 
and the diagonal lines MN; NC, OP', &c. are 
drawn. The different diviBions and subdivisions, 
and the longitudinal lines, are numbered as shown 
in the figure ; but, because the numbers would 
come too close together if all put down, only 
every second num^ (2, 4, 6, 8,) ia engraved on 
the scale. 

The principle of this kind of scale is this, that 
the Aiagonal line MN" cats oS, between It and Wift 
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perpendicular line UlTy small portions of the longi- 
tudinal lines, which small portions are respectively 
l-lOth, 2-lOths, 3-lOths, 4-lOths, &c &c. of the 
division MM\ Also, the portions of the longi- 
tudinal lines intercepted between the successive 
diagonal lines are equal to the division MM'. 

In using this scale, the two points of the compassed 
must always be placed on the same longitudinal 
line : we must never put one point on one lon^- 
tudinal line, and the other point on another. This 
being understood, suppose one point is on the 
perpefidicular line numbered 4, and the other point 
on the diagonal line numbered 7; ako that both 

?oints are on the longitudinal line numbered 6. 
'hen, considering the division MM' as unity, it is 
clear, from what has been said, that the distance 
between the two points of the compasses contains 
four of the large oivisions, (each equal to ten times 
MM'y) seven of the divisions equal to MM\ and 
6-lOths of MM'; that is, altogether, 47^, or 
47.6. In like manner, if the points of the com- 

E asses were placed, one upon the perpendicular 
ne numbered 9, one upon the diagonal line 
numbered 3, and both upon the longitudinal line 
numbered 8, the distance measured would be 
93.8, or 93-^8^. If we took the divisions between 
the perpendicular lines to be unity, the distances 
in these two examples would have been 4.76 and 
9.38 respectively. 

Hence, in measuring with this scale, we have 
only to remember the following rules, (in which 
we suppose the divisions between the diagonal 
lines to be unity,) namely, — 

The number of the perpendicular line shows 
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The number of the di<igonal line shows units. 
The number of the longitudinal line shows 
tenths. 

Diagonal scales, well made, are extremely con- 
venient, and suflSciently exact in the solution of 
mechanical problems. 

(97.) The Protractor. — This is an instrument 
for measuring and laying down angles on paper, 
being, in fact, an angular scale of equal parts. It 
is made of different forms ; 
the simplest and commonest ^^' ^^ 

being that of a brass semi- 
circle ABDy fig. 28. The 
centre C is marked by a 
small notch; the circum- 
ference ADB is divided ^ I 
into 180 d^rees, which are 
numbered ; at least, every tenth degree is num- 
bered. K the instrument is large enough, these 
degrees are subdivided into two, or three, or five 
equal parts, as the case may be. 

To measure any angle, PQE, fig. 29, put the 
protractor flat on the paper, 
making the diameter AD coin- Fig.t9, 

ddent with the line Q P, and the 
centre C with the angular point 
Q, Then look where the line Q R 
meets the graduated circumfe- 
rence ADBi and the number of 
degrees between the two lines QP and QR will 
be seen. If, for instance, the line QR meets the 
graduated circumference at the division numbered 
27, the number of degrees between the two lines 
will be 27, and therefore the angle PQR will 
be27*. 



■:^o 
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We have not space to describe the other kinds 
of protractor, some of which are extremely conve- 
nient and accurate. 

(98.) Other Instruments. — Parallel Rulers for 
drawing parallel lines, and T Squares for drawing 
perpendiculars, may be useful in a number of 
cases, but they are not absolutely necessary. A 
triangular ruler of wood or metal ABC, haying a 
right fgigle at Ay is very useful in laying down 
right angles, and drawing perpendiculars, and 
ought to be procured for the solution of mechanical 

f)roblems, in which it is very often necessary io 
ay down right angles, and draw perpendiculars* 
The method of using this ruler is obvious : if we 
lay it on the paper, making A B coincide with any 
particular line, and then with the pencil draw 
another line along AG^ the two lines will be at 
right angles to each other. 

Of course, a good flat ruler ^ for drawing straight 
lines, is necessary in almost every case. With a 
good drawing-board, on which the paper is pro- 
perly strained, a straight flat ruler, a pair of hair 
compasses, a diagonal scale, a moderate sized pro- 
tracter, accurately divided, and a triangular ruler^ 
it is wonderful what difficult mechanical problems 
may be solved, with considerable exactness, by the 
graphical method. Engineers and practical men 
often employ this method in preference to the 
mathematicaU 

DIVISION OF THE MECHANICAL SCIENCES. 

(99.) The fundamental Mechanical Sciences are. 

Statics^ Dynamicsy Hydrostatics^ including Pnetk' 

matios ; JEfi/dro-dynamics^ mc\vi35si^ H^ckouKcg. 
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These might be very conveniently divided into 
two general classes, one of which might be called 
MechanieSy and the other Hydro-Medianies. Me- 
chamcs would include Statics and Dynamics, and 
Hydro- Mechanics would include Hydrostatics, 
and Hydro-Dynamics. We shall say a few words 
in a general way respecting each of these sciences. 
(100.) Staiice. — ^Forces acting in combination 
often pioduce no motion, in which case they are 
said to balance each other, or to destroy each other, 
or to keep each other in equilibriiim. The word 
ejuilibrium means a poisim or balancing of forces, 
being derived from the Latin word signifying a 
balance, or pair of scales, combined with the word 
e^e, denoting equality. That part of mechanics 
which treats of the equilibrium, or balancing of 
forces, is called Staticsy from the Greek word 
signifying to stand attU. All cases in which we 
investigate the effects of forces vnthout reference to 
motion^ come under the head of Statics. Thus, 
those propositions in which we find the single 
force to which a set of other forces, acting together, 
are equivalent, belong to statics ; and a variety of 
other investigations, in which there is no equi- 
librium or bsuancing supposed, belong to statics, 
because there is no reference to motion in them. 

(101.) Dynamics. — This wordis derived from the 
Greek, signifying force or power; it is by no 
means a good and distinctive term, as it is applied 
at present, because it really applies to every case 
where force is considered. It is, however, used 
to denote that part of mechanics in which the 
various kinds ot motion produced by forces are 
considered, with a view to determine what motion 
will result from the action of given foTcee, atA, 
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« 

vice Tersdy what are the forces by which a specified 
motion IS produced. 

(102.) There Is a very Important part of me- 
chanics In which motion Ip considered geometrically^ 
as It were, without any reference whatever to force. 
This Includes everything relating to the various 
forms and movements of machines, the construe* 
tlon of the teeth of wheels, of link work, dock 
work, &c Professor WUlis of Cambridge has 
written a valuable treatise on this part of me- 
chanics, which he designates by the title. The 
Principles of Mechanism. Another name has been 
proposed, derived from the Greek word signifying 
to move^ namely, Kinematics. 

(103.) Hydrostatics^ including Pneumatics. — The 
first part, Hydroy of this word. Is derived from the 
Greek, signifying water ; the second part, Statics^ 
we have already explained. Hvdrostatlcs, there- 
fore, means that science In wnlch forces acting 
upon water and other fluids are supposed to bcdance 
each other. Air and gaxes are here considered as 
fluids^ though It was formerly usual to separate all 
investigations relating to the action of forces on 
air and gases from hydrostatics, and Include them 
together In the science called Pneumatics^ derived 
from the Greek signifying wind or air. 

(104.) Hydrodynamics^ including Hydraulics. — 
HydrOi In combination with Dynamics^ has the 
same signification as when In combination with 
Statics. Hydro-dynamics therefore. Is that science 
In which forces acting upon water, and other fluids, 
are supposed to produce motion. Hydraulics relates 
to the mechanism of water works of evenr kind, 
such as pipes, pumps, water-wheels, &c it might 
be, perhaps, properly called K'^iit^-iAt^xwitics^ or 
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the science relating to the motion of fluids without 
reference to force. 

(105.) These are the fiindamental mechanical 
sdences, upon which so much depends in all other 
sciences, both practical and theoretical. We might 
add another mechanical science to these, — ^namely, 
that which treats of mbratory motion and wates ; 
for everything relating to this kind of motion is 
now assuming great importance and interest, in 
consequence of the theories of sounds lights and 
heaty m which a great number of phenomena are 
evidently proved to be effects and modifications of 
vibratory motion. 

(106.) We shall divide the mechanical sciences 
into three, namely. Statics, Dynamics, and Hydro^ 
mechanics. In Dynamics we shall include Kine^ 
fnatiesy or the Principles of Mechanism. In 
Hydro-mechanics we snail include Hydrostatics^ 
PneumcUics, Hydrodynamics, and Hydraulics. Our 
space, however, and the nature of the instruction 
we wish to convey, will prevent us from entering 
much into Kinematics and Hydro-dynamics; in 
fact, as far as these sciences are concerned, we shall 
only allude to points of special practical interest. 
Li nearly all the investigations and propositions 
which follow, the student is supposed to be un- 
acquainted with technical mathematics. When 
anything mathematical is introduced, it will be 
done in such a way as not to interfere with the 
progress of the non-mathematical student. 
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CHAPTER L 
PRELIMINARY STATEMENTS. 

(1.) In commencing a scientific treatise it is 
generally necessary to give some preliminary 
statement respecting the terms and principles 
afterwards to be made use of. This includes in 
most cases, certain definitions, axioms, and pnn- 
dpleSi upon which all the propositions and inves- 
tigations of the treatise are made to depend. A 
definition is a short, but exact explanation of the 
meaning of any term that is to be made use of. 
An axiom is a self-evident truth stated^ formally, 
for the purpose of being appealed to in future 
demonstrations. A principle is a truth of the 
same nature as an axiom, or nearly so, which, 
from its great importance in subsequent reason- 
ings, deserves to be brought prominently forward, 
and called by a special name. In many cases, a 
vrinciple is not quite self-evident, and requires to 
be proved, though always the proof is very simple. 
When the proof is derwed. txom ^TLi^^riment or 
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observatioD, but not from mere abstract reasoning, 
the principle is said to be an experimental oir physical 
principle. Axioms also, though really self-eyident, 
often require something more than a mere state- 
ment to make their truth obvious. We shall now 
state and explain those definitions^ axiomsy and prin- 
d^leSf which are required in commencing the study 
of Statics, reserving all that are not immediately 
necessary for the occasion on which they may be 
wanted. 

Many of the following definitions and axioms 
relate to what is called a restUtant, which is a term 
of great importance in mechanics generally ; in- 
de^, a considerable part of Statics consists in rules 
for finding the resultant of forces in various cir- 
cumstances. The other definitions and axioms 
chiefly relate to the balancing or equilibrium of 
forces. 

STATICAL DEFINITIONS. 

(2.) BesuUant. — ^When two or more forces acting 
together produce the same effect as a single force, 
that sinsie force is said to be their resultant : that 
is, the u>Tce which results from, and exhibits the 
effect of the joint action of two or more forces, is 
called the resultant of those forces. 

Hius, if P and Q, (fig. 30,) be two forces acting 
at the same time upon a particle A, Fig. so. 
they must tend to move A in some 
particular direction, which shows that 
they produce the same effect as a single ^ 
force ; for the effect of a single force is 
to produce a tendency to motion in 
some particular direction. What that 
Section is, we shall hereafter determine*) \\.\^ 
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sufficient now to observe, that it must lie somewhere 
between the directions of the two forces. For, if 
Q alone acted, the particle would move in the 
direction of Q, and therefore, when P acts along 
with Q, the effect must be to move the particle 
somewhat to the left of the direction of Q; in 
like manner, if P alone acted, the particle would 
move in the direction of P, and therefore, when 
Q acts along with P, the effect must be to move 
the particle to the ri^ht of P. It appears, then, 
that when P and Q act together, the particle must 
move in a direction to the right of P, and to the 
left of Q ; that is, in a direction between P and Q. 

We have represented the unknown direction in 
which the particle will move, when P and Q act 
together upon it, by the dotted arrow R. The 
ef^ct of the joint action of P and Q is then the 
same as that of some single force, acting in the 
direction B ; that force is the resultant of Pand Q. 

(3.) If more than two forces acted upon the 
particle, we might be shown, in a similar manner, 
that they produce, by their joint action, the same 
effect as a single force : that single force is their 
resultant. When two or more forces act, not on 
a single particle, but at different points of a body, 
they do not always produce the same effect as a 
single force, as will presently appear. In such a 
case there is no resultant. 

(4.) There are many familiar instances of two 
or more forces producing the same effect as a 
single force, of which we may advantageously 
mention a few here. A common kite is acted on 
by the pull of the string and the force of the 
wind ; these two forces together produce the effect 
of a single upward force, equ«l to tKe weight of 
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llie kite, and the result is, therefore, that the kite 
is supported in the air. The pressure of the 
wind upon the sails of a ship, and the re- 
sistance of the water against the rudder, keel, 
and side of it, are two forces, which make the 
ship move in a direction different to that of either 
of them. If we hang a weight W Fig. si. 
hy two strings, AB, A (7, (fig. 31,) s* 
the pulling forces or tensions ex- ^ 
erted by the strings, which are 
represented by the arrows P and Q, 
produce the same effect as a single 
upward force equal to the weight 
fT, and thus W is supported. 

(5.) Composition and Resolution of Forces. — A 
set of forces, whose joint action is estimated, and 
resultant determined, are said to be compounded 
into their residtant. The process of finding the 
resultant of a set of forces, is called the compo- 
siiion of those forces. With reference to this 
mode of speaking, the forcOi are said to be the 
eonyoonents of their restdtant These terms are of 
constant use in Statics. 

The process of finding the components, whose 
joint action produces a certain resultant, is called 
the resolution of forces. A resultant is said to be 
resolved when its components are found. 

Thus, referring to fig. 30, art 2, the forces P 
and Q are the components of the force E ; and if, 
in any investigation, we were to substitute B in 
place of P and Q, as we might do, that would be 
called compounding ikQ forces P and Q into their 
resultant. On the other hand, if we were to 
substitute P and Q in place of B^ that would be 
called resdrinff B into its components. 
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(6.) Rigidity. — Particles are said to be rigicUp 
connected^ or, in other words, to form a rigid body^ 
when it is impossible to alter the distances between 
them by any amount of force. K, therefore, two 
or more particles be rigidly connected, they can- 
not be made to approadi towards, or recede from 
each other, by forces of any magnitude. 

No body in nature is absolutely rigid, but, for 
the purposes of demonstration, the existence of 
such bodies may be supposed, in the same way 
that the existence of a perfectly straight line 
without length or breadth, is supposed in geometry, 
though it is not possible to draw sucii a Una 
Practically speaking, a body is said to be rigid, afi 
we have observed m a former chapter, when no 
ordinary amount of force can alter the distances 
between its particles, or make them approach 
towards, or recede from each other. 

(7.) Freedom and Constraint — A particle is said 
to be free when there is nothing to prevent it« 
moving in any direction^ or, in odier worde^ when 
the least amount of force acting upon it in any 
direction, will move it. 

A particle is said to be constrained when there 
is some particular direction in which it cannot 
move, or some other kind of limitation to its motion. 

Thus, if a particle P, (fig. 32,) be suspended by 

Fig.s2. * string PA from a fixed • point -4, it may 

move to the right or to the left, or upwards, 

but it cannot move downwards ; it is con" 

strained to move any way but dQwnward& 

Again, a particle in a tube, in which it fits, 

like a bullet in a gun, is capable of moving one 

way or the other along the tube, but it cannot 

move at right angles to t\xe tube\ it is constrained 



,1 
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therefore to move along that particular line or 
curve wliich the tube forms, and in no other direc- 
tion. A^ain, if a particle be placed upon a plane, 
whether it be a horizontal or inclined plane, it 
may move freely in any direction along that plane, 
or upwards, but it cannot penetrate through the 
plane. It is constrained therefore, so that it can- 
not move in one particular direction, namely, per- 
pendicularly through the plane, but it may move 
in any other way. 

(8.) The Reaction of Constraint, — We have 
already stated that a reaction is a force of resist- 
ance brought into action by another force. When 
a particle is pressed against an obstacle by any 
force, the obstacle returns the pressure, and that 
return pressure is called the reaction of the obstacle. 
In all cases of constraint there must be a resisting 
force brought into play, in a greater or less degree, 
and that force may be called the reaction of con- 
straint, ^ 

(9.) Thus, in fig. 32, which represents a particle 
P suspended by a string PA from a fixed point 
Ay the weight of the particle tends to pull it down, 
but the strmg resists this tendency by exerting an 
upward pull or tension ; this upward pull of the 
string is a force called into action by the weight 
of the particle pulling it in a direction in which 
it cannot move; that is, there is a reaction of 
constraint exercised by the string in this case. 

(10.) Again, suppose that a particle ^»i^-83. 
is placed upon a plane represented by ^ 
the line A By and suppose any forces JL^ 
act upon it and press it with a force A- ^ 
P against the plane, then the plane, because it 
does not suffer the particle to move tlirovigla. \\,5 

a 
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will refflst that pressure, and the force of rerist- 
ance B thus brought into action against the force 
P is, in this case, the reaction of constraint. 

(11.) Direction in which the Beaetion of Constraint 
acts. — When a particle is constrained, it is pre- 
vented from moving in a particular direction, and 
therefore the force of resistance which so con- 
strains or limits its motion, must act in the con- 
trary direction. The reaction of constraint, 
therefore, always acts in the contrary direction to 
that in which the particle is not allowed to move 
by the constraint. 

(12.) Thus, in the case supposed in Article 9, 
the particle is not allowed to move downwards, 
and therefore the tension of the string, which is 
the reaction of constraint, must act upwards. 
Again, in Article 10, the particle is not allowed 
to move in the direction P at right angles to the 
plane, and therefore the resisting reaction of con- 
straint acts in tKe direction B^ which is also at 
right angles to the plane, but contrary to P. 

(13.) In every case where there is constraint, 
there will be a reaction of constraint resisting the 
motion of the particle in a particular direction. 
It is always necessary to remember this in me- 
chanical problems, and to make due allowance for 
it. The thing to be determined in most cases is 
the direction of the reaction of constraint, and for 
this purpose the following statements may be 
useful to the beginner: — 

1. When the constraint is produced by the puU 
or tendon of a string^ the reaction of constraint 
acts along the string. 

2. When the constraint is produced by a smooth 
groove or thin tube^ in whicVi \.\i^ ^^xtvda ia placed. 
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the reaction of constridnt is at right angles to the 
groore or tube. 

3. When the constraint is produced by a smooth 
hard plane or smface, on which the particle is 
placed, or against which it is pressed by any forces, 
the reaction of constraint is at right angles to the 
plane or surface. 

4. When a smooth body, such -^v- »*. 

as A BG, (fig. 34,) is pressed against ^^^ Xj 
an obstacle, such as i>, a force of /^ ^\y 
constraint It is exercised by the Js--yH^ 
obstacle upon the body at right 
angles to the smooth surface ABC oi the body. 

(14.) Definition of Smoothness* — The statements 
just made will be made more evident when we 
explain precisely what is meant by the word 
smooth. A surnice is said to be perfectly smooth 
when it has no power of resisting m the least 
degree the motion of a body along it. Thus, a 
sheet of ice is nearly a perfect smooth, for the 
least force will make bodies slide along it. On 
the contrary, a surface of wood or met^ is by no 
means smooth; if a body be placed on such a 
surface, it will not slide sdong it, as in the case of 
ice, but will require a certain amount of force to 
push it on. This, then, being the nature of a 
perfectly smooth surface, that it can exert no force 
of any kind to resist the motion of a body sliding 
along it, it is clear that the only kind of force it 
can exercise is a perpendicular resistance, that is, 
a resistance acting at right angles to the surface. 

Accordingly, we define a smooth surface to be 
one which cannot exercise any resistance or force 
of constraint, except at right angles to itself 

{\5,y Henocj If smooth surfaces^ such as A B C, 
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DEF, (fig. 35,) be in contact at the point C 
Fig. 35. and be pressed against each othei 

by any forces, and if P represent 
1' the pressure of ABC against 
DEFy and B the return pressure 
or reaction of DEF against ABG^ 
the directions of P and B must 
lie in the common perpendicular U 
^he surfaces at the point where they touch, or, as it 
is called, the point of contact. We speak of the 
common perpendicular, because, whatever line is 
perpendicular to one surface, must also be perpen- 
dicular to the other, at the point C where the two 
surfaces touch; otherwise the surfaces would not 
touch but cut each other at the point C. In fact, 
when two bodies touch each other, their surfaces 
must be coincident in the immediate vicinity of the 
point of contact, and therefore a line at right angles 
to one surface at the point of contact, must also 
be at right angles to the other surface. 

STATICAL AXIOMS. 

I. 

We may always remove a set of forces, if W< 
put their resultant in place of them. 

Also we may remove a force, if we put in plac< 
of it a set of forces of which it is the resultant. 
_ (16.) The truth of this axiom is manifest, sine 
the resultant produces the same effect as th 
iorces, (see definition of « mt^fean^,") and therefor 
Maay be substituted for them at pleasure, or the 
*or the resultant. 

This axiom amounts to t\i\^,— t*Wt vre ma 
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compound forces into their resultant, or resolve a 
force into its components, at pleasure* 

IL 

Forces which balance each other may be re- 
moved or applied at pleasure. 

(17.) If forces balance each other, they produce 
DO effect ; and therefore, if they be removed from 
acting on a body, no change can be produced by 
their removal ; or, if they be applied to the body, 
no alteration can result from their action. In 
fact, balancing forces virtually destroy each other, 
and it is therefore immaterial whether they act on 
a body or not, so far as the motion or rest of that 
body is concerned. 

III. 

When a set of Jree and unconnected particles 
have no tendency to approach towards or recede 
from each other, we may^ if we please, suppose 
them to become rigidly connected with each other, 
without thereby disturbing or producing any 
motion among them. 

(18.) The truth of this axiom is evident if we 
consider that, since the particles have no tendency 
to approach towards or recede from each other, it 
is of no consequence whether we suppose them 
capable of such motion or not. We may therefore 
suppose them to be incapable of such motion, or, 
in other words, we may suppose them to become 
rigidly connected with each other. 

(19.) According to this axiom, we may suppose 
any flexible or fluid body, which is in a state of 
equilibrium, to become a rigid body without 
therebT- disturbing it in any way. For, \i \\. \y^ 
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in a state of eqailibrlum, its particles have no 
tendency to approach towards or recede from each 
other ; and therefore we may suppose them to be 
incapable of such motion without disturbing their 
equilibrium. 

If any point of a free body has no tendency to 
move, we may suppose it to become a fixed point 
if we please. 

(20.) For, since the point has no tendency to 
move, it is of no consequence whether we suppose 
it to be capable of motion or not. We may there- 
fore suppose it to become incapable of motion, 
that is, a fixed point, without thereby producing 
any effect on, or change in, the concution of the 
body. 

V, 

Generally, if particles be capable of moving in a 
certain manner, but have no tendency to do so, we 
may, if we please, suppose them to become inca- 
pable oi ^o moYoig. 

VI. 

The resultant of two or more forces acting on a 
particle in the same direction, is equal to the sum 
of them, and acts in the same direction. 

(21.) Thus, if the particle be pulled vertically 
downwards by three forces, one, 4 lbs., another, 
6 lbs., and the third, 9 lbs., it is clear that the whole 
force pulling the particle downwards is 4 H- 6 H- 9, 
or 19 lbs. ; that is, the resultant of the forces is the 
sum 19 lbs. acting in the same direction as the 
forces. 
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vn. 

The resultant of two forces acting on a particle 
in opposite directions, is equal to iSieir difference, 
and acts the same way as the greater of the two 
forces. 

(22.) Thus if the particle be pulled vertically 
downwards^ by a force of 10 lbs., and upwards by 
a force of 6 lbs., it is clear that there is an un- 
balanced force of 10 — 6, or 4 lbs. acting down- 
wards ; that is, the resultant of the two forces is the 
difference, 4 lbs., acting downwards, or in the 
direction of the greater of the two forces. 

VIII. 

The resultant of two equal forces, acting on a 
particle at an angle to each other, is a force whose 
direction bisects the angle made by the two forces. 

(23.) Let P and Q, fig. 36, be the 
two forces acting on the particle A, 
and let li represent the resultant: 
then, since P and Q are equal, their 
joint effect must be to produce a 
tendency to motion in a direction as 
much inclined to P as to Q, or, if we may so 
speak, half-way between P and Q. In other words, 
the resultant B, must lie half-way between P and 
Q, and therefore divide the angle PAQ, into two 
equal parts, or, as it is termed, bisect it. 

IX. 

Two equal forces acting in opposite directions on 
a particle^ balance each other. 
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Fig. 37. 





Two eqticU forces, P and 
Qf acting at the points A 
and B, fig. 37^ of a rigid 
body, in exactly opposite di- 
rections, balance each other. 

XI. 

Two equcU forces, P and Q, 
pulling a string AB, fig. 38, in 
opposite directions, balance each 

other; the string being supposed to be inex- 

tensible. 

XII. 

In the three foregoing cases (Axioms IX. X. 
XI.) the forces P and Q will not balance each 
other, except they be equal and opposite. 

(24.) These Axioms are of perpetual use in 
Statical propositions, and ought to be specially 
attended to. Others might be added, but we defer 
them till they are required, in order to avoid too 
much of this kind of statement at first. 



STATICAL PRINCIPLES. 

L 



Principle of the transmission of force through a 
rigid body. 

If a force act upon a rigid body, it is transmitted 
by the rigid body along its line of direction, and 
may be supposed to act at any pomt of that line. 

(25.) This principle is often regarded as an 
e^erimental principle, but it may \i^ ^^\ly ex- 
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Fig. 40. 



plained and proved, without appeal to experiment, 

as follows: — 
Let P, fig. 39, be the force acting at the point 

A of the rigid body; let the dotted \mQ AB be 

the direction of P pro- i?i^. 39. 

duced, and let C be any 
point of that line. We 
Daay> by Axiom IL, 
apply at G two forces, 
Q and B^ each equal to 
P, and acting along 
the line AB^ in opposite directions ; for these two 
forces balance each other, by Axiom IX. Suppose 
this to be done ; then we have three forces, P, Q, 
and By acting along the line AB on the rigid body. 
But B and P are equal and act in opposite direc- 
tions: they therefore balance each other, by 
Axiom X., and we may consequently remove 
them if we please, by Axiom II. Now, supposing 
this to be done, there remains only the force Q^ as 
is shown in fig. 40. Hence it follows that we 
may remove P, and put Q in its place : in other 
words, we may suppose P to be transferred, along 
its line of direction, so as to act at C instead of -4* 
This is what is meant when we say, that P is 
transmitted along its line of direction, and may be 
supposed to act at any point of that line. 

(26.) In what has just been 
said, there is nothing that sup- 
poses the rigid body to be of 
any particular shape: it may, 
for instance, be of any bent 
form, as is shown in fig. 41. In 
other words, the line A C may fall oi^tside the 
bodj or notj as the case may be. All t\ia\» \a 



Fig. 41. 
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necessary is^ that the points A and O should be 
rigidly connected with each other, which is equally 
the case in figs. 39 and 41. 

This principle is made use of with great advan- 
tage in a number of important problems. 

II. 

Principle of the concurrence of three balancing 
forces. 

When three forces, acting on a rigid body, 
balance each other, their directions, produced if 
necessary, must meet at the same point, or not at alL 

(27.) Let P, Q, and By be the 
Fiff.ii. three balancing forces, acting at 
the points ABC, fig. 42, and let 
the directions of P and Q meet at 
the point 0. Then P and Q have 
some resultant, which, of course, 
acts at the point 0, for, by Prind* 
pie I. we may suppose P and Q to 
act there. Let 8 represent that 
resultant, whatever it may be ; and let 8 be put 
in place of P and Q, which majr be done without 
disturbing the equilibrium, (Axiom I.) 8 and B, 
therefore, balance each other, and must, conse- 
quently, be equal and opposite forces, (Axiom 
XII.) Therefore, B lies in the same line as 8, 
and therefore the direction of B, produced if 
necessary, must go through the point 0, and the 
three directions consequently meet there. 

We have here supposed, in starting, that the 

directions of two of the forces meet ; if this be 

not true, that is, if no two of the directions can be 

made to meet, it is clear that the three directions 

must be parallel lineS) oXkeim^^) \?^q of them 
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would be sure to meet somewhere. This is the 
reason that we have introduced the words, ^'ornai 
at aliy^ in the enunciation of the principle. In 
fact, it amounts to this, that if the three directions 
be not parallel lines, they must all meet at the 
same point. 

(28.) The shape of the rigid body is of no con- 
sequence in this principle ; it may be straight, or 
bent, or round, or flat. Nor is it necessary that 
the point Ci where the forces meet, should be 
inside the body, or form a part of it. For, sup- 
pose a hole to be made in the body all round the 
point (7, or the body to be scooped out in any way 
so as to cut away the portion which contains C 
altogether, this will not afiect the action of the 
forces, provided we do not interfere with the 
points A^ J?, and C, where the forces really act. 
All that is really necessary is, that these points be 
rigidly connected, or, in other words, that the 
rigidity of the body be neither destroyed nor 
sensibly weakened, by cutting away the portion 
containing the point (7, or otherwise altering the 
shape of the body. 

Whatever, then, be the shape of the body, the 
directions of the three forces, produced if neces- 
sary, must meet in the same point, or be parallel to 
each other ; otherwise, there cannot be equilibrium. 
(29.) We may observe, that, though this con- 
dition is necessary^ it is not sufficient for equili- 
brium ; that is, the three forces must meet in the 
same point, if they balance each other : but they 
may meet in the same point, and yet not balance 
each other; for it is necessary for equilibrium, 
that S and B shall be equal, as well as act in 
opposite directions; which may not be tVve c^^> 
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though the condition of the three forces meeting 
in the same point be satisfied. 

III. 

Principle of the equality of action and reaction. 
Where two bodies are pressed against each 
other by the action of any forces, the reaction of 
one body is equal and opposite to the action of 
the other body against it. 

Let A and 5, fig. 43, be the two 
Fig.4z, bodies, which are supposed to be 
pressed against each other by the ac- 
tion of any forces ; let P represent 
the pressure, or action^ which A exer- 
cises against B, and M the return 
pressure, or reaction, which B exercises 
against A ; then F and R must be 
equal forces, and act in opposite directions. 

(30.) This is an experimental principle ; and all 
that we can say in proof of it is, that it is found 
to be invariably true, whatever may be the nature 
of the bodies, and whatever may be the manner 
in which the mutual action and reaction between 
them takes place.**^ It extends also to the mutual 
attractions of the heavenly bodies upon each 
other; for instance, though it may seem strange 
to persons commencing the study of Mechanics, 
the force which the sun exercises upon the earth, 
in virtue of the attraction of gravitation, is ex- 
actly equal to the force which the earth exercises 
upon the sun, though the earth be so small com- 
pared with the sun. 

(31.) We shall conclude this chapter with some 

* This principle is one of Newton's Laws of Motion; it is 
necessary to introduce it in Statics, because it must be con- 
tinually assumed in statical pro\AemB. 
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problems and examples, illustrative of what has 
been said, and especially of the use of Principle IL 

PROBLEMS AND EXAMPLES. 

(32.) Ex. 1.— What is the resultant of the 
forces 4, 7, 9, and 15,* acting vertically upwards 
on a particle ? (See Axiom VL) 

Ex. 2. — ^What is the resultant of a force 17 
acting on a particle towards the right, and a force 
10 in the opposite direction ? (Axiom VII.) 

Ex. 3. — ^What is the resultant of the forces 7 
and 5 acting upwards, and the forces 8, 3, and 12 
acting downwards, on a particle ? 

In this example, the upward forces 7 and 5 are 
equivalent to an upward force 12, and the down- 
ward forces to a downward force 23; therefore, 
by Axiom VII. the resultant of the whole set is 
23 — 12, or 11 acting downwards. 

Ex. 4. — ^What is the resultant of the forces 6 
acting upwards, 4 downwards, 3 downwards, 7 
upwards, and 2 downwards ? 

Ex. 5. — What single force will balance the fol- 
lowing forces acting together, namely, 4 acting 
upwards, 3 acting towards the right, 14 in the 
opposite direction, 6 downwards, and 2 upwards? 

Ex. 6. — Assuming, (what is mani- 
fest,) that, if P, Q, and R, fig. 44, be ^'^- ^• 
three equal forces acting on a particle 
Ay and making the angles P A Qy 
QAR, BAPy each equal to 120°, 
they will balance each other ; find the 
resultant of P, Q, and B, supposing 
that P is 10, Q 10, and JS 16. 

• When we speak oi forces i, 7, 9, &c. we mean forces of 4 lba.» 
Tibs., 9 lbs., &c 
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Ex. 7. — In the same case, find the resultant 
when P is 5, Q 3, and B 5. 

Ex. 8. — Find the resultant of two forces, each 
equal to 5, acting on a particle, and making an 
angle of 120° with each other. 



(33.) In the following examples are cases of 
bodies suspended or supported at some particular 
point; in such cases, the centre of gravity (see 
page 31) must lie vertically beneath the point of 
suspension or support. That this must be the 
case is evident from Axiom XII. ; for the body 
is acted on by two forces, namely, the weight of 
the body acting vertically downwards, and the 
supporting force acting at the point of support. 
Now, by Axiom XII. these two forces must act 
in exactly opposite directions, which cannot be, 
unless the direction of the former force, produced 
if necessary, passes through the point of support ; 
that is, the centre of gravity (at which this force 
acts in a vertical direction) must be vertically 
beneath the point of support. 

Ex. 9. — A square ABCD, fig. 45, 
Pig- 45. is suspended from the point Ey whose 
distance from A is one-fourth of A By 
find what angle A B makes with the 
vertical. 

In this example, the square must be 
drawn carefully on paper, and a line 
from E througn the centre of gravity 
(?, which is at the intersection of the two diago- 
nals. The line ^trmust be vertical when the 
square is suspended at the point E; and there- 
Tore, if we measure the ang\^ G E B> -^e find the 
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angle which AB makes with the vertical, as 
reqtdred. 

Ex. 10. — ^Where must the point of suspension 
be in the side ABjBo that A B may make an angle 
of 30** with the vertical ? 

Ex. 11. — A triangle, whose sides are respect- 
ively 3, 4, and 5 feet long, is suspended by the 
angular point where the sides 3 and 4 intersect : 
find at what angle the side 5 is inclined to the 
horizon. 

The centre of gravity of a triangle is at the 
point of intersection of the lines drawn from any 
two of the angles to the middle points of the 
opposite sides. 

Ex. 12. — A rectangle, whose sides are 4 and 9, 
is suspended by one of the angles: what angle 
does tne side 4 make with the vertical ? 



Fig, 46. 



(34.) The following problems and examples are 
solved by means of the principle of the concur- 
rence of three balancing forces, which is applicable 
in a great number of cases without the aid of any 
other statical principles. 

Problem I. 

A B, fig* 46, represents a smooth 
rod or beam^ which rests upon a 
smooth prop (7, a/nd the eoctremity 
A rests CLgainst a smooth vertical 
plane or wall EF: it is required 
to determine how long the beam 
must be in order to make a given 
angle with the vertical. 

(35.) Let G be the centre 
oign^yity of the beam (that is, the middle ^\qSl)\ 
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draw AL perpendicular to the wall EF, CL 
perpendicular to the beam A B, and GL vertically 
downwards. Then the beam rests upon the prop, 
and against the wall, and, therefore, in virtue of 
its weight, it must exercise a certain amount of 
pressure on the prop and wall : consequently, the 
prop and wall will exercise corresponding reactions 
on the beam, (see page 92.) Hence, the forces 
which act on the beam are, first, its weight acting 
at G vertically downward, along the line GL; 
secondly, the resistance, or reaction, of the prop 
acting at C at right angles to the beam A B, that 
is, along the line L C produced ; and thirdly, the 
resistance or reaction of the wall at A acting at 
right angles to the wall, that is, along the line 
A L. We say that the reactions of the prop and 
wall are at right angles to the beam and wall 
respectively, because the beam, prop, and wall are 
supposed to have smooth surfaces. On this point, 
see what has been said on the subject of smooth- 
ness above, (page 83.) 

Now, by Principle IL these three forces must 
meet in the same point ; or, in other words, since 
L is the point where two of the forces meet, 
namely, the reaction of the wall and prop, the 
third force, that is, the weight acting along GLy 
must pass through L. It follows, therefore, that 
the line G i/, which is drawn vertically downwards 
from the middle point Got A By must pass through 
i, the point of intersection of the line A L (which 
is perpendicular to the wall), and the line Oi, 
which is perpendicular to the beam. 

(36.) If, therefore, we draw the line AB^ 

making the proper angle whatever it may be with 

the wall, and then tae peti^eiidL\c.\>\»x^ AL and 
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Fig. 47. 



CLj in which way we find the point L where 
they meet; all we have to do is to draw L G 
vertically to meet AB in. G^ and G must be the 
middle point of A B. Wherefore, if we measure 
A Gy we shall know the half, and consequently the 
whole length of A B. We shall now give some 
numerical examples. 

Ex. 1. — \£ the prop is one foot horizontally 
from the wall, how long must the beam be, so as 
to rest at an angle of 30** to the vertical ? 

Draw a line EF^ fig. 47, to 
represent the wall, and K C per- 
pendicular to EF, measuring KC 
equal to 1, (see what has been 
said respecting the diagonal scale 
in Part I. page 69 ;) then draw 
through C a Tine AM, making 
the angle K AM equal to 30°, or, 
what is easier, and comes to the 
same thing, the angle KCA equal 
to 60" ;* this line represents the 
direction of the beam. Having 
done this, draw AL perpendicular to K A, and 
GL perpendicular to GA, to meet at L, and 
draw L G vertically to meet ^ if at G : then 
measure the length of A G with the compass and 
diagonal scale, and twice the length so found will 
be the length of the beam, as required. 

(37.) We shall stop to make some remarks 
of importance here relative to this and similar 
constructions, and which, if properly attended to. 




* KC represents a horizontal line, and K A & vertical ; and 
iS A B makes an angle of 80** with the vertical, it mnst he 
meUned Bi 60** to the horizon, . 
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will often greatly simplify the solution of pro- 
blems by the graphical method. 

Simplification of constructions in the graphical 
solution of problems, — In the example we have just 
treated, there are some lines drawn which are not 
really essential to the determination of the result, 
though they tend to make the principle on which 
the solution depends more obvious. Our object 
is, to find the length of the line A Ghy measure- 
ment ; and what we have given for this purpose 
is, that the line G K ia l, and the angle C AK 
30^ Now, it is easy to see that the angle CAL 
Fig. 48. is 60*' ; and that, if we draw GH^ as 
-^ in fig. 48, at right angles to A i, 
c/ A H will be equal to 1. 

Hence, we may make the con- 
struction as follows : draw two lines 
AM\ A Li fig. 48, making an angle 
of 60** with each other, and measure 
a portion A H equal to 1 ; draw EG 
at right angles to J. J^ to meet A M 
at C; draw G L dX right angles to ^ C to meet 
-4 i/ at i/ ; draw L G at right angles to A L to 
meet A M a.t G; then measure A G, and twice 
the measured length will be the result required. 

(38.) This mode of construction is really 
simpler than that which we gave before ; though 
so much is not gained in the present case, in the 
way of simplicity, as in many other cases^ where 
the difference between a simplified construction 
^d a non-simplified construction is considerable. 
The rule for simplifying the construction in any 
problem is simply this : draw a rough figure, to 
represent all the different lines, angles, fee. requi- 
^ite, and consider wtat pwcta of tVAs figure are 
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really essential to finding the resnlt^ and what 
are not. Then draw a correct figure, leaving out 
all non-essential parts, and determine the result 
required by measurement. 

In many cases^ some little alteration in the way 
of drawing the figure may simplify the process, 
as, for example, the drawing the line C Hy in 
fig. 48, instead of having to draw the lines E F 
and C^Jfinfig. 47. 

Ex. 2. — If the beam make an angle of 60° with 
the wall, instead of 30^, find its lengtL 

Ex. 3. — If the angle be 45^ find the length of 
the beam. 

Ex. 4. — If the prop be 6 feet horizontally from 
the wall, find how long the beam must be, to rest 
at an angle of 60° to the wall. 

Ex. 5. — How far horizontally must the prop 
be from the wall, when the length of the beam 
is 10 feet, and its inclination to the vertical 45° ? 

Fiff. 48 will solve this example. Begin by 
drawing A Jf and J. JST at an angle of 45° to each 
other ; then make A G equal to 5, and draw in 
succession G I^ LG, Off, 

Ex. 6. — If the beam be 16 feet long, and rest 
at an angle of 60° to the vertical, find the dis- 
tance of the prop. 

Problem II. 

If the ucaU in the preceding problem be inclined to 
the vertical at a certain anglcy to determine the same 
things as before. 

(39.) In this problem the principle of solution 
is exactly the same as before, and the same lines 
are to ibe drawn; only the line JSJP, le^^t^- 
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senting the wall, is to be drawn at the proper 
angle to the vertical ; and, therefore, the angle 
which the beam makes with the wall will no 
longer be the same thing as the angle the beam 
makes with the vertical. Attending to these 
points, and taking care to draw A L not hori- 
zontally, but at right angles to the wall, there 
will be no ♦difficulty in solving the following 
examples. 

Ex. 1. — The wall makes an angle of 30° with 
the vertical, the beam inclines on the other side of 
the vertical at an angle of 30<> also, and the prop 
is 2 feet horizontally from the wall; find the 
length of the beam. 

Fig. 49 shows the construc- 

F^'^9. tion; in this case, the dotted 

line represents the vertical, and 

the letters mean the same as 

before. 

Ex. 2. — The wall makes an 
angle of 30** with the vertical, 
the beam inclines on the same 
side of the vertical at an angle 
of 60** to the vertical, and the 
length of the beam is 10 feet; 
find the distance of the prop from the wall hori- 
zontally. 

Ex. 3. — The beam is inclined at 20° to the 
vertical, the prop G touches the beam half-way 
between A and G ; find the inclination of the wall 
to the vertical. 

(40.) The following is the simplified construc- 
tion in this case, and it affords a good instance of 
what may be gained by such simplification. Draw 
anjr line A Gp, divided into t^o ^c\vsk»i ^««Va at C, 
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fig. 50; draw GL, mskms the angle AGL equal 
to 20% to meet GL, which is perpendicular to 
AG9 B,t L; join L and A, and draw the Fig, so. 
dotted line at right angles to AL. Then 
A G represents half the beam, GL the 
vertical, and the dotted line the wall. 
The angle which the dotted line makes 
with GL produced, is the angle re- 
quired : but it is not necessary to draw 
the dotted line at all ; for, since AL \% 
perpendicular to the wall, and GL i& 
vertical, the angle GLA must exceed by 90° the 
angle at which the wall is inclined to the vertical ; 
and therefore, if we measure the angle CkLAy and 
deduct 90% we obtain the result required. 

Problem III. 

A Bifig. 51, w a beami of which one end A is held 
up hy a string 9 AC; and the other end, J?, rests 
against a smooth vertical wally CD; it is required 
to determine in what direction the string mtist puU so 
as to keep the beam at rest. 

(41.) The forces which act on the Fig, 51, 
beam are — its weight acting vertically 
downwards, at its middle pomt G; the 
reaction of the wall at right angles to 
the wall, that is, horizontally ; and the 
tension of the string along the string. 
Hence, by Principle II., if we draw BE 
horizontally, and G E vertically to meet 
at jE7, the string must pass through the point E, 
This determines in what direction the string must 
pull, as required. 

Ex. J. — What angle must the string m«kem\Jcv 
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the yerticaly so that the beam may rest at an 
angle of 45° to the vertical. 

The simplified construction in this case only 
requires the portion AEB oi the figure to be 

Ex. 2.— The angle J. (72) is 30°, ^(7 is 10 feet; 
find how long A B must be so as to remain at rest. 

In this example it is important to notice that E 
is always the middle point of A C, because G is 
the middle point of A By and the lines GE and 
B C are parsdlel. 

Ex. 3.— If the wall be inclined 30° to the right 
of the vertical, and the beam 45® to the vertical, 
as in Ex. 1 ; find the angle which the string must 
make with the vertical 

In this example BEi& not horizontal. 

Ex. 4. — The string is inclined at an angle of 
30® to the vertical, and the beam at an angle 60® ; 
find what must be the inclination of the wall in 
order that the beam may rest. 

Problem IV. 

AB and BC are two smooth planes inclined to Ae 
horizon^ and EF is a beam resting with its ex^ 
tremities on the planes ; hating given the inclination 
of one oftheplanesy and of the beamy to find what the 
inclination of the other plane must be to keep the beam 
at rest. 

(42.) The forces which act 
on the beam are — its weight, 
acting vertically downwards 
at its middle point G ; the re- 
action of the plane BAy acting 
at E at right angles to BA\ 
and tVie ios^Xaotl oi \]b.e iglane 
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B C acting at Fy at right angles to B G. Hence, 
by Principle IL, if we draw a vertical line, G JST, 
through G9 a line EH perpendicular to ^^ 
through E, and a line FH^ perpendicular to B Gy 
through F ; these three lines must meet at the 
same point, Hy as we have represented in the 
figure, otherwise the beam will not remain at rest. 

Now suppose that the inclination to the vertical 
of the plane B A^ and that of the beam are given, 
and it is required to find the inclination of the 
other plane BC ; we may easily do so as follows : 
draw a line HG to represent the vertical, and 
through any point G of it draw a line E F^ 
making GE equal to GF9 and the angle HGF 
equal to the given angle of inclination of the beam 
to the vertical ; through E draw the line A -B, 
making an angle with HG equal to the given 
angle of inclination of the plane to the vertical ; 
through E draw E H 2A, right angles to AB^ to 
meet G H 9X H\ join H and i^, and draw G B 
through F at right angles to H F\ then, by 
measuring what angle G B makes with H G^ we 
determine the required inclination of the plane 
B C to the vertical, 

(43.) Simplified construction, — This construction 
may be greatly simplified ; for in fact we need only 
draw the lines EFy HG, HE, and HF in the 
following manner : draw a line H G to represent 
the vertical, and EF through G, making the 
angle HGF equal to the given angle of inclina- 
tion of the beam; draw from H the line HE, 
making the angle GJ^J? equal to the complement^ 

» The complement of an angle is the number of degrees which 
mnst be added to that angle to make up, or complete, 90 degrees, 
or a right angle. Thus^ 80^ is the complement of 60^, because 
ao® -h CO"* = 90''. 
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of the given angle of inclination of the plane A B 
to the vertical, and let this line meet GEy pro- 
duced if necessary, at E; make G F, produced if 
necessary, equal to E G, and join HF ; then 
measure the angle GH F: the complement of this 
angle will be the required angle of inclination of 
the plane B C to the vertical. 

(44.) All that we assume in thus simplifying 
the construction is, that if a line, such as ^ J5, 
makes a certain angle with the vertical, the line 
E Hi which is perpendicular to A By makes the 
complement of that angle with the vertical.. This 
follows from the 32d Proposition of the 1st Book 
of Euclid; for, by that proposition, the three 
angles of the triangle EH K make together two 
right angles, or 180®; but the angle at J? is 90**; 
therefore, the angles at H and K make together 
90** ; or, in other words, either one of these angles 
is the complement of the other. If the student 
is not acquainted even so far with Euclid, he may 
convince himself of the truth of what is stated by 
drawing a proper figure oi E H Ky and measuring 
the angles at H and K. 

Ex. 1. — The inclination of A B to the vertical 
is 70° ; What must be the inclination of B C, so 
that the beam may rest at an angle of 40** to the 
vertical ? 

Ex. 2. — The inclination oi A B to the vertical 
is 60** ; What must that oi B G be, so that the 
beam may rest at an inclination of 45** to the 
vertical ? 

Ex. 3. — Show that it is not possible for A B to 
be inclined at angle 60** to the vertical, and the 
beam at an angle of 30**. 
Ex, 4. — Show generaWy iWX, \Xi^ molmation of 
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the beam to the vertical cannot be equal to the 
incliuation of either of the planes to the horizon. 

Problem V. 

Hating gi'oen the indinations of the two planes, in 
the preceding problems, to the mrtioal, it is required 
to find the inclination of the beam. 

(45.) In this case the angles GHE and G H F, 
being the complements of the given inclinations 
of the two planes to the vertical, are known ; we 
may therefore draw the lines IIJS and HF, but 
we do not know where the points F and F ought 
to be. Now it is clear that all we have to do, to 
determine these points, is, to draw the line EF &o 
that it shall be divided into two equal parts at 
G; and this may be done in the following manner: 

In fig. 53, draw three lines 
H P, ff Q, E R, from the point ^'f; ''' 

Hy making the angles PHQ and 
RHQ equal to the complements 
of the given inclinations of the 
planes to the vertical ; take any 
point Q \n HQ, draw Q E and 
Q F parallel respectively to HB 
and HP, and join EF\ then EF is so drawn 
that the point G where it meets HQh half way 
between EE and F.^ The line ^ J' thus drawn 
represents, therefore, the inclination . of the beam 
to the vertical HG, and we have only to measure 

• For E H FQ is by construction a parallelogram (or figure 
bounded by two pairs of parallel lines), and it is obvious that the 
diagonals (the lines joining the opposite comers) of such a figure 
bisect each other, as may be proved by measurement, if the 
itndent has not read Euclid, Prop, 34, Book I. 
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the angle EG Fy which is the required angle of 
mclmation. 

(46.) It maj be objected to this mode of oon- 
'stmctiony that we have not attended properly to 
the length of the line EF, ao as to make it repre- 
sent the length of the beam; bat the length of 
the beam is not, and need not be ^ven, for the 
resolt will be always the same, wheuier the beam 
be long or short, as it is easy to see ; besides, in 
the figure the length of the beam is represented, 
not actually, but in miniature, as it were, with 
reference to a certain scale of small equal parts ; 
and, as we may choose any scale we please 
(whether the units be inches, or half inches, or 
quarter inches, or otherwise), the line EF msLj 
be of any length we please, and still correctly 
represent the length of the beam. 

Ex. 1. — The inclinations of the planes to the 
vertical are respectively 3(1^ and 60°; find at what 
inclination the beam will rest. 

Ex. 2. — The inclinations being 45* and 75% find 
that of the beam. 

Ex. 3. — If the planes be inclined at an angle of 
90° to each other ; show that the inclination of the 
beam to the vertical is always double the incli- 
nation of one of the planes to the horizon. 

In this example, the student who does not 
know Eudid, Book L, must prove what is stated 
by showing it to be true in one or two particular 
cases. By the help of Euclid, Book L, it may 
be very easily proved to be true in all cases. 
Observe : the inclination of the plane to the hori- 
zon is the complement of its inclination to the 
vertical. 
-Ex. 4. — If 5 C be a ver^csl ^Aasi^ «jad A B 
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inclined at 45® to the vertical^ find at what incli- 
nation the beam will rest. 

Ex. 5. — The two planes are inclined at an 
angle of 60® to each other, and the beam rests at 
an inclination of 30® to the vertical ; find at what 
angle each plane is inclined to the verticaL 

Observe, here the angle E H F must be 120®. 
Hiis is rather a difiicult exaniple, and requires a 
knowledge of the 3d Book of Euclid. 

Problem VI. 

A beam A By Jig. 54, of given 
lengthy is held up by two strings 
AC and B Cy also of given length, 
fastened to a point C: find at 
rchat inclination to the vertical the 
beam rests. 

(47.) If G be the middle point 
of the beam, the vertical line 
through G must pass through the point 0, for C 
is the point where the two forces or tensions 
exercised hj the strings on the beam meet, and 
therefore the direction of the third force, namely, 
the weight of the beam acting vertically at 6r, 
must also pass through C, 

Hence, if we construct a triangle ABCy having 
its sides of the proper lengths, as given in the 
problem,* and if we draw a line from G to the 

* The way to do this is as follows : draw one side, say A B, of 
the proper giren length ; with A as centre, describe a circle, 
haying its ntdius equal to the given length of ^ C; with B as 
centre, describe another circle, having its radius equal to the 
given length of BC; let C be one of the points where the 
two circles meet; then, joining C with A and B, A BC bo 
fonned will be the required tri&Dgle. 
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middle point G o{ JB, CG will represent the 
vertical, and CGB the angle of inclination to the 
vertical at which the beam rests. 

Ex. 1. — A beam, whose length is five feet, is 
suspended by its extremities from a point by two 
strings, one 3 feet long, the other 4 feet: find 
the inclination of the beam to the verticaL 

Ex. 2. — The strings are, one 4 feet, and the 
other 8 feet long, and the beam is 10 feet: find 
the inclination of the beam. 

Ex. 3. — The beam hangs at an inclination of 
45% and the strings are, one 3 feet, and the other 
5 feet long : find the length of the beam. 

Problem VII. 

A smooth beamy A B, Jiff. 55, 
Fig 55. ^ggfg ^^ ^ smooth pvop Cy one end B 

being held up by a string B D : it 
is required to state what is necessary 
for equilibrium in this case. 

(48.) Draw CH perpendicular 
to A B, and 6r^ vertically through 
the middle point of A B, to meet 
G if Sit H; then the pressure of 
the prop acts along the line Cff, 
(see Art. 35,) and the weight of the beam along 
G H. The directions of these two forces,, there- 
fore, meet at H ; hence, the direction of the third 
force — the pull or tension of the string — ^must 
also pass through H; and therefore, if we join 
H and B, the string must pull along the line II B 
produced. 

Ex. 1. — C is half way between A and G, and 
the beam rests at an iiic\ma\)voTL of 45® to the 
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vertical ; find the inclination of the string to the 
verticaL 

Ex. 2. — If A C ia double C G, and the beam's 
inclination to the vertical is 30*, find that of the 
string. 

Ex. 3. — The beam is 10 feet long, and its incli- 
nation to the vertical, and that of the string, are 
30** and 60^ respectively ; find the length of G C. 

Ex. 4.-^C is half way between A and G, and 
the angle AB D\a 150** ; What is the inclination 
of the beam to the vertical ? 



MATHEMATICAL SOLUTION OF THE PRECEDING 

PROBLEMS. 

(49.) For the sake of those who have advanced 
in Mathematics as far as trigonometry, we shall 
briefly show how the problems we have just given 
may be solved bv the aid of mathematical for- 
mnlse ; from which the examples in each case may 
be easily deduced, if the student has trigono- 
metrical tables, and knows how to use them. 

Problem L Let K C, fig. 47, be denoted by a, 
and the angle KA Chj 0; then 

Z. CLA = 90''- ^CAH.smd 0=90^" AC JH; 

.'. L CLA^0. 
Also, 

/I C(72i=90°- L CLG^QJidZ. CX^=90°- z. CLG; 

.-. Z,CGL = 0. 

Hence, if we denote AGhj by we find 

KC=A C Bin. 0, J C^JL sin. ^, J. L= iiG sin. 6 ; 



CHAPTER II, 



OF THE PRINCIPLE OF THE LEVER* 

(51,) After the preliminary statements and expla- 
nations given in the preceding chapter, the natural 
course to pursue would be, in the first instance, to 
prove and explain the various rules for the compo- 
sition and resolution of forces, so as to be able to 
find the resultant of any two or more forces, or 
the components of which any force is the result- 
ant. It will be advisable, however, to defer this 
to the next chapter, and to devote the present 
chapter to the consideration of the mechanical 
power or instrument called the lever ; for the prin- 
ciple upon which questions relating to the lever 
are solved, admits of a very simple and intelligible 
demonstration; and a variety of problems and 
examples deducible therefrom may be easily solved, 
and with considerable advantage to a beginner. 
Besides, the fundamental proposition relating to 
the composition and resolution of forces, called 
the Parallelogram of Forces^ which we shall give 
in the next chapter, is deducible from the prin- 
ciple of the lever. For these reasons, and in 
order to make the student's progress more easy, 
it win be advisable to intiodue^ tiv^ consideration 
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of the lever here^ though it is not exactly in its 
proper place. 

(52.) Definition of a Lever. — A rigid body in 
wlach there is a fixed point or axis^ round which 
it may freely tum^ is caUed a lever. 

Fulcrum. — The fixed point or axis about which 
the lever may turn, is csJled its ftdcrum. 

(53.) Different hinds of Lever. — The name lever 
is derived from the Latm word, signifying to raise 
or elevate ; it is generally applied to any strong 
bar, such as a crow-bar, used for the purpose 
of raising great weights, or displacing oDstacles. 
There are three kinds of lever, mstinguished from 
each other by the position of the ralcrum with 
reference to the power employed to move the 
lever, and the resistance to be overcome by it. 
Fig. 56 shows a lever of the first kind; AB\& the 
bar, and F the fulcrum ; W ^ig*- ««» 57, ss. 

is the weight to be raised or j 

resistance to be overcome, ^\ — ^ -' '^ 

and P is the power employed pr| 
to move the lever. In this 
kind of lever the fulcrum is 
always between the power 
P, and the weight or resist- ^ 
ance W. Fig. 57 shows a J^ Tjp ^ 

Uver of the second kind, in 
which the power P and resistance JT are on the 
same side of the fulcrum, and the power is further 
from the fulcrum than the resistance. Fig. 58 
shows a lever of the third kindy in which, as in 
those of the second kind, the power P and resist- 
ance W are on the same side of the fulcrum, but 
the power is nearer to the fulcrum than the re- 
sistance. 
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(54.) In levers of the first and second kind^ 
pavcer is gained and speed is lost ; that is, the power 
(P) necessary to move the weight ( W) is smaller 
than the weight, but the speed with which the 
weight is moved is proportionally less than that 
at which it is necef<sary that the power should 
move. For example, if P be 10 times further 
from the fulcrum than W^ and if ?r be lOlbs.^ 
P need only be barely over 1 lb. to move W, but, 
at the same time, P must ^o over a space of 10 
inches to make W move an mch. 

In the case of levers of the third kind, the 
reverse is the case, power is lost and speed is gained; 
that is, the power necessary to move the weight 
is greater than the weight, but the speed of the 
latter is proportionally greater than that of the 
former. 

(55.) It is an important law in Mechanics, that 
what&eer is lost in power is gained in speedy and 
whatever is gained in power is lost in speed. The 
levers of different kinds afford a good example of 
this, as has just been explained ; but the law is 
not restricted to levers, it applies equally to every 
kind of machine or contrivance, as may be proved 
by what is termed the Principle of Work, to which 
we shall call the student^s attention hereafter. 
From ignorance of this principle, ©r from inatten- 
tion to it, many persons have wasted their time 
and money in trying to invent machines for gain- 
ing power without losing speed ; for all the con- 
trivances proposed for producing a perpettud motion 
resolve themselves into this error, or something 
nearly akin to it. 

(56.) Examples of the different kinds of Lefter* — 
A crow-bar employed to taia^ a. atone is a good 
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example of a lever of the first kind ; the stone 
to be lifted is the resistance, the man exerts the 
power by his hand, and the fulcrum is the stone 
on which the bar is rested, or the purchase^ as 
workmen call it, about which the lever is turned. 
A spade used for digging the ground is also a 
lever of the first kind ; in fact, it is the same 
thing as a crow-bar, but used for a different pur- 
pose, the resistance to be overcome being however 
much smaller. A pair of scissors is a double lever 
of the first kind, the joint being the common 
folcrum of the two levers, and the material to be 
cut, the resistance. Pincers, and other similar 
instruments, the steel-yard used for weighing by 
butchers, and a variety of implements, are levers 
of the first kind. 

A crow-bar used in the manner represented in 
fig. 57, becomes a lever of the second kind; here 
the extremity is rested on the ground, and so 
becomes the fulcrum, or purchase, about which 
the bar is turned. The resistance W^ and the 
power P, are both on the same side of the fulcrum, 
the latter being further from it than the former. 
A wheelbarrow is a good example of this kind 
of lever ; the centre of the wheel is the fulcrum, 
and the weight acts at the centre of gravity of 
the load. A nut-cracker is a double lever of the 
second kind, the joint being the common fulcrum 
of the two levers, and the nut to be cracked, the 
resistance. The oar of a boat is a lever of the 
second kind, the water being the fulcrum or 
purchase against which the blade presses. 

In all these instances of the use of levers, the 
object is to gain power, and not speed; where 
speed latohe gained, the lever of the thkd kmd 
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mast be employed. The limbs of animals afford 
many instances of this kind of lever ; thus^ the 
fore-arm of a man is turned about the elbow-joint, 
by the contraction of a muscle which exerts an 
upward pull at a point near the elbow-joint. 
Here the joint is the fulcrum, the power acts 
near the fulcrum, and the weight on the hand, 
which is much ftirther off. The muscles are 
capable of exerting considerable force, and there- 
fore they are made to act at a disadvantage as 
regards power, in order to gain speed, and com- 
municate rapid motion to the limbs. The chief 
reason, however, why levers of the third kind are 
employed in the limbs of animals, is to give com- 

{)actness of form to their bodies, and make the 
imbs project from them in such a way as to be 
capable of moving with convenience. The treadle, 
or foot-board, used by a knife-grinder, is a lever 
of the third kind ; the foot exerts the power, the 
string the resistance. A pair of tongs is a double 
lever of the third kind, and is anak>gous to the 
pair of scissors, which exemplifies the first kind, 
and the nut-crackers the second kind. 

(57.) It is easy to see from these examples, 
that the lever is an instrument, or meckanicai 
power y oi which there are many familiar uses: 
it is also of constant application in machines. 
There is a very simple rule for calculating what 

f)ower will balance a given weight by means of a 
ever, and this rule is applicable to other me- 
chanical powers besides the lever; indeed, there 
are few mechanical problems or investigations in 
which it may not be employed. It is conunonly 
called the principle of the lever, and it is on 
account of its general ulipility m ^^^JK^as^i^ end 
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its simplicity both as regards proof and appli-* 
cation^ that we have selected the lever, of all the 
mechajiical powers^ and given it a place at the 
oommencement of the treatise. We shall now 
prove this principle by a very ingenious method, 
and one of great interest, inasmuch as it was 
given by Archimedes, the great mechanician, and 
employed by him as the foundation of all his 
mechsmical demonstrations. 



Principlb op the Lever. — Proposition L 

If AB he a straight lever, C the ftdcrum, and fF 
and JP two forces actinff at Fig. &9. 

A and B, at right angles to ^ c „ 

AB, W andP teiU balance \ ^ f 

each other if they be proper ' *^ fc* 

iianal to the lines B C and A C respectively, or, as it 
is said, if they be inversely proportional to the arms 
at which they act. 

(58.^ To prove this we must first suppose the 
following case, viz. : Let BE, fig. 60, be a straight 
rod,* C its middle 
point, F any other Fig.eo, 

point, A the middle ^ ^ r c n 
point of DF, and B I ' '^ 

the middle point of ^ 

EF. 

Now, the weight of the whole rod is, or may ht 
supposed to be, exerted at its middle point (or 

• We Bball always, when we speak of a rod or beam, suppose 
it to be of uniform weight and thickness, unless the contrary be 
ezpiefleed, and we shiJl therefore assume that its centre of gravity 
ii at its middle />aiiit 
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centre of gniTity) C, and if we pnt a support or 
fiodcnim at C, the rod will rest Borizontally upon 
it, without anj tendency to turn one way or the 
other. If, however, we ccMisider separately the 
eflfects which the portions 2> JP and E^^ of the rod 
produce by their weights, we may suppose the 
weight of Z> JP to act at its middle point jI, and the 
weight EF at its middle point B. 

Hence it foUows, that a weight equal to that of 
Fif. CI. DE, acting on the 

lever at -4, and a 
==j====« weight equal to 
r^ that of ^J' acting 

at ^, as is repre- 
sented in fig. 61, 
produce the same 
effect as the weight 
^ of the whole rod 

acting as it really does ; that is, the two weights 
suspended from ^ and B, have no tendency to 
turn the rod one way or the other, and therefore 
they balance each other. 

Now let AD (fig. 60) be denoted by a, and BE 
by b; then, since ji is the middle point of BE, 
and B that of EEy it follows that 

DF=^2a , EF=2b, 

and therefore 

I)E^DF'\'EF^2a + 2b, 

whence 

halfof2>J?=a + 6. 

But, since C is the middle point of BE, DC \b 
half of 2>£, Bud DC ^ DA + AC^a-^ AC: 

Hence 

a-V AC = a-Vb» 
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and therefore, taking away a from both, we find. 

In like manner we have 

£<7=halfof2>j&=a + i; 
but 

therefore 

5C + * = « + *; 

hence, taking away b from both, we find 

BC=a. 

Now the weight Di^ acting at A (fig. 61") is 
the weight of a length 2 a of the rod, and the weight 
EF acting at B is the weight of a length 26 of the 
rod; and, since the rod is uniformly thick and 
weighty throughout, these weights are respectively 
proportional to 2 a and 22^, or, what is the same 
thing, to a and b. But we have proved that 
A C =^ a, and BC=^ b; hence it appears, that the 
weights acting at A and B are proportional to BO 
and j1 C. If therefore JV and P, in fig. 59, b© 
proportional to BC and A Cy they will balance each 
other. 

Now, A G and B C are called the arms at which 
the forces ^and P act, the word arm meaning dis- 
tance from fulcrum ; hence, when the proportion of 
the two forces to each other is the inverse of that 
of the arms at which they act, they balance each 
other ; that is, when the force at A is to the force 
at B in the same proportion, not as AC is to BCy 
but 9iA BC i& to ACy (for this is the meaning of 
the word inverse,) the forces balance each other. 
Which was to be proved. 

(59.) A numerical example maybe useful to 
the student who is not accustomed to demonstra- 
tjons of this kind, and we shall therefore giN^ \)afe 
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following: Suppose DE to be 20 feet long, and 
that each foot weighs 1 lb. ; also, let DF be 6 feet, 
and therefore EF 14 feet ; then, since A is the 
middle point of DF, B that of EFy and C that 
of DEy it follows that DO is 10, AD is 3, and 
AC, which is found by subtracting AD from 
DCi is therefore 7. In like manner, BC is found 
by subtracting EB, the half of EF, from EG, 
the half of DEy that is, the half of 14 from the 
half of 20 ; therefore, BCisS. 

Now, the rod will rest horizontally upon a prop 
or fulcrum at C; also, the weight of the portion 
DFy 6 lbs., may be supposed to act at its middle 
point Af and the weight of the portion EF, 14lbs., 
may be supposed to act at its middle point B. 
Wnence we have the case of a lever, being the 
fulcrum, AC being 7 feet, and BC S feet, the 
weight acting at A being 6 lbs., and that atj? 
14 lbs. ; these weights balance each other, and 
(since 14 is to 6 as 7 is to 3) they are in the 
same proportion to each other, not os AG is to 
B C, but as J?Ois to A C, that is, inversely slsAO 
to BC. 

i60.) Corollary. Presmre on Fulcrum^ how found. 
t is evident that the whole weight of the rod 
D Crests upon the fulcrum C, and therefore the 
pressure on the fulcrum produced by the weight 
of the rod, or, what is the same thing, by the 
weights of the two portions DF and CF, is 
eqiml to the weight of the rod : that is, the pres- 
sure on C is the sum of the weights of DF 
and CF. 

Hence we conclude, referring to fig. 59, that 
the pressure produced on the fulcrum by the two 
forces P and fT, actii^ on. th^ lever AB^ is the 
Bum ofjP and W. 
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Proposition II. 

tfihe twoforcesy W and P, act upon a bent for^, 

i G By fig, 62, and at right angles to the arms, C A 

md CBy G being the fulcrum ^ the forces will balance 

each other when they are inverselj proportional to 

the arms. 

(61.) By a bent lever we mean a lever in which 
the arms are inclined at an angle to each other. 
To prove this proposition, ^ ^<y. «2. 

suppose the line 50 to be 
produced to A' so far that 
CA' shall be equal to CA; A\ ^ r 

and imagine CA' to be a ^ A ^ 

third arm of the lever, so 
that AC, A Cf and BC form one rigid body ; then, 
if there were a force W equal to W acting at A\ at 
right angles to CA', as represented in this figure, it 
is easy to perceive that W' would produce the same 
effect as W, in tending to turn the lever round the 
itdcrum C ; for, as far as rotation about C is con- 
cerned, and with reference to C, the two forces, W 
and W\ are situated in precisely the same manner, 
and would exert the same power on the lever. 

Hence, since W would produce the same effect 
in turning the lever as W, we may conceive W 
to act in place of W ; and then we have a straight 
lever witn two forces, W and P, acting upon it, 
as in Proposition I. Hence, if the forces balance, 
TF' is to P inversely as A'Cto BC; or, since W 
is equal to W, and A C equal to A'C, TF is to P 
inversely bs AC to BC The forces, therefore, if 
they balance each other on a bent lever, acting at 
right angles to the arms, must be inversely pro- 
fortkam to the arms. Witch was to be proved* 




122 MECHANICAL SCIENCES, 

Proposition III, 

If two forcesy W and P^ act on a lever of any 
shape, as in Jig. 63, and if perpendicularsy CA^ CBy 
be drawn from the fulcrum C, upon the directions of 
W and P, produced if necessary ; the two forces wtU 
balance each other when they are inversely propor- 
tional to the perpendiculars so dravm, 

(62.) For, by the principle of the transmission 

of force through a rigid body, we may suppose the 

Fig,%z. forces to act at any 

points of their respec- 
tive lines of direction, 
and therefore we may 
conceive them to act 
at A and j&, as is re- 
presented in the figure. 
Thus we may call A GB a bent lever, and there- 
fore, by the preceding proposition, the forces will 
balance each other if they be inversely propor- 
tional to the two perpendiculars, AG and £0. 
Which was to be proved. 

Proposition IV. 

To estimate the effect of a force acting on a lever, 
we must multiply the force by the perpendicular upon 
it from the fidcrwmy that isy we must multiply the 
number of pounds in the force by the number effect 
in the perpendicular. 

(63.) This is easily deduced from the previous 
proposition, as follows: Let BGy in fig. 64, be 
the perpendicular let fall from C upon the force 
P, acting on a lever of any shape, G being the 
fulcrum ; let W be the weight which, acting at an 
arm unity, balances P, tnk\, ^a, \at tke ijerpen- 
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diciilar CA upon W be always 1 ; which will be 
the case if we suppose TF to be a weight hanging 
Arom a wheel ADEy attached Fig.M. 

to the lever, and having its 
centre at the fulcrum C^ as 
shown in the figure. Then, by 
the previous proposition, we 
know that TF is to P in the 
same proportion as CB to CA^ 
or, as it is usually and conve- 
niently expressed by means of 
dots, observing that CA is 1, 

W I P :: CB : 1. 

Therefore, by the Bide of Three, or, as it is often 
called, the Btde of Proportion^ we have the follow- 
ing result, 

Tr=P X CB. 

« 

Hence it appears, that, if we multiply a force 
P by the perpendicular ^C, let fall upon it from 
the fulcrum, the result expresses the amount of 
weight, acting at an arm 1, which P is capable of 
balancing. 

Thus, suppose that P is 10 lbs. and CB 4 feet; 
then W is 40 lbs. ; that is, P can balance 40 lbs. 
acting at an arm 1. Again, suppose that'^'^P is 
15 lbs. and CB 6 feet ; then W is 80 lbs. ; that is, 
P can balance 80 lbs. acting at an arm 1. In the 
latter case, therefore, P has double the effect it 
has in the former. Thus we may see that W is 
a proper measure of the effect of P, because W 
always acts at the same arm, whereas P may 
not ; for, in estimating the effect of a force on a 
lever, we must consider two things, namely, first, 
the magnitude of the force, and secondly, the axm^ 
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or perpendicular distance from the fulcrum, at 
which it acts. If the magnitude of the force be 
increased, the effect on the lever is of course also 
increased in proportion; and if the arm be in- 
creased, the same may be said. If, however, the 
arm be always one given invariable length, the 
effect of the force will depend simply upon the 
magnitude of the force, and we need not then 
think of the arm. Now this is the case with W^ 
which always acts at the same arm 1 ; and there- 
fore the effect .of W will be proportional to the 
magnitude of W simply, without reference to its 
arm. 

Hence, since P balances W, the effect of P is 
equal and opposite to that of W, and therefore the 
effect of P is proportional to the magnitude of W; 
in other words, the number of pounds in TF repre- 
sents, we may say, the energy or power with 
which P tends to turn the lever, and therefore the 
effect of P is measured and estimated by that 
number. ^ 

(64.) We might have supposed that W acted 
at any other known and invariable arm, but we 
naturally assume 1 foot as the simplest arm we 
can fix upon. 

(65.) This is a very important proposition, and 
it may be considered as embodying the principle 
of the lever in its most general form. We see by 
it, that the effect of a force, P, on a lever, that is, 
the energy or power with which it tends to turn 
the lever about its fulcrum, varies with the mag- 
nitude of the force and the arm at which it acts, 
jointly, and is estimated by the product of the 
force into the arm; because that product shows 
the amount of the force ^hicK, acting at the 
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israriable arm unity^ has the same energy or 

power on the lever as P. 

(66.) Moment — The product of a force (acting 
on a lever) into its arm or perpendicular distance 
^m the ftilcrum is usually called the Moment of 
the force. Hence the moment of a force acting 
on a lever expresses the energy or power with 
which the force tends to turn the lever about its 
ftdcrum. 

(67.) Ifike and Unlike Moments. — If there be 
two forces acting on a lever, and tending to turn 
it opposite ways round the ftilcrum, they are said 
to have unlike moments ; but^ if they tend to turn 
it both the same way, they are said to have like 
moments. Forces, therefore, whose moments are 
unlikey resist each other ; and those whose momenta 
are like^ assist each other. 



PnoPosmoN V. 

To estimate the effect of several forces acting on a 
lever^ tee must find their moments^ add the moments 
tending to turn the lever one way into one sum, and 
the moments tending the opposite way into anotlier 
sum ; then the difference between the two sums will 
express the total, ^ect of the forces. 

(68.) This is immediately evident, since the 
moments are the weights, which, acting at the 
arm 1> produce the same effect as the forces ; and 
these weights, since they act at the same arm, may 
be all put together by addition or subtraction, as 
the case may be, so as to form a single weight. 

Yor example, let the forces be as foUoYTB; 
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10 lbs. at an arm 3 
7 lbs, „ 4 



tendiiig to turn the lever 
one way, as the hands 
of a watch, suppose.* 



8 lbs. at an arm 71 . i. ,i ., 

ni, ^ >- tending the opposite way. 

Then the moments of the first pah* of forces are 
30 and 28 ; that is, these forces are equivalent to 
the weights 30 and 28, each acting at an arm 
unity, and tending to turn the lever the way the 
hands of a watch go round ; and the weights 30 
and 28 thus acting, are equivalent to a weight 58. 
In like manner the moments of the second pair 
of forces are 56 and 10, or 66 altogether, tending 
the opposite way. Now the forces 58 and 66, 
both acting at an arm 1, but tending to turn the 
lever opposite ways, are together equivalent to 
the diflference between them, which is 8, tending 
the same way as the greater force. Hence the 
eflfect of the whole set of forces is expressed by 
the number 8 ; and they tend to turn the lever 
contrary to the hands of a watch. 

(69.) The first and last of the propositions here 
proved have been each called the Principle of the 
Lever. Proposition I. is the principle in its sim- 
plest form ; and Proposition Y. in its most general 
form. 

(70.) In speaking of rotation, we shall often 
employ the method just adopted of specifying the 
two different kinds of rotation, by reference to 
the familiar case of the hands of a watch. For 
brevity, we shall say, when the body turns round 

* This is a conyenient way of speaking of rotation, in order 
to diatingvdsh. between Ike two different ways in which a body 
may turn. 
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the same way as the hands of a watch^ it is a /br- 
mrd rotation ; but when the opposite way, it is 
2k backward rotation. Thus, to a person looking 
towards the north, the sun, moon, and stars have 
a backward rotation round the pole; but, to a 
person looking towards the south, they have a 
forward rotation: in one case the heavens turn 
about the pole backwards^ in the other case, for- 
wards. 

PROBLEMS AND EXAMPLES. 

Ex. 1. If TT and P be two forces which balance 
each other, acting on a lever A By at right angles 
to ABf C being the fulcrum (see fig. 59), and if 
Tr=10P; what part of ^5 is ^C? 

Ex. 2. If ^C= 10, BC = Sy and W=40; 
find P. 

Ex. 3. If JB = 20, and W=:4:P; find ^C. 

Ex. 4. If the pressure on the fulcnun be 50, 
and 5 C = 4^ C; find P and W. 

Ex. 5. Supposing that P does not act at right 
angles to A By but is inclined to ^^ at an angle 
which we shall denote by a ; find P, when W = 100, 
^a=l, 50 = 4, a = 30^ 

To do this we must draw a proper figure, ac- 
cording to the numbers here given, and measure 
the perpendicular from C upon the direction of P 
produced, if necessary. We shall find that the per- 
pendicular is 2 ; and then we have, by Prop. ILL, 

2 : ^C(or 1) :; W(pT 100) : P; 

and therefore, P = 5 = 50. 

Ex.6. If fl^=100, ^C = 2, 5C = 4, and 
a = 60°; find P. 
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Ex. 7. If P = 20, ^C = 10, 5C= 10, ani 
a = 45« ; find W. 

^,^.e5. Ex. 8. If ?r = 100, 

^C== 1, ^C=4, and 
P = 75; find a. 

In this example, let 
CDy fig. 65, be me per- 
pendicular let fall from C 
upon DB, the direction of 
P ; then, hj Prop. HI., 

P(or 75) : W(pT 100) :: AC (or 1) : CD; 

Hence, in the right-angled triangle CD By we 

4 
know that CB is 4, and CD r , and we can thence 

find the angle CBD, or a ; for, measure a line CB^ 

equal to 4, and on it describe a semicircle CDB;* 

4 
then with t7as centre, and - as radius, describe a 

circular arc cutting the semicircle at i>, and draw 
the lines CD and DB ; then DB C is the angle o, 
and we find a by measuring the angle DB C 

It is important to remember this method of 
construction, as it is often useful. It depends 
upon the principle (proved in Euclid, Book HI.) 
that the anple in a semicircle is always a riffht anple, 
that is, that the angle B DC is always a right 
angle, whatever point of the semicircular circum- 
ference D may be. Bearing this principle in 
mind, it is evident, that, by this method of con- 

* Bj finding the middle point of CB, and describing a half- 
circle with that point aa centie, and WH ot C fi aa radius. 



C' 



STATICS, 129 

struction, we have formed a triangle BDC^ in 

Fiuch one angle, i>, is a right angle ; the opposite 

4 
side, BCy is 4; and the side DC^ -. This is 

o 

exactly the triangle required to be constructed, 
and therefore DBG is the angle required to be 
found. 

Ex. 9. \i W ^ 50, ^C= 2, BC^T, and 
P= 60; find a. 

Ex. 10. If P makes an angle 45° with^J5, and 
W an angle 30°, and if JT = 10 P ; find what part 
AC IS of AB. 

Ex. 11. If P and W make equal angles with 
AB, and P = 10 ^T; find what part ^(7 is of 
AB. 

Ex. 12. If P= 10, and is inclined to AB at an 
angle 60% and if GB = 4 ; find the moment of P. 

Ex. 13. On the same supposition, except that 
CB is not known, find CB when the moment of 
Pis 400. 

Ex. 14. There are three forces, P, Q, and R^ 
tending to turn a lever the same way, and two 
forces, 8 and T^ tending to turn the lever the 
opposite way; also, the perpendiculars from the 
fulcrum upon these forces are respectively jt?, q^ 
r, 8y and t. Supposing that P = 3, Q = 4, ^ = 6, 
/S=9, r=4, jp = l, 3^ = 3, r = 2, «=1, ^=10, 
find the moment of each of the forces. 

Ex. 15. On the same supposition, find the 
total moment of all the forces. 

Ex. 16. Supposing P, Q, and /J, alone to act 
on the lever, and that they balance each other, P 
being 4, Q=10,;?=l, |7 = 2, « = 7; find 8. 

Ex. 17. On the same supposition, if P = 4, 
Q = 10,S=6,p=2,s=^S; find j^. 

£ 
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Fig. 66. 




Problem VIII. 

If ABi fig. 66, he a rod or heam^ in a horizontal 

position^ having at one end 
A, a hinge or fulcrum^ and 
the other end B supported 
by a tceight P, hanging by 
a string tchich passes over a 
pulley Cy and is fastened to 
the beam at B ; it is required 
to determine the condition of 
equilibrium* 

Let a perpendicular, ADy be drawn from the 
fulcrum A to BDy the direction of the string pro- 
duced; then, the forces which act on the beam 
arCj first, its weight W vertically at its middle 
point 6r, and secondly, the tension of the string 
\TL the direction B C, which tension is equal to the 
weight P. Also, the perpendicular distances of 
these forces from the fulcrum are AG and AD. 
Hence, by Prop. III. we have, 

P : W :: AG : ADy 

which is the condition of equilibrium required. 

Ex. 1. If fr= 20, and the angle ABD^ 30*»; 
find P. 

In this example draw a proper figure, according 
to the numbers given, and so find-^i> by measure- 
ment ; then the proportion obtained in the Pro- 
blem will give P by the rule of proportion. The 
length of -4 5 is not given, because it I? not neces- 
sary that it should be, but it may be assumed of 
any convenient length, say 10, in which case AG 
will be 5. 
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Ex. 2. If Tr= 10, and the angle ABD = 60*»; 
M P. 

/ Ex.3. If P = 10, and the angle -4 5i> = 45°; 
find TF. 

Ex. 4. If W= 10, and P = 8, find the angle 
ABD. 

Here, by the proportion, assuming ^5=10, 
we find 

8 : 10 :: AG : 10; 

and therefore -^ 6? = 8. 

Hence we must, as in a former case, measure a 
line A B, fig. 67, equal to 2,1^. g;. 

10, on it describe a semi- 
circle; also, with A as 
centre and 8 as radius, 
describe a circular arc 
cutting the semicircular 
circumference at D: then, 
drawing the lines A By BB, the triangle ABB 
will be properly constructed to represent the 
triangle ABB in fig. 66. Wherefore, if we 
measure ABBy^fQ shall find the required angle. 

Ex. 5. If 3 W^^APy find the angle ABB. 

Ex. 6. If W^ 2Py find the angle ABB. 

Ex. 7- If W=sSPy why cannot the angle 
^jB2> be found? 

Problem IX. 

AFyJig. 68, is a horizontal line, AB is a beam 
hating a hinge at Ay and supported in an inclined 
position by a string ABCy passing over a pulley C, 
and having a weight P suspended; ahOy another 
weight Q is suspended from By and the tceight of the 
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beam is balanced by these two. It is required to 
Fig. 68. express the condition of equi- 

librium. 

Let a perpendicular AD 
be drawn from the fulcrum 
A to BDy the direction of 
the string CB produced; 
also, let the vertical lines 
drawn downwards from G 
and Bi meet the horizontal 
AF at E and JFl Then the mome7it of JF is 
WxAE, and that of Q is QxAF; and these 
two forces tend to turn the lever downwards about 
A, Also, the moment of the tension of CB, which 
tension is equal to P, is Px AD, and this tends 
to turn the lever upwards about A, 

Hence, by Prop. V., the total effect of these 
forces is the sum of the two downward moments, 
WxAE+QxAF, deducting the upward 
moment, P X AD. But if the lever be held at 
rest by the forces, this effect must be nothing : 
wherefore, the opposing moments must be just 
equal to each other, that is, we have 

WxAE + QxAF==PxAD, 

which is the condition of equilibrium required. 

Ex. 1. If W- 10, Q = iO, angle BAF^ 30°, 
angle ABD = 30° ; find P. 

Ex. 2. On the same supposition, only that 
angle ABD = 60° ; find P. 

Ex. 3. On the same supposition, only that 
angle ABD = 45 °, and Q = 20 ; find P. 

Ex. 4. If Q = ^, P = 3 ;r, and angle 
jffAF=20''i find angle ABD- 
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Ex. 5. If Q = 2 ?r, 2 P = 5 ?r, and angle 
^^F=60°; find angle ^jBi>. 

Ex. 6. On the same supposition, only that 
angle A BD is given to be equal to 60°; find 
angle BAF. 

MATHEMATICAL SOLUTIONS OF THE ABOVE 

PROBLEMS. 

Problem VIIL Let angle JBD^O; then, 
AD^^AB sin. ; wherefore, 

P : W :: AG : AB »m. 0. 

W.AG W 



Whence P 



A B sin. 2 sin. 



This equation gives P in terms of W and 0, 
and by it we may solve any of the examples above 
given. 

Problem IX. Let angle ABD^O, and angle 
BAF=^a; then AD^^AB &in.e,AF=ABco8.a, 
and AE^AG cos. o: wherefore, 

W. AG COS. a + Q. AB cos. a = P . ^5 sin. 0. 

Whence, observing that AB=s2AG, we find 

_ (^+2 0) cos. g 
•^ "" 2 sin. e 

This equation gives P in terms of TT, Q, a, and 
0, and by it any of the examples may be solved. 



CHAPTER III. 

THE COMPOSITION OF FORCES ACTING AT THE 

SAME POINT, 

(71.) One of the most important parts of me- 
chanics is that which teaches how to find the 
resultant of two or more forces acting at the same 
point, for, by means of the rules for the composition 
of such forces, a considerable number of mechanical 
investigations are carried on. Indeed, this part 
of the subject is, properly speaking, the beginning 
and foundation of the whole range of the mecha- 
nical sciences, though, for the sake of making the 
student's progress more easy, we have introduced 
the principle of the concurrence of three forces, 
and the principle of the lever, previously. We 
shall in the present chapter enunciate and prove 
the celebrated rule, or principle, called the parallelo- 
gram of forcesy which enables us to find the result- 
ant of two forces, and thence, of any number of 
forces, acting at the same point. This rule may 
be deduced from the principle of the lever, and 
we shall show in what manner; but we shall also 
prove it independently of that principle, as most 
writers on the subject of mechanics consider that 
the parallelogram of forces should be made the 
foundation of the subject, and therefore be proved 
independently of any otVet ^xmd^\^. 
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PRINCIPLE OF THE PARALLELOGRAM OF FORCES. 

If two forces^ represented by the lines AG, AD, 
fg. 69, act at the same point j. gg 

A, and if a parallelogram 
A GBD he formed upon A C 
and A D, the diagonal A B 
of that parallelogram will 
represent the resultant of the 
two forces > 

(72.) In this enunciation the student will ire- 
member the meaning of the word represent^ as 
explained at length in page 64. The forces repre- 
sented hj AG and A D^ are forces acting in the 
directions in which these two lines are drawn, and 
containing each as many pounds as there are units 
in the lines A G and A D respectively ; and the 
same may be said of the force represented by A B, 
Hence, according to the principle here stated, if 
we wish to find the resultant of two forces acting 
at the same point ^, all we have to do is, to draw 
from A two lines, ^ (?and ADy in the direction in 
which the two forces act, and measure them accord- 
ing to any convenient scale, (see page 68,) so that 
there shall be as many units in J. £7 as there are 
pounds in the force acting in that direction, and as 
many units in -42) as in the force in that direction. 
Then we must construct upon A G and A D the 
figure called a parallelogram^ which we do by 
drawing CB parallel to AD^ and DB parallel to 
A C, to meet at B ; and, having drawn the diagonal 
A By we must measure it and find how many units 
it contaiDfi, Then the resultant of the tv^o fo^e.^'^, 
^C and ADf is a, force of as many fovmAa ^^ 
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there are units in A 5, and it acts in the direction 
in which AB\^ drawn. 

We shall prove the truth of the principle of the 
parallelogram of forces, in the following two pro- 
positions, of which one shows that the direction 
of the resultant is that in which AB is drawn, 
and the other, that the magnitude of the resultant 
is represented by the length of A B, that is, that 
there are as many pounds in the resultant as there 
are units in A B, 

Proposition VI.* 

The diagonal A B of the parallelogram ACBD^ 
represents the direction in which the resultant of the 
forces A C and A D acts. 

Let ACBD, fig. 70, represent a rigid body 
Fig. 70. in the shape of 

a parallelogram, 
and let us sup- 
pose that the 
side A C con- 
tains a certain 
number of units, 
say two, viz. 
AE 2ccA EG, and that the side AD contains, say 
three units, viz. AGy Gly and ID. Draw the 
lines HG and ^/parallel to AC, and the line EF 
parallel to AD, crossing the two former lines ati 
and M, The parallelogram is thus divided into 
6 small parallelograms, 1, 2, 3, 4, 5, 6, and every 
side of each of these parallelograms is unity. 

Let us suppose that four forces, each a pound, 
act along the sides of parallelogram 1, two at A, 
and two at Z, as is represented in the figure. 

* For a different proof of tMs ^xopo^iWoTL, l^xmi^ft^^ q\i the 
principle of the lever, see page 14\. 
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Let us also suppose that four such forces act along 
the sides of parallelogram 2, two at Ey and two at 
J7, as is shown in the figure. And likewise, along 
the sides of each of the parallelograms, 3, 4, 5, 
and 6, let us suppose that four forces, each a 
pound, act, two at G and two at ilf, two at L and 
two at JT, two at / and two at Fy two at M and 
two at jB ; as is shown in the figure. 

Now, the diagonal AL of parallelogram 1 
bisects the angle EAG, and the angle ELG also, 
because the sides of the parallelogram are all 
equal ; * and the resultant of the two equal forces 
at A also bisects the angle EAGyhy Axiom VIII. ; 
therefore the resultant of the two forces at A acts 
along the line AL. In like manner, it may be 
shown that the resultant of the two forces at Z, 
(acting along LE andiG,) acts along the line 
LA. These two resultants, therefore, act in 
opposite directions, and they are manifestly equal, 
because the forces at A and at L are equally in- 
clined to each other. Hence, by Axiom IX., the 
two resultants, and therefore the two pairs of 
forces at A and i, balance each other. 

In like manner it may be shown, that the four 
forces acting along the sides of parallelogram 2, 
two at E and two at ZT, balance each other, and 
the same may be said of the other parallelograms 
3, 4, 5, and 6. It appears, then, that the whole 
set of forces represented in the figure balance 
each other, and that the whole rigid parallelogram 
under their action has no tendency to move. 

• This may be shown by Euclid, Book i. or by measurement, 
if the student does not know anything of Euclid. By Euclid, 
Book i. Z ^A L = Z E L Ay because E A — EL ; also, 
/. E LA = 4. OA L, because A E is parallel to GL : there- 
fore Z -^^ X = ^ GA Z. 
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Fig. 71. 



But the forces acting along the lines EF^ GB, 
IKi all balance each other, for they consist of 
pairs of equal and opposite forces, as is evident 
by inspecting the figure ; for instance, along EF 
there are a pair of equal and opposite forces acting 
on the line EL^ another pair on the line LM^ and 
another pair on the line MF, All these pairs of 
forces, since they balance each other, may, by 
Axiom II. be removed, and then there remain only 
the forces acting along A C, ABy BC^ and BB^ as 
is shown in fig. 71. 

It appears, then, that the forces represented in 

fig. 71, balance 
each other with- 
out the assistance 
of the forces on 
the lines EFy EG 
and K I repre- 
sented in fig. 70. 
The rigid paral- 
lelogram, therefore, has no tendency to move when 
the forces shown in fig. 71 act upoia it, and by the 
principle of the transmission of force through a 
rigid body, we may suppose the forces along A G 
to act all at A; those along AB at A, those along 
BC at By and those along BB at B. 

Now, these forces are represented by the sides of 
the parallelogram ; for, along A C, which is 2 
units long, we have 2 pounds acting ; along AB, 
which is 3 units long, we have 3 pounds acting ; 
along BB, which is 2 units, we have 2 pounds; 
and along BC^ which is 3 units, we have 3 pounds. 
We have proved this to be true on the supposition 
that the sides of the parallelogram are 2 and 3 
respectiyelj ; but if tViey YisA V^^^tl 4 and 5^ 6 and 
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11, or any other numbers whatever, It is manifest 
from the nature of the case, that the same conclu- 
sion anci result would have followed. 

Hence, we conclude in general, that if ACBD^ 
fig. 72, be a rigid body in ^..^ ^^ 

the shape of a parallelogram, 
and if four forces represented 
by its sides act upon it, two, 
namely AC and AD^ at A^ 
and the other two, namely 
5 C and BD, at B, the paral- 
lelogram will not have any tendency to move. 

Let R represent the resultant oi AG and AD, 
and S that o{ BC and BD, then, since the forces 
AC and AD balance the forces BC and BD, it 
follows that B must balance 8. Therefore, by 
Axiom XII., B and 8 must be exactly equal and 
opposite, which cannot possibly be the case ex- 
cept both act along the line AB. 

It follows then that B, the resultant of the 
forces AC and AD^ acts along the line AB ; in 
other words, the resultant of the two forces repre- 
sented hj AC and AD acts in the direction repre^ 
sented by AB. Which was to he proved. 

Proposition VII, 

7^0 diagonal AB represents also the magnitude 
of the resultant of the forces represented by AC 
and AD. 

li AB does not represent the resultant in 
magnitude, suppose, if possible, that some other 
length, AG, fig. 73, does; draw DE parallel to 
AB, to meet CA produced in E, thus forming the 
parallelogram ABDE; draw GF paralld to AE^ 



Fig. 73. 
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and join AF: AE is evidently equal to AC, for 

both are equal to BD. '' 

Then, let us sup- 
pose that the three 
forces represented by 
AG, AD, and AE, 
act at -4. Of these, 
the two forces AB 
and ACBxe equivalent 
^ '"' to their resultant -4 6r/ 

therefore, the three forces AD, AC, and AE, 
produce the same eflfect as AG and A E together ; 
but these two forces also produce the same effect 
as their resultant, which, by Prop. VI., must act 
along the diagonal {AF) of the parallelogram 
AGFE; therefore the forces AD, AC, and AE 
together produce the same effect as a force acting 
along AF, 

Now we may consider the three forces AC, AB, 
and AE somewhat differently ; iov AC and AE, 
being equal and opposite forces, may be removed; 
therefore AD alone must produce the same effect 
as the three forces, that is, as we have proved, the 
same effect as a force acting along AF. But this 
cannot be true unless AF and AD lie in the 
same direction with each other, in which case the 
points F and D, and therefore the points G and 
B, must coincide, so that A G and A B must be 
one and the same line. 

Hence A G must be the same length as A B, 
and therefore the magnitude of the resultant of 
A C and AD is represented by A B. Which teas to 
he proved. 

We have now completely proved the principle 
of the parallelogram oi ioTc^^, \i^ mdependent 
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reasoning. To deduce it from the principle of the 
lever, we must substitute for the demonstration of 
Proposition VI. above given, the following, de- 
pending on Proposition III. 

Proposition VL (otherwise proved,) 

Let A CBD, fig. 74, be Fig. 74. 

supposed to be a lever in ^/ 

the shape of a parallelo- 
gram, B being the ful- ^ 
crum, and suppose that / 
two forces represented / 
\iiy AC and A D act upon ^/^^ 
it Draw ^ P and J? Q J> ^ 
from the fulcrum, upon the directions of the two 
forces produced, and join A and B. 

Then, by the first and second books of Euclid, 
the area of the triangle ABD is equal to 
AD X BQy and the area of the triangle A GB is 
equal to AOxBP; also, the two triangles are 
equal to each other : therefore we have 

ACXPB=ADXBQ. 

And therefore, by the rule of proportion, 

AC : AD :: BQ : BP. 

Hence the forces are to each other inversely as 
the perpendiculars upon them from the fulcrum, 
and therefore they balance each other, by Propo- 
sition III. 

Now, if the two forces balance each other, their 
resultant cannot have any tendency to turn the 
lever about the fulcrum, therefore it must act 
along the line A By for if it fall on one side or the 
other of this line, it would not pass through the 
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fulcrum, and would be therefore sure to turn tlie 
lever about the fulcrum. 

Hence the resultant oi AC and AD acts in the 
direction represented by the diagonal AB. Which 
was to be proved. 

Proposition VllL 

If three forces, acting at the same pointy balance 
ea/^h other, they must be proportional to the sides of 
the triangle formed by any three lines parallel to their 
directions. 

Let A C, ADy and 
AE, fig. 75, represent 
the three forces; draw 
CB parallel to AD, 
and DB to AG, and 
join A and B. Then, 
1^ since -4^ balances -^0 
and AD, AE must 
balance the resultant 
of AC and AD; but 
AB represents that resultant by parallelogram of 
forces; therefore AE balances AB, and conse- 
quently AE and AB must be equal and opposite, 
(Axiom XII.) wherefore AE and AB lie in the 
same straight line, and are of the same length. 

Hence the sides of the triangle ABD represent 
the magnitudes of the three balancing forces, A C, 
AD, and AE; (or BD is equal in length to A C, 
and ^ ^, as we have proved, is equal to A E. 

Now form a triangle HK L by drawing any 
three lines, HKL, parallel to the three forces, 
AC, AD, AE; or, what is the same thing, parallel 
to the sides BD, DA, AB, of the triangle ABD. 
Then the triangle HKL V^ \i^ exactl-y similar in 
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rm to the triangle ABDy differing from It only in 
se;* in fact, HKL will be a copy, either en- 
rged or diminished as the case may be, of the 
xmgle ABD; so that the corresponding sides of 
e two triangles will be proportional to each 
ber. For example, if AD be twice BD^ and 
B three times BDy KL will be twice HKy 
d i 5" will be three times HK. 
Hence, since jBjD, AD, and AB represent the 
ignitudes of the three balancing forces, and 
ice these lines are proportional to HKy KL, 
d LHy respectively; it follows, that the three 
lancing forces are proportional to the sides of 
e triangle HKL formed by any three lines 
awn parallel to the forces. 

Observe, each force is proportional to that side of 
e triangle which is parallel to it. Thus AC is 
oportional to HKy AD to KL, and AE to LH. 
CoroUary 1. — If a triangle be formed by three lines 
right angles to the directions of three forces which 
lance each other y the forces are respectively pro-^ 
rtional to the s-ides of the triangle soformed. 
If we draw lines A By BCy and CA, fig. 76, 





Lrallel to the forces By P, and Q, which balance 
xjh other, the sides of the triangle so formed are 

* The Btudent who has read the Sixth Book of Euclid will 
derstand cle&rljr what is meant by Hmilar triangles m\kwi\. 
e explan&iioiL, 
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proportional to the forces respectively. Now let 
jfBGhevL triangle of exactly the same shape 
and size ViS ABC, only in a different position, 
beinof tamed roond through 90^ from the position 
of ABC; then .4'^ will be at right angles to 
A By AC to ^C, and ^(7 to BC. Also, the 
sides of the two triangles being eqnal to each 
other, the forces, which are proportional to the 
sides o{ ABC, most also be proportional to the 
sides of A'ff C. 

Now A'CB' is a triangle formed by lines at 
right angles to the forces, and its sides are pro- 
portional to the forces ; namely, each side is pro- 
portional to the force to which it is perpendicular. 

Corollary 2. — The same would be true i( A'B'C 
had been turned round through any other angle 
besides 90® from the position oi ABC 

This is a very important proposition in the 
solution of problems. 

Proposition IX. 

To find the remltant of any number of forces acting 
at the same point. 

JjetAB.AC, AD, and 
AE, fig. 77, represent the 
forces; on AB and -^^C form 
the parallelogram ABFC, 
and draw the diagonal AF; 
on AF and AD form the 
parallelogram AFGDy and 
draw the diagonal AG ; 
on AG and AE form the 
parallelogram A G HEy and 
draw the diagonal AH. 
%\— TYieu AR \^y^^^^\A& the 
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For, by the Parallelogram of Forces, the force 
AH is equivalent to the forces AE and JIO; 
therefore, since ^ 6^ is for the same reason equi- 
yalent to AD and AF, AH is equivalent to AEy 
AD^ and AF ; therefore, since AF is in like 
manner equivalent to AC and AB^ AH is equi- 
valent to AEjADy AC, and AB ; in other words, 
AH is the resultant required. Which vsas to be 
done. 

It will not be necessary to draw all the lines in 
the figure in order to find the resultant AH ; it 
will be sufficient, as in fig, 78, Fig. 78. 

to draw 5 jF parallel and equal .jt 

to ACy FG parallel and equal ^. *'" \ 

to AD, GH parallel and equal r 

to AE, and then, by joining / ^^ \ ^ 

the points A and H, we find 4^:-^""^^ 

the resultant AH : for this 

evidently comes to the same 

thing, as if we constructed 

each of the parallelograms as 

above, and so found AH. | '^^jgr 

This proposition, showing ^ 
how to determine the resultant of a set of forces 
by means of a polygon, is often called the Polygon 
of Forces. 

Proposition X. 

To determine whether a given set of forces applied 
to a point are in equilibrium or not. 

Let AB, ACy AD, and AE be the given forces 

Sf. 78, previous Proposition), and find their re- 
tant {AH) in the manner just explained ; then 
the given forces produce the same effect aia AH) 

L 
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and therefore^ if ^J7 turns out to be nothings i.e. 
if the point H coincides with Ay the forces pro- 
duce no effect; or, in other words, they balanoe 
each other. Hence the forces will be in equi- 
librium, if the point H coincides with A ; other- 
wise they will not. Which teas to be determined. 

BIATHEMATICAL FORMULA. 

Before we proceed to give examples and pro- 
blems illustrative of the propositions just proved, 
we shall briefly deduce the mathematical formulae 
which are applicable in the composition and reso- 
lution of forces. This is intended of course only 
for those students who have some acquaintance 
with Algebra and Trigonometry. 

Proposition XL 

To express the parallelogram of forces y and the 
condition of equilibrium of three forces cutting at the 
same pointy by mathematical formulas, {Page 135.) 

Let us represent the two forces A D and A C 
by P and Q, and the resultant A B by ^ r also, 
let a denote the angle GA D which P and Q make 
with each other; then, referring to fig. 69, we 
have, in the triangle ABDy 

DA^Py BD^AC^QyAB^Ry 
Z^i)^=180°- aCAD= 180^ — a. 

Now, by trigonometry, we have 

A B' ^ A B' + B D'- 2 A D.BD COS. A DB. 

Whence, since" cos. (180° — a) = — cos. a, we 
find 

Jt' = P'+ Q^ + 2 P Q c^^. a , • • • (1.) 
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This fomiida gives R in terms of P, Q, and a, 
and, in fact, expresses the parallelogram of forces 
mathemaiicaUy* 

Again, referring to Proposition VIII. p. 142, fig. 
75, we have, by trigonometry, from the triangle 

ABDy 

AB BB AB 



sin. ABB sin. BAB sin. ABB 

Nowy Z.ABB^^ISO^'-'LCAB, lBAB^ 
ISO''— LEAB. 

And lABB^ L CAB=^ 180^- Z. CAB. 

Wherefore we find, observing that B B = AC, 
sndAB^^AE, 

AB AC AB ^ ^ ^ ^2.) 



sin. CA B sin. BA B sin. CAB 

In other words, the three forces A B, A C, A B, 
which balance each other, are respectively propor- 
tional to the sines of the angles they make with 
each: other; that is to say, each force is propor- 
tional to the sine of the angle made by the other 
two forces ; AE to the sine of the angle made by 
A C and A B, A C to the sine of the angle made 
by A E and A B, and AB to the sine of the angle 
made hj A E and A C. 

This is the condition of equilibrium of three forces 
acting at the same point eapressed mathematically. 
Which teas to be done* 

Proposition XIL 

To find the formulce for resohing and compounding 
forces rectangularly. 



148 



MECHANICAL SCIENCES. 



Fig, 79. 



Let X and Y be two forces represented hj AD 

and JCy %• 79) the anglef 
CAD being a ri^t angle, and 
let B be the resultant of ^ and 
F, which will of course be re- 
presented hj the diagonal A B 
of the rectangle ACB D; also, 
let 6 denote the angle BADy which R makes with 
X. Then we have, (observing that J?2> = .4 Ci=r, 
^2> = X, and^J? = jB,) 




X=jBcos. e, r=i? sin, 9 
tan. =: y 



>. . . (3.) 



These formulae give X and T in terms of R and 
0, R in terms of X and F, and in terms of X 
and F. 

Now, -3r and F are called rectangular compcnenU 
of iZ, and when we find X and F in terms of R 
and ^, we resolve R into rectangular components, 
and if we find R and in terms of X and F, we 
compound the rectangular forces -X" and Finto their 
resultant R. Which was to be done. 



Proposition XIII. 

To determine mathematically the resultant of a 
given set of forces acting at the same point, and the 
conditions of their equilibrium. 

Let the forces be represented by Ry R\ R'\ 
&c., and suppose that they make angles 0y 0\ 0'\ 
&c. with a given line AD^ fig. 80. Kesolve 
these forces rectangularly mto foio^a acting along 




STATICS. 149 

and at right angles Fig.w. 

to AD; then the 

forces jB, ^', i2", 

&c will, bythe pre- 

cedii^ proposition, 

be eqniviuent to the 

fcdlowing acting along 

AD, viz. : — 

JR COS. 0, B' COS. 9\ B" cos. 0'\ &c.; 

together with the following acting at right angles 
io ADy viz. : — 

B sin.^, B[ ain. 0', B" sin. 0"y &c. 

Wherefore, the whole set of forces, ByB\B'\ 
&c, are equivalent to the two total forces, which 
we shall for brevity denote by X, and F^, 
namely, 

X, = ^ COS. 5 + B' COS. 0' -+- B" COS. 0" -+- &c. 
acting along A D. 

And F, = ^ sin. ^ + B' sin. ^ + ^^" sin. 0" •\- &c. 
«Cting at right angles Ui AD. 

Let ^^ be the resultant of X and T, , and 
therefore of i2, ^'» JS'', &c. ; and let 0, denote the 
jle which R, makes with AD ; then, by Prop. 

The first of these equations gives if, the resul- 
tant of the forces, and the second gives the angle 
B, at which B^ Is inclined to A D. Thus the 
reBvihantiB determined completely* 
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If the forces be in equilibrium, their resultant 
R must be zero, an3 therefore we have 

which, since squares are always positive, and can- 
not therefore cancel each other, requires that X, 
and F, shall be each of them equal to zero. We 
have therefore, putting for X, and T, their values, 

i? COS. © + i?' COS. ff' + i2"cos.e"-h &c. =0\ ,.v 
R sin. e+R! sin. ff + R' sin. ff' + &c. = J * ^ ^^ 

These equations express the two conditions 
necessary for the equilibrium of the forces R, R\ 
R ' ', &C. Which vas to be done. 

This proposition is nothing more than Proposi- 
tions IX. and X, expressed mathematically. 



PROBLEMS AND EXAMPLES. 

Examples of the Parallelogram of Forces. 

Simplified Construction. — ^When we employ the 
parallelogram of forces graphically, it is only neces- 
sary to <&aw the triangle ABD^ fig. 69 ; for the 
two forces, and their resultant, and the angles 
which they make with each other are all contained 
in this triangle. Suppose then that the two forces 
and the angle whiph they make with each other 
are given, and it is required to find the resultant 
graphically ; we may proceed as follows : — 

iJraw a line AF^ fig. 81, measure upon it a 

portion A Z), containing as many units as there 

are pounds in one of the given forces ; draw D G> 

waking the angle GUF equs^ to ^% ^-^^^w ^w^le 
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at which the two forces are ^^- ^'* 

inclined to each other^ and 
measure upon DF 2k portion 
D B9 containing as many 
units as there are pounds in 
the other force. Then join 
A and B, and A B will re- 
present the required resultant ; so that, by measur- 
ing the number of units in AB^ we shall know 
how many pounds there are in the resultant; and by 
measuring the angle BAD^we shall know at what 
angle the resultant is inclined to one of the forces. 

That this is so may be shown by completing the 
parallelogram AGBD by drawing the dotted lines 
A G and C B ; for it is evident that A C and A D 
are the two given forces, and that they make the 
proper angle GAD with each other; AGi% equal 
to BD, and the angle GAB is equal to the angle 
G D Ff because AGBD is a parallelogram. It 
is clear then that AB thus constructed is the 
proper resultant. 

The following examples may be easily con- 
structed by the triangle AB D. 

Ex. 1. — Find the resultant of the forces 3 lbs. 
and 4 lbs. when they are inclined to each other at 
an angle of 90°. 

Ex. 2. — Find the resultant of the same forces 
inclined at an angle of 45"^ to each other. 

Ex. 3. — Find the resultant of the same forces 
inclined at an angle of 135*" to each other. 

Ex. 4. — What is the least and what is the 
greatest resultant that two forces, 8 lbs. and 24 lbs., 
can have ? 

Ex. 5. — At what angle do the forces 4 and 7 
iu^t when tbeir resultant is 9 ? 
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In this case the three sides of the triangle 
ABDi fig. 81, are given, viz. AD^I^ -BD = 4, 
AB^9; and it is required to find the angle BBF, 
which, as we have shown, is equal to the angle 
at which the two forces act. To do this, draw 
A Fy and measure a portion AD on, it equal to 
7 ; with centre A and radius 9 describe an arc of 
a circle, and also with centre D and radius 4 de- 
scribe another arc of a circle. Then the point 
where these two arcs intersect will be the point 
jB, and we have only to draw the line BD, and 
measure the angle BDFy and we shall so find the 
an^e at which the two forces act. 

This is a case where three sides of a triangle are 
given, and it is required to construct the triangle 
and measure one of its angles, or rather one <^ 
what are called its exterior angles. 

Ex.* 6. — At what angle must the forces 6 and 8 
act in order that their resultant may be 10 ? 

Ex. 7. — Two forces, one of which is 7, and the 
other unknown, act at an angle of 60* ; what must 
the unknown force be, in order that the resultant 
of the two may be inclined at an angle of 45'' to 
the known force ? 

In this case AD, fig. 81, is 7, Z BDF = 60*, 
and z. ^ ^ -D = 45° ; it is required to find 
DB. 

Ex. 8.r— On the same supposition, what must 
the unknown force be, in order that the resultant 
may be inclined at an angle of 30° to the known 
force? 

Ex. 9. — On the same supposition, what must 
the unknown force be, in order that the resultant 
may be 14 ? 
Ex. 10. — On tlie aame a\rgi^ai\\Aft\i» ^ W, must 



STATICS. 153 

the resultant be, in order that it may be inclined 
at an angle of 20® to the unknown force ? 

Ex. 11. — The resultant of two forces is 10, and 
it makes an angle of SO"" with one of the forces, 
and of OO"" with the other ; find the two forces. 

Ex. 12. — Kesolve a force 10 into two other 
forces At right angles to each other, one of them 
making an angle of 60° with the force 10. 

Ex. 13. — Kesolve a force 12 into two others 
at right angles to each other, and both equally 
inclined to me force 12. 

Ex. 14. — A force 10 acts obliquely at an angle 
of 50° to the horizon ; resolve it into two forces, 
one horizontal and the other vertical. 

Ex. 15. — The horizontal and vertical com- 
ponents of a force are 6 and 3 ; what is the force, 
and at what angle is it inclined to the horizon ? 

When we speak, as we-^o here, of the horizontal 
and ffertical components of a force, we mean the two 
forces into which it may be resolved, of which one 
acts horizontally and the other vertically. When 
a force is resolved horizontally and vertically in 
this manner, the horizontal component is often 
called the horizontal effect of the forces and the 
vertical, the vertical effect. 

Ex. 16. — What horizontal effect does a force 
10, inclined at 60° to the horizon, produce ? 

Ex. 17. — The horizontal component of a force 
is double its vertical component ; at what angle to 
the horizon is the force inclined ? 

Ex. 18.-r-The vertical component of a force is 
half the force ; at what angle to the horizon is the 
force inclined ? 
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Examples of the Polygon of Forces. {Prop. IX.) 

Ex. 1.— If the forces AB, AG, AD, and AE, 
fig. 77, be respectively 4, 6, 8, and 10, and if the 
angles BACy GAD, SLudBAEy be respectively 
90% 60% and 30% find the resultant. 

Ex. 2. — Supposing that there are but three 
forces, A B=^ 10, AG =^10, AD = 8, and that 
the angles BAC and GAD are each 120°; find 
the resultant. 

Ex. 3.— Making the same supposition, except 
that -4 (7 = 8 and AD = 4 ; find the resultant 

Ex. 4. — Making the same supposition as in Ex. 
2, except that AD is unknown; find what AD 
must be, in order that the resultant may be 5. 

Ex. 5. — If the angles BAG and GA D be each 
45°, and the forces each 10, find the resultant. 

Ex. 6. — Making the same supposition, except 
that^Z) is unknown ; find what AD must be, m 
order that the resultant may be inclined at an 
angle of 60° to AB. 

Ex. 7. — On the same supposition, what is AD 
when the resultant acts in the same direction 
as^C? 

Examples of the Equilibrium of Forces. 
{Props. VIII. and X.) 

Ex. 1.— Three forces, ^C, AD, AE, (fig. 75,) 
balance each other, the angles GAD and DAE 
being 90° and 40% and AG is 10; find AD 
and A E. 

Ex. 2. — Three forces, 4, 8, and 12, balance each 
other; Sii what angles are they inclined to each 
other? 
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lEx. 3. — What force will balance the forces 
6 and 10 acting at an angle of 60°? 

Ex. 4. — Four forces, as in fig. 77, balance each 
other, of which ^ ^ = 10, ^ C = 10, ^ 2) = 15, 
and AB=^20; also Z. BAC= 120°: find the 
angles CAD and DAE. 

Ex. 5. — Making the same supposition, except 
that ^JB is unknown, and CAD is 60°; find 
AB. 

Problem X. 

If a weight W be suspended from two points by 
the strings AB and AC^ fig. 82, to determine the 
tensions on the strings. 

Let the vertical line DA Fig.s2. 

represent the weight, and draw 
the lines DE and DF parallel 
to the strings. Then the force 
DA is equivalent to the two 
forces represented by EA and 
FAf which are therefore the 
tensions on the strings, as re- 
quired. 

Simplified Construction. — Draw only the lines 
AD, AEy and DE; observing that EAD and 
EDA are equal to the angles which the strings 
make with the vertical. 

Ex. 1. — W ^ 10, AB and AC are inclined at 
angles of 30° and 60° respectively to the vertical ; 
find the tensions. 

Ex. 2. — CB is a horizontal line and equal 
to 4, AB^S, AC=: 2, and W= 10; find the 
tensions. 

Ex* 3, — ^j9 28 borizontalf and -4 C = AB ; ^tv5l 
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the angle GA By so that the tension on each stiing F 
may be twice the weight. 

Ex. 4. — The strings are not strong enough to 
bear a tension of more than 6 W ea(£ ; find how 
great the angle CAB may be without their 
breaking* 

Ex. 5. — If BAChe one string, A being a litde 
smooth pulley from which W is suspended; find 
the tensions when »^= 10, and /.BA C = 45^ 

In this case the tensions on each side of the 
pulley must be equal, because, if one were greater 
than the other, the pulley being perfectly smooth 
and capable of turning freely, would be set in 
motion by the preponderating tension. 

Ex. 6. — On the same supposition, if the tension 
be 15 on each string, Kad/.BA (7= 60*»; find W. 

Problem XL 

In the case supposed in Prcb. L p. 95, the tceigkt of 
the beam being given^ to find the pressure the beam 
exercises against the wall at A and on the prop at C. 

The forces which keep the beam at rest being 
its weight, the reaction of the wall at A, and the 
reactioil of the prop at C, fig. 46, these forces, as 
we have shown, must meet in the point ff; and 
therefore we have the case of three forces, balancing 
each other, acting at the same point. Now the 
sides of the triangle C L Hy fig. 48, are paraUel to 
the directions of these forces, namely, CZTto the 
weight of the beam, LH to the reaction of Ae 
wall, and CL to that of the prop. Wherefore by 
Proposition VIII. the forces are proportional to 
the corresponding sides of the triangle. If, there^ 
fore, W denote the weV^t oi \Jckfe \i^».m^ J8 the 
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reaction of the wall, and P that of the prop ; we 
have, 

R I W :: LH : CH; 
P : W:: CL : CH. 

If JV be given, and if CL, EC and LH be de- 
termined by measurement, we may find R and P 
firom these proportions by the Rule of Proportion. 
Now J? is equal and opposite to the pressure of 
the beam s^ainst the waU, and P to the pressure 
of the beam upon the prop ; consequently these 
two pressures are determined, as required. 

Observe, LLCH is the complement of the 
angle of inclination of the beam to the vertical, 
because C 2/ is at right angles to A C. 

Ex. 1. — If Tr= 10, and the beam is inclined at 
60° to the vertical ; find R and P. 

Ex. 2. — If TFt=s 10, and the beam is inclined at 
30° to the vertical ; find R and P. 

Ex. 3. — If the beam presses against the wall 
with a force equal to double its weight ; find the 
inclination of the beam. 

Ex. 4. — If the pressure against the wall is half 
the pressure upon the prop ; find the inclination of 
the beam. 

Problem XII. 

In the case supposed in Problem IL the weight 
being given, find the pressure of the beam against the 
wall and upon the prop, {Page 99.) 

The line drawn from A at right angles to 
the wall, the line from C at right angles to 
the beam, and the vertical line through (?, 
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form a triangle C L H^ whose sides are propor-» 
tional to By P and >F, as in the preceding propo- 
sition, and we have therefore the same proportions, 
viz. 

Ri JTi: LB: CH; 
Pi Wi: CL : CH; 

by which the problem may be solved. 

Observe, in the triangle C LH, /_HCL is the 
complement of the inclination of the beam to the 
vertical, and Z. OHL is the complement of the 
inclination of the wall to the vertical. 

Ex. 1. — TF=10, the wall makes an angle of 
20°, and the beam an angle 20® also with the ver- 
tical ; find P and B. 

Ex. 2. — The weight of the beam, the pressure 
against the wall, and the pressure upon the prop, 
are all equal to each other ; find the inclination of 
the beam and that of the wall. 

Ex. 3.— Find the same when P — R:=3W. 

Ex. 4. — When the beam rests in a horizontal 
position, what is the amount of the pressure against 
the wall^ and of that on the prop ? 

Problem XIII. 

If A B, Jiff, 83, be a beam, one end ofwhichy A, is 
kept fixed by a hinge or fulcrum^ and the other end. 
By supported by a string B C fastened to the fixed 
point U ; to find the magnitude and direction of the 
pressure which the beam exercises on the fulcrum A. 

Draw GD through the middle point G of the 
beam to meet the direction of the string pro- 
duced at i), join A D, and dtaw G E parallel to 
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AD. Then the forces which ^'^•®^' 

keep the beam at rest are, its ^ • 

weight, the tension of the / 

string, and the reaction of the / 

fulcrum; of which forces, the 
former two meet at D. Where- 
fore the reaction of the fiilcrum 
must also pass through 2>, and 
must therefore he a force acting 
in the direction of the line DA, 
Let P represent this force, and 
TTthe weight of the beam: then, in the triangle 
GDE, GhD is parallel to W, GE to P, and 
D E to the tension of the string; therefore, by 
Proposition VIII., we have, 

P : W :: GE : GD. 

Which proportion, when W is known, and G E 
and G D determined by measurement, will give P, 
as required. The pressure of the beam on the 
fiilcrum is of course equal, and opposite to P. 

It is not necessary to draw the line GE ; for, 
since G is the middle point of AB, GE is half of 
AD : wherefore, to find G E we have only to 
measure A D and take half of it. 

Ex. 1. — The beam is horizontal, and the string 
is inclined at 30°. to the vertical; find P. 

Ex. 2. —The beam is inclined at 30° to the hori- 
zon, and the string at 45° to the vertical ; find P. 

Ex. 3. — The beam is horizontal, and P is half 
of W; what is the inclination of the string ? 

Ex. 4. — Find the same, on same supposition, 
except that P = TT. 

Ex. 5. — P= W, and the string makes an angle 
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of 45® with the vertical ; find the indination o{ 
the beam. 

MATHEMATICAL SOLUTIONS. 

The Examples of the Parallelogratn of Forces, 
and those that follow, may all be solved by the 
formulae given in Propositions XL XII. and AlII. 

Problem X. The same may be said of this 
problem. 

Problem XI. If be the angle which the beam 
makes with the horizon, we have, 

L H : CH :: sin. : cos. ; 

CL : CH II 1 : COS. 5. 

Wherefore the proportions obtained become, 

B I W :i sin. : cos. 0, and .*. jB= W tan. 9; 

P : JF :: 1 : cos. ©, and .'. P= W sec. ft 

Problem XI L In this case, if a be the angle at 
which the wall is inclined to the horizon, and if 
we assume 6 to be the angle at which the beam is 
inclined to the horizon, we have, in the triangle 
LHGy LLGH^0y L CHL^a; and therefore, 

B : W :i LH : GH :: sin. : sm. (a-f ©); 

P : W :: GL : GH :: sin. a : sin. (a + 0). 

Wherefore 

sin. sin, a 

^■"sin. (a + e)'^' ^""sin.(a + 0)^- 

Problem XII L Let lAGD^ the angle at which 
the beam is inclined to t\ie Nettviil^ be denoted by 
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a, and /_ GDBy the angle at which the string is 
inclined to the vertical, by 0: then, 

P I W .X GE X GD M \AD : GD. 
Therefore P= W^^^ 

2 ijr D 

Now in the triangle DGBy if we denote G D 
by Xi we have, 

GB : X :: sin. : sin. (a — 0); 

.-. g^ = ig . ^^f' ^ and AG^GB. 
sm. (a — 0) 

Also in the triangle AG D, 
AD'^AG'+ GD'-2AG, GD cos. a; 

^ V 7^« 2/ sin- V 9 ft , sin. cos. a 

Vsm. (a — Oy sin. a — 

Hence, 



p_ fTT ^^ ^\/f sin. >^« ,^ 2 sin. g co s. g. 

^^•2Gi>"2 K \sin.(a-0)/ ■*"^"" sin. (a- 



0) 



BfETUOD OF SOLUTION BY RESOLVING FORCES 

RECTANGULARLY. 



In a great many cases the mathematical solution 
of mechanical problems is considerably facilitated 
by making use of the conditions of equilibrium 
obtained in Proposition XIII., namely, the two 
equations numbered (5). These conditions may 
be stated thus : — 

If a set of forces acting at the same point balance 
each other, and if we find the rectangviar components 
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of eack force^ by resohing each force into two others, 
one of which acts in a certain direction, which we 
may call the Primary Direction, and the other at 
right angles to that direction; then the sum of all the 
components in the primary direction must be zero, 
and the sum of those at right angles to the primary 
direction must oho be zero. 

Observe that the rectangular components of any 
force R, which makes an angle with the primary 
direction^ are, 

B COS. 6 along the primary direction ; 

R sin. at right angles to it. 

Also in adding together the components, say for 
instance those in the direction A 2>, we must give 
each component its proper sign, according as it 
tends in the primary direction, or in the opposite; 
that is, we must consider all the components which 
tend in the primary direction as positive, and those 
in the opposite direction as negative. 

Bearing these observations in mind, we may 
solve the preceding problems in the following 
manner. 

Problem XI. Taking the primary direction to be 
horizontal, the force R acts in that direction, W at 
right angles to it, and therefore R has no compo- 
nent at right angles to the primary direction, nor 
has W a component in that direction : also P 
makes an angle 90"* — with the primary direc- 
tion ; the components of P are therefore, P cos. 

90°— 0), or P sin. 0, horizontally; and P. sin. 

90° — 0), or P COS. 0, vertically. Hence we have, 

horizontal components • . R — P sin. = 0; 
vertical componentB • • • . — W\ P cos. = 0. 



\ 



STATICS. 163 

Here we put P sin. negative, because we 
assume the (Iirection of R to be the positive direc- 
tion, and it is clear that the horizontal effect of P 
is contrary to B. Also we put W negative be- 
cause we assume the upward to be the positive 
direction. 

Problem XIIL Denoting the tension on the 
string by T, the horizontal components of the 
forces are, P sin. ^ (\S lGDA =^^)9 and T sin. 
fl ; and the vertical components are W^ P cos, ^, 
and 7 COS. 0; observing, that 90*— and 90**— ^ 
are the angles which T and P make with the hori- 
zon. Hence, giving the components their proper 
signs, viz. P sin. and ^T negative, and the others 
positive, we find 

— Psin. 0+rcos. = 
-?r + Pcos. ^-hTsin. ^ = 

From these equations we may find P by elimi- 
nating ©, but we must also find ^, which may be 
done thus : — 

AG : GD :: sin. : sin.(a + 0) {/-AGD—a)\ 

BG : GD :: sin. : sin. (a-0). 

,-^-- ^ sin (a + 6) sin. (a — 0) 

Wherefore — ^^ — —^ = J^ — - — ; 

sin. sin. if 

from which ^ may be found in the terms of a 
and 0. 



CHAPTER IV. 

COMPOSITION AND EQUILIBRIUM OF FORCES ACTINQ 
ON A RIGID BODY AT DIFFERENT POINTS. 

Having in the former chapter explained the 
method of compounding forces which act at the 
same pointy we shall proceed to consider forces 
acting at different points of a ririd body, and 
investigate the rules for finding their resultant, 
and the conditions of their equilibrium. The 
simplest case of such forces is when they are 
parallel to each other, and we shall commence 
with this case. 

COMPOSITION AND EQUILIBRIUM OF PARALLEL 

FORCES. 

Proposition XIV. 

pi^.84. If AD, BF, and EG, fig. 

84, be three parallel forces^ 
acting on a rod AB, or on a 
rigid body, they tcill balance 
each other when they are re- 
presented in magnitude by the 
lines BCy AC, and AB re- 
spectively ; or, what is the 
same thing, when AD, BF, 
and EC are proportional to 
£0, AC, andAB respectixeljj. 
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This may be proved immediately from the 
Principle of the Lever stated in Proposition I., 
as we shall show in p. 166 ; but as many persons 
object to that principle as the foundation of 
Statics, and prefer the Parallelogram of Forces, 
we shall deduce the present proposition from 
the latter principle, or rather, from Proposi- 
tion VI. 

Let A By fig. 85, be any ng. ss. 

line, and C any point of it ; bt ^_ ^ 

draw any parallel lines HD^ r" ']" "J 

KGy and LF, through A, (7, y ^ ^ 

and B respectively ; make / f / 

C^= CB, CG^AC: and J / / 

draw the lines HL and GF ' I j 

parallel to AB through K J 1^ 

and G respectively- / 

Suppose this figure to be ^' 

rigid, and that it is acted on by the equal forces 
represented by KH^ AC^ GG^ and BF; then 
these forces balance each other, by Proposition 
VI., because they are equal forces, and act along 
the sides of the parallelogram CBLK^ which are 
all equal; (or AC and GC act at G along the 
sides CB and CK^ and we may suppose KH and 
BF to act at L along the sides LK and LB. 

Furthermore, if we produce CG to E, making 
GB=^CKy and HA to D, making AD^AH; 
and if we apply, in addition to the former forces, 
the two pair of equal and opposite forces repre- 
sented by ^/f and AD, KG and £(?, as is shown 
in fig. 86; the equilibrium will not thereby be 
disturbed. 

But, by Proposition VI., the forces AH, AC, 
KH, KG, hajaoce each other, and we daa\l\.W^- 
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fore suppose them to be removed : also E G and 
GC make one force, represented by EC. We 

have then remaining only 
Fig.M. the forces AD, EC, and 

BFf BiS shown in fig. 84. 
These forces, therefore, ba- 
lance each other. 

Now, by our construc- 
tion, AD^JH^KC= 
CB, BF^ GC^AC, and 
EC^EG + GC^KG^ 
GC^AC-^ CB z=AB: 
hence, the three balancing 
forces A 2>, BF, and E C, 
are represented in magni- 
tude by the lines BC, ACy and AB respectively; 
or, what is the siime thing, the forces AD, BF, 
B.ndEC, are proportional to the ]mes BC, AC, 
and A B. Which was to be proved. 

CoroUary. — If P and Q denote the forces AD 
and BF, and B the force EG, the conditions of 
equilibrium may evidently be stated thus, viz. 

P I Q i: BC : AC, 
and P + Q = jB. 

Proof of this Proposition deduced from the Principle 

of the Lever. 

By Proposition I. it appears that, if A'ff be a 
lever, the fulcrum being G (fig. 87), and if the 
forces P and Q act perpendicularly to A' B^ at the 
points A and B\ the lever will be kept at rest 
when P I Q i: B'G I AG. Also, by the Corol- 
lary to the same Proposition, it appears that the 
pressure on the fulcrum la atoxe^ P -V Q «>Gting at 



STATICS. 



167 



Fig. 87. 




right angles to AS ; and consequently, the 
reaction of the Fulcrum is 
an equal and opposite 
force. 

Now, the lever is acted 
upon, and kept at rest, by 
the three forces P, ^, and 
the reaction of the ful- 
crum, which call B; and 
these three are parallel 
forces, such that P \ Q : : 
SC : A'C,2aidP+Q:r^B. 
Also, if we draw any line 
AB through C, meeting the directions of P and Q 
at A and 5, we have, by similar triangles, 
B'O : A'C :: BC i AC, and .% P : Q :: BC : 
AC. 

Hence it appears, that, if P, Q, and B be 
parallel forces acting on a rod A B (for we may 
suppose P and Q to act at A and B), the con- 
ditions of their equilibrium are — 

P : Q :: BC : AC, 

andP+Q^B. 

Which was to be proved. 



Axiom XIII. 

If seteral forces keep a body at rest, any one of 
them must be equal and opposite to the resultant of 
aU the rest. 

If P, Q, B, 8, &c. be the forces, P balances 
Q, By S, &c, and therefore P destroys the joint 
effect of Q, B, S, &c. : consequently, P must be 
egual and opposite to the resultant of Q,Ej S, &.^» 
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PROPOsmoar JLY. 

To find the regultani of two paraUd forces acting 
in the same direction on a rod or riyid body. 

Beferring to the preceding proposition and fig. 
84, it appears by Axiom !S3n. that, once P, Q, 
and R balance each other, the resultant of P and 
Q must be a force equal ajid oppoate toR. Now, 
it is shown in the proposition that ^= P+ Q, and 
BC I AC II Pi Q ; hence, the resultant of the 
two parallel forces P and Q, acting in the same 
direction at the points A and JS of a ri^d body, 
is found as follows : — 

Find the point C which 
Fi9.9A. divides the line ^J9, in the 

j^ a B inverse proportion of P and Q, 

that is, which makes B C : 
AC II P : Q; then the re- 
sultant of P and Q is a force 
P+Q acting at C, parallel 
to, and in the same du*ection 
as, P and Q; as is shown in 
fig. 88. 
Corollary 1- — ^If P=^Qi the resultant of P and 
Q acts at the middle point of AB. 

Corollary 2. — To resolve a force acting at G, 
fig. 88, into two parallel forces, one of tchioh shall act 
at A, and the other at B. 

This amounts to finding P and Q, when- It, A C, 
and BC are given. To do this, divide AB into 
as many equal parts or units as there are in ^ so 
as to make AB represent B in magnitude; then 
the number of these equal parts or units contained 
in ^ C will represent Q, and the number in 5 C 
wUl represent P. T\i\is,\e\. AC=^^Q, BC= 15. 




f 
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and ^ = 7 ; then AB = 35 ; which, being divided 
into 7 equal parts each of which contains 5, will 
represent R. Now, A C, which is 20, contains 4 
of these equal parts, and B C, which is 15, con- 
tains 3 ; wherefore, P is 3, and Q is 4. In other 
words, the force 7 acting at (7, is resolved into 
two parallel forces, one equal to 4 acting at J5, 
and the other equal to 3 acting at A. 
To do this mathematically, we have, 

P : Q:: BC t AC; 

/. P: P+Q{ovB)::BC:B C + A C (or AB) ; 

''^ AB^' 
And in like manner we may show, that 

Which formulae give the values of P and Q. 

Proposition XVI. 

To find the resultant of two parallel forces acting 
on a rigid body in opposite directions. 

Keferring to Proposi- 
tion XIV. and fig. 84, it ^'s- ''- 
appears by Axiom XIII. 
that the resultant of P 
and JS is a force equal 
and opposite to Q. Now, 
since P, Q, and B are 
represented in magnitude 
by the lines BCy ACy 
sad A By respectively, it 
Mlows that Q=^ -Py and BC : AB \\ P \ Rv 
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hence, the resultant of the two parallel forces P 
and B, acting in opposite directions at the points 
A and C, is fonnd as follows: — 

Produce the line ^ C to JS so far that the line 
may be, what is called, divided exUmaOy hj B m 
the inverse proportion o{ P to B; that is, find 
that point B which makes BC : AB :: P : B; 
then the resultant of P and ^ is a force B — P 
acting at B parallel to P and By and in the same 
direction as ^ as is shown in fig. 89. Which teas 
to be done. 

Observe here that B is the greater of the two 
forces P and B, and that the resultant is on the 
same side, and in the same direction, as jR. The 
line A C must be produced, not at the extremity 
Ay but at (7, that is, at the extremity where the 
greater of the two forces acts. 

Corollary 1. — If P = 72, no resultant can be 
found, or, in other words, the two forces do not 
jointly produce the same efi^t as any single 
force whatever. 

For, if the two forces P and B were equal, 
the lines BC and AB^ which represent them in 
magnitude, would also be equal ; which is absurd, 
inasmuch 2& AB always exceeds B C. Hence, 
when P= B, the reasoning in the pr<^>06ition is 
inconclusive, and the rule deduced is of course 
inapplicable. The fact is, two equal parallel 
forces acting in opposite directions cannot be 
balanced by a third force, as is evident from Pro- 
position XIV. ; for neither AD and EC, nor BF 
and EC could possibly be equal: and if two such 
forces cannot be balanced by a third force, they 
do not jointly produce the same effect as any 
single force. 
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vo equal parallel forces acting in opposite 
tions are called a Couple. There are various 
ies relating to couples, which form what is 
i the Theory of Couples^ and which are of 
; importance in the higher parts of Me- 
ic8. 

roUary 2.-^To resolve a force cicting at By Jig, 
%to two parallel forcesy one of which shall act at 
%d the other at G, 

ds amounts to finding P and R^ when Q, 
and CB are given. To do this, divide AG 
as many equal parts or units as there are in 
) as to make AC represent Q in magnitude; 
the number of these equal parts or units 
dned m AB will represent jR, and the 
aer m B C will represent P. Thus, let A C 
), 5 (7 = 15, Q = 4 ; then A G, which is 20, 
f divided into 4 parts each of which is 5, will 
jsent Q. Now AB^ which is 35, contains 7 
lese equal parts, and BC^ which is 15, con- 
3 ; wherefore, R is 7, and P is 3. In other 
8, the force 4 acting at B is resolved into two 
lei forces^ one equal to 7 acting at C, the 
* equal to 3 acting at A. 
B. In this case, observe that the two compo- 
j, R and P, into which Q is resolved, act in 
ite directions^ and that the greater of the two 
»onents, namely Ry acts the same way as Q. 
stthematicallj, we have, as before, 

jh formidae give the values of P and R, 
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Proposition XYJUL. '[ 

To find the resultant of any number of parallel ^ 
forces acting upon a rigid body. 1 

Let Py Q, Rj and 8y fig. 90, be the parallel 
forces, acting at the points Aj B^ (7, and D of a rigid 
body ; it is required to find their resultant. 

Fig* 90. 



Find Ty the resultant of P and Q, by Proposi- 
tion XV., and substitute T for P and Q ; then 
find Z7, the resultant of T and jB, and substitute 
V for T and R ; again find F, the resultant of U 
and S : then V is evidently the resultant of at 
the forces P, Q, jR, Sy as required. The point 
of application of T will be some point E on 
the line drawn through A and B; the point 
of application of U will be some point F on the 
line drawn through E and O; and the point of 
application of V will be some point G on the line 
drawn through F and />. These points (^, 2^, 
and G) are to be determined by the rule given in 
the preceding propositions, i.e. B E and A E are 
to be taken in the same proportion as P and Q, 
CF and EF as T and Ry DG and FG 2A V 
and 5. 

Corollary 1. — ^If the foxc^^ P, Q.^ R^ S «jcit in the 
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same direction, their resultant V will be equal to 
Mr sum ; for then T will be the sum of P and Q, 
U the sum of T and jR, V the sum of U and S^ 
and therefore V the sum of P, $, J?, and /S. 

Corollary 2. — If the forces P, Q, iJ, /S be made 
to act in the directions represented by the dotted 
arrows (beihg still parallel to each other), the 
forces Ty U, and V will also be similarly altered 
in direction, but the points of application JE, F, and 
G, will not be altered, as is manifest by referring to 
the rvie for finding the resultant of the parallel 
forces. 

Hence it appears, that if we alter the directions 
of a set of parallel forces (P, Q, R, S\ keeping 
them still parallel to each other, we do not thereby 
alter the position of the point of application {G) of 
their resultant ra other words, if we suppose the 
forces to turn round their respective points of 
application {A, B, C, D), stiU keeping parallel to 
each other, their resultant will turn round its 
point of application (G), always, of course, keeping 
parallel to the forces. 

Definition of the Centre of Parallel Forces. — 
When a set of parallel forces act at certain defi- 
nite points, {A, P, Cj D, suppose,) of a rigid body, 
their resultant will also act at a definite point, G, 
the position of which depends solely upon the 
positions of the points J, P, (7, D, and upon the 
magnitudes of the parallel forces, but not upon the 
direction in which they act ; so that if the forces be 
made to act in a different direction, the position 
of the point G will not be altered thereby, pro- 
vided no change has been made in the points of 
application. A, P, (7, P, of the forces, or in their 
magnitzjde^* 
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The point G is, for tlus reason, and nnder these 
circumstances, called the Centre of the Paralld 
Forces, 

Definition of the Centre of Gravity of a Body. — 
The weight of a body is not really a single force, 
but is ue a^regate or resultant of a set of 
parallel forces ; for the force of gravity, that is, 
the attraction of the earth, is exercised on every 
particle of the body : thus every particle is pulled 
vertically downwards by its own weight. The 
body therefore is acted upon by a set of parallel 
forces, namely, the weights of its different par- 
ticles, and the resultant of these forces is the 
total weight of the body. 

Now, by what has just been proved, these 
parallel forces have a centre where their resultant 
always acts; that centre is called the Centre of 
Gravity of the body. 

By holding the body in different positions with 
respect to the horizon, we change the positions of 
the different particles with respect to the direction 
in which the force of gravity acts ; or, what is the 
same thing, we change the direction of the force 
of gravity with reference to the positions of the 
different particles. But we do not thus chaise 
the weight of the particles, that is, we do not 
change me magnitudes of the parallel forces ; nor 
do we in any way alter the relative positions 
of the particles, that is, we do not alter the rela- 
tive positions of the points where the parallel 
forces act. Consequently, the position of the 
centre of the parallel forces, that is, the position 
of centre of gravity in the body, is not altered by 
holding the body in different positions, or turniog 
it round in any way. ^ot Vas\»xvR,^^ \1 \3aa centre 
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gravity of a body In the shape of a parallelo- 
un A BCD be at the intersection of the diago- 
\&AC and BD (as it may be proved to be) when 
) parallelogram is held in the position shown in 
,91, it will also be at the intersection of the 

Fig. 92. 





gonals when the parallelogram is held as in 
, 92 9 or in any other position^ 



Proposition XVIII. 

The weight of a body is a force proportional to the 
antity of matter in the body, and we may suppose 
to act at a certain invariable point of the body, 
mely, the centre of gravity. 
By the term weight we mean, strictly speaking, 
e set of parallel forces which the attraction of the 
rth exerts upon the different particles of a body. 
bese forces all act in the same direction, namely, 
rtically downwards ; therefore, as we have shown 
ove, the resultant of these forces is equal to 
e sum of them. Now the quantity of matter 
a body depends upon the number and nature 
its particles. If the substance of which the 
)dy is composed be of the same nature and 
lality throughout, as we of course su^^o^^ VX. \.^ 
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be, the particles will all be of equal weight 
Consequently, the sum of the forces exerted 
on the different particles by the attraction of 
the earth, will be proportional to the number of 
the particles, that is, to the quantity of matter 
in the body. The resultant, then, of all these 
forces, is proportional to the quantity of matter 
in the body. 

It appears, then, that the weight of a body, 
meaning thereby the set of parallel forces exerted 
by gravity on its different particles, is equivalent 
to a single force or resultant which is proportional 
to the quantity of matter in the body ; and since 
this resultant acts, as we have shown, at that in- 
variable point of the body called the centre of 
gravity, the truth of the proposition is manifest. 
Which was to be proved. 

Corollary. — If the centre of gravity of a body is 
supported, the body remains at rest. For then the 
weight, which we may consider to be a force act- 
ing at the centre of gravity, is destroyed by the 
reaction of the support. 



Proposition XIX. 

To find the centre of gravity of a number of given 
bodies, supposed to be rigidly connected tcith each 
other, the centre of gravity of each body being 
known. 

Let A, B^CyDy fig. 93, be the known centres of 

gravity of the bodies, at which points respectively 

we may suppose their weights act. Then, drawing 

the line AB, divide it at Ey so that the proportion 

of AE to EB may \)e tW «>^\afc ^a that of the 
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weight B to the weight A: mg.n. 

E will be the point of ap- 
plication of the resultant 
of these two weights (see 
Prop. XV.)> and we may 
suppose the two weights to 
act at K Again, drawing 
the line EC^ divide it, so 
that the proportion of JEF to 
FC may be the same as that 
of weight C to weights A and 
B together : then the three weights. A, B, and C, 
may De supposed to act at F. Lastly, drawing 
BF, divide it, so that the proportion of FG to 
GD may be the same as that of weight D to 
weights Ay J?, and C together ; then the four 
weights may be supposed to act at (r, and there- 
fore G is the centre of gravity required. 




Proposition XX. 



The centre of gramty of a set of equally heavy and 
equidistant particles^ rigidly connected together j and 
forming a straight liney is the middle point of that 
line. 

Let Ay By Cy By E, Fy fig. 94, be the par- 
tides, and M the middle point of the line AF. 
Then, because the particles are equidistant from 
each other, M is half-way between A and Fy 
between B and JE, and between C and B ; there- 
fore, since the particles A and 
F are equally heavy, their 
weights produce the effect of a ^ ^ ^ ^ ^ r 
force acting' atM. (Prop. XV. 



Fig. 94. 



-W 
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Cor.) In like manner the weights of B and i 
produced the effect of a force at M ; and the sami 
may be said of C and Z), Therefore, the weight 
of all the particles produce jointly the effect of i 
force acting at M, and therefore M is the centr 
of gravity of the particles. Which was to I 
proved. 

Corollary 1. — Hence the centre of gravity of 
rod or beam of uniform weight and thicknes 
throughout, is its middle point. For such a ro 
may be supposed to consist of a set of equail; 
heavy and equidistant particles forming a straigh 
line. 

Corollary 2. — Hence we may always suppose 
that the weight of a uniform straight rod or lin 
of particles is, so to speak, collected at its middl 
point. 

Corollary 3. — ^By reasoning as above, we ma] 
show that the centre of gravity of a flat body ii 
the shape of a circle is the centre of the circle 
for we may conceive the whole body to be com 
posed of pairs of equal particles, and each pair U 
have the centre of the circle midway betweei 
them. If the body were in the form of a square 
we might in the same way prove that its centre o 
gravity would be its middle point. In like mannei 
we might show that the centre of a uniform sphen 
is its centre of gravity ; and, in fact, the centre o: 
every body, which has a centre properly so called 
must be also its centre of gravity. 

When we speak of a body hamng a centre^ wc 

mean, that its particles are so arranged, that the 

whole may be supposed to consist of pairs of par- 

tides, each pair having the same point midway 

between them, whidi povuX. \a ^aSSsA tVsLft cenin* 



TliiiB, in fig. 95, if the body be com- ^^^ j, 
posed of the particles AA', Bff, . 
CC, DD', and if these be ao dis- ^ • S 
tiibuted that the point G is half- c c c 
iraj between and in the line joining • • • 

^and^', also half-way between and 2 f ^' 

in the line joining B and B', aUo 

Bimilarly situated with respect to C and C, an^ 

with respect to D and D' ; then the body is 

said to have a centre, namely, G. 
It id clear from this, that the centre of a body 

(rhich has a centre must be its centre of gravity. 

Phopobition XXL 

IfACBD,fig. 96, be a fiat body or thin board 
of uniform Kelght and thinnest throughout ; and if 
it be of sue/t a ghape with reference to two lines 
AB and CD, that CD, and all the lines that can 
be drawn on the board parallel to CD, are bisected 
by AB ; the centre of gramty of the board lies some- 
tciere in the line AB. 

For we may conceive the board to be composed 
of nniform lines of particles parallel to CD • and if 
CD, and all the hnea thU can be ^^ g^ 

drawn on the board parallel to CD ^ 
are bisected by AB the centre of .X /^ 
gravity of every one of these hnes / X^^ \ 
is at the point where it is intersected (/y^/y\ 
by AB. Now we may suppose the ^\yy(/ 1 
weight of each rod to be collected V v>t "^ J 
into and act at its centre of gravity ^ '''^'Vw 
tb^fore, the weight of the whole <._j/ 

board is equivalent to a series of 
weaghta acting at different points aHon^ \V%V&% 
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AB ; wherefore it is obvious, that the resultant of 
these weights, and therefore of the whole weight 
of the board, must act at some point of the Ime 
AB. In other words, the centre of gravity must 
be somewhere in the line AB, Which teas to be 
proved. 

Corollary 1. — To find the centre of graxnty of a 
triangle^ that t «, of a flat body or board in the shape 
of a triangle. 

Let ABC, %• 97, be the triangle ; bisect A C 

in D, and join B and D. 
Then it may be easily 
shown,* that every line 
drawn in the triangle 
parallel to AC, ss for 
instance HK, is bisected 
by BD. Wherefore, the 
centre of gravity of the 
triangle lies somewhere in BD. 

In like manner, if we bisect BC at E, and join 
A and E, we may show that the centre of gravity 
lies somewhere in AE. Consequently, the point 
G, when BD and AE intersect, must be the 
centre of gravity of the triangle. 

We may prove by measurement that 2)6? is 
always one-third of DB,EG one-third of EA. 
We may show this by Euclid, Book VI., as 
follows : — 

Draw CF parallel to DB to meet AE produced 
in F ; then, by the second Proposition of Euclid, 
Book VL, since (tZ) and i^(7 are parallel, we have, 

• By Euclid, Book VI., or by meaaurement. By Enclid we 
majrahow that the line BD cuts both A C and HK in the same 
proportion; and therefore, Emce \\>\ABftc\;& AO, \V» To^^t biaecfr 
^ATalBO. 
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FG : BG :: CA : DA :: 2 : 1, 
and FC : GB :: CjE^ : ^5 :: 1 : 1; 

therefore F C ^2 DGy^niiGB :=z FC =^2 DG ; 
consequently 2)5 ^DG + GB = SDG. q. e.d. 

Corollary 2. — If the board be in the shape of a 
parallelogram AB C D, 
fig. 98, and if we draw 
EF bisecting AD and 
BC, and GH bisecting 
AB and CD, we may show 
in the same way that the 
centre of gravity is at Jf, 
the point of intersection 
of EF 2lvA GH. K is the point of intersection 
of ^ C and BD also. 

We have now given the rules for the composi- 
tion ot parallel forces, and we have dwelt particu- 
larly on the case of the system of parallel forces 
which act upon every body in consequence of the 
attraction of the earth on the particles of matter. 
We shall now proceed to investigate the rules for 
the composition of forces not paralldj acting at 
different points of a rigid body. 

COMPOSITION AND EQUILIBRIUM OF FORCES NOT 

PARALLEL.* 

It will be necessary here to employ the principle 
we have stated in Proposition V. relative to the 
effect of a set of forces acting on a lever, but as 
we have not given a rigorous proof of that prin- 
dple, we must do so now. The student will 
remember the meaning of the terms employed in 
the chapter on the lever, namely, army moment^ 

* 27.B, In All that foUowa, the forces are &\ippo%^ \a ^^- \t 
ihe MMjne plane. 



182 

like and urdiie moment* : the arm of a force is the 
perpendicular upon its direction fixxn the fnlcnim ; 
the nutment of a force is the product of the force 
multiplied bj its arm ; forces which tend to turn 
the lever the same way round the fulcrum are 
8£ud to have like moments, and those that tend 
opposite ways, unlike. 

PROPosmow XXIL 

IfPbea force acting on a leter, the moment of 
P exprcMes tlie magnitude of that force tehichy acting 
at an arm unity^ produces the same effect as P in 
tending to turn the leter. 

Let Ay fig. 99, be the fulcrum, and B A the 

Fig.99. arm of P, produce BA to 

Q^^ Cy making A C equal to 

I p unity ; suppose for a moment, 

A that AB contains 5 units, 

^ ^ J and apply (as we may) two 

1 '^ opposite forces, Q and By 

j each of which is paraUel to 

^ y P, and equal to 5 times P. 

Now, since Q is 5 times P, and AB 5 times ACy 

the resultant of P and Q is a force acting at A 

(Prop. XV.); but this force cannot produce 

motion, since A is a, fixed point, and consequently 

P and Q balance each other; we may therefore 

remove P and Q, and then there remains only By 

which is a force acting at an arm unity, and equal 

to 5 P. In like manner, if AB were 10, we 

should have jB = 10 P, and if ^ P were 15, we 

should have P = 15 P; and in general, whatever 

number A B isy R will be equal to P multiplied 

hjr that number. In othet NvoTdi^, R ^w^\^ ^cpal 

to JP X A By which is the moment ol P* 
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Hence it appears that we may remove P, and 
apply in place of it a force acting at an arm unity, 
and equal in magnitude to the moment of P ; in 
other words, the moment of P expresses the mag- 
nitude of that force which, applied at an arm 
unity, produces the same effect as P. Which was 
to be pri/ced. 

Proposition XXIII. 

Two eqticd forces acting on a lever at equal arms^ 
and tending to turn it the same way^ produce the 
same effect^ and may be substituted one for the other. 

Let P, fig. 100, be any force acting on a lever, 
and A B its arm, A 
being the fulcrum ; draw 
any line A G equal to 
A By and at C apply 
two opposite forces Q 
and Ry each equal to 
P and perpendicular to 
AC ; let the directions 
of these forces be pro- 
duced to meet in 2), and 
join D A. Then, since A B and A C are equal, 
it is clear that DA bisects the angle BDC ; there- 
fore, by Axiom VIII., since P and Q are equal, 
their resultant is a force acting along D A, which 
force can produce no motion, A being a fixed 
point. Hence P and Q balance each other, and 
m ay b e removed, and then R alone remains. 

Wherefore it appears that we may remove P 
and put R in its place ; in other words, two equal 
forces, R and P, acting at equal arms, and tending 
to turn the lever the same way, produce \lie ^xcie 
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effect, and we may substitute one for the other. 
Which tecu to be proved. 

Corollary 1. — From this proposition and the 

preceding it appears, that, if P be any force acting 

Fig. 101. ^^ * lever, we may remove i^ 

and apply in its place a force 

Rj fig. 101, which is equal to 

the moment of P, and acts in 

any direction on the lever at an 

arm equal to unity. Of course 

R must tend to turn the lever 

the same way as P. 

Corollary 2. — Hence, two forces whose moments 

are eqtial and likej produce the same effect upon a 

lever, and may be substituted one for the other. 

For, let P and Q, fig. 102, be the two forces, 

JQ2. *^^ ^®* JK be a force acting 

at an arm unity, and equal 

to the moment of P, and 

therefore to that of Q 

also. Then, by what has 

been proved, P produces 

the same effect as 72, and 

the same is true of Q 

also: therefore P and Q 

produce the same effect. 

Corollary 3. — Hence two forces whose moments 
are equal and unlike^ balance each other. 

For, in the above figure, suppose that Q is 
reversed in direction : then, instead of producing 
the same effect as i2, it will produce the same 
effect as a force equal and opposite to R ; there- 
fore, since P produces the same effect as i2^ it is 
clear that P and Q will balance each other. 
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Proposition XXIV. 

To estimate the effect of a gi'cen set of forces acting 

on a lever. 
Let the forces be P, Qy Ry and aS, fig. 103, A the 

ftilcrum, and DF any line Fig.ioz. 

drawn in the lever at a dis- 
tance unity from the fulcrum: ^ F\\ 
on this line measure the por- / 
tions B Cy C D, BE, and 
EFy equal respectively to the ^'^ 

moments of the forces P, Q, Ry 



— a 




and S. Then, by the first \ 

Corollary of the previous Pro- \ . 

position, we may remove P, Q, 

Ry and Sy and put in their place 

the forces represented hj BGy 

CD, BEy and EF. Now J>^ 

taking the sum of the forces 

B C and C By and the sum of BE and EFy and 

subtracting the lesser sum from the greater, the 

diflTerence will be the resultant of the forces, and 

it will act in the direction of those composing the 

greater sum. Thus we have compounded P, QyRy 

and S into a single force acting along the line BF, 

Hence we have the following Rule for estimating 
the effect of a given set of forces on a lever, viz. : 

Find the sum of the moments of the forces which 
tend to turn the lever one wayy and the sum of the 
moments of those which tend the opposite way^ and 
subtract the lesser sum from the greater ; then a force 
equal to the differ encey acting at a distance unity from 
the fukrumy and tending the same way as the forces 
whose moments compose the greater sumy will produce 
the same effect upon the lever as the given set of forces. 
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CoroUary. — If the two sums be equal their dif- 
ference wUl be nothing, and the forces will then 
balance each other. Hence we have the following 
Rule for the equilibrium of forces acting on a lever. 

A set of forces acting on a hver wiU balance each 
other, when the sum of the moments of the forces 
tending to turn the lever one way is equal to the sum 
of the moments of those tending the opposite way* 

This Rule is often callea the Principle of the 
Lever, or the Principle of the Equality ojMoments* 

Proposition XXV. 

When a lever is kept at rest by given forces, to find 
the pressure they exert upon the fulcrum. 

Let C be the fulcrum of the lever, and P, Q, 

and Jl the given 
forces acting along 
the lines A P, AQ, 
and 5 i?, fig. 104. 

Suppose (as we 
may) that P and Q 
act at A, take the 
lines AI), AE io 
represent them, and 
complete the parallel- 
ogram ADFE; then 
P and Q are equiva- 
lent to the force re- 
presented by A F, 
JProduce AF to meet 
the direction of i? in 
B, suppose (as we 
may) that R and the 
force AF act at^. 
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BH to represent them^ and complete the parallelo- 
gram BGKH; then the forces R and ^ J^ are 
equivalent to the force represented by D K, 

Hence the given forces P, Q, and Ji are together 
equivalent to the single force B K, and therefore 
BK must keep the lever at rest. Now a single 
force acting on a lever, in a direction not passing 
throuffh the Ailcrum, cannot keep the lever at 
rest ; nence the direction of the force B K must 
pass through the fulcrum C, and consequently wo 
may suppose C to be the point of application of 
this force. 

It appears, therefore, that the effect of the forces 
P, Qy and 72, is, to exert on the fulcrum a pressure 
represented in magnitude and direction by the 
line B K. Which uxu to he determined. 

Corollary, — The force B K, supposed to act at 
0, may be resolved into two forces respectively 
parallel and equal to BG and P//, or (what is the 
same tiling) to P and A F ; and then, the force 
parallel and equal to A F may be resolved into 
two forces respectively parallel and equal to AD 
and A Ey or (what is the same thing) to P and Q, 
Hence the force B K^ supposed to act at (7, may 
be resolved into three forces respectively parallel 
and equal to the forces P, Q^ and IL 

Thus the given forces I\ Q, and Ji, are equivalent 
to the force B K, and B K ib equivalent to three 
forces, which act at the point (7, and are respect* 
ively parallel and equal to P, Q, and Ji ; in other 
words, we may suppose that the forces P, Q, and 
R are removed to tne point C, and that they act 
upon that point, in directions respectively parallel 
to their onginal directions AF, AQ, and JJ R. 

Hence, wAm a set of forces keep a leter at rwl> 
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fee may suppose them to be removed to the fidcrtmy 
maJcing them to act upon that pointy each parallel 
io its original direction. 

This IS a principle of great use in various cases. 



Proposition XXVI. 

To determine under what circumstances a set of 
forces acting on a perfectly free rigid body, wiU keep 
it at rest. 

Let P, Qy jB, and /S, fig. 105, be a set of forces 
Fig. 106. acting on a rigid body 

and keeping it at rest; 
then, though the body is 
perfectly free, we may 
suppose any point of it, 
say Ay to become fixed, 
(Axiom IV.); in other 
words, we may suppose 
the body to become a 
lever, A being the ful- 
crum. This l)eing the 
case, if we find the sum 
of the moments of the forces which tend to turn 
the body one way round Ay and the sum of those 
which tend the opposite waj, the two sums must 
be equal, by Cor. Prop. XXIV. Furthermore, 
by Cor. Prop. XXV. we may remove the forces 
P, Qi R9 and 8 to the point Ay and suppose them 
to act on that point, each parallel to its proper 
direction ; the forces thus removed must balance 
each other at Ay for, if they do not. Ay which is 
really a free point, wt1\ n^ol T^m«:m ^\. t^^\. 
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Hence the following are the conditions necessary ^ in 
order that a set of forces may keep a free body at 
rest. 

1. The forces must satisfy the principle of the 
lever, with reference to any point of the body 
considered as Ailcrum ; that is to say , the sum of 
the moments of the forces, which tend to turn the 
body one way about that point, must be equal to 
the sum of those tending the opposite way. 

2. The forces must balance each other^ on the 
supposition that they all act at the same point, 
each parallel to its proper direction. 

These are called the conditions of equilibrium of 
a free rigid body. 



u 



Proposition XXVII. 

To determine the centre of gratity of a given set of 
particles forming a rigid body^ by means of the pre- 
ceding Proposition. 

LetP, ^,and iZ,fig. 106, be the given particles, A 
any given j^. loe. 

point, AX y I 

a horizontal ks 

line drawn 
through A^ 
and PB, 
Q C, and 
BD verti- 
callines;let 
8 be the 
centre of 
gravity of 
the parti- 
cles, and 8E a vertical line ; then the weights of 
the particles are forces acting downwwAa «Xssvi^ 



t 






JB C Jff 
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the lines P By Q C^ and B i>, and the resultj 
these forces is a force equal to the sum c 
weights acting downwards along 8L\ He 
force equal to the sum of the weights P, ( 
B, acting upwards along E S, will balance 
and B. Therefore, by the preceding PropoJ 
the sum of the moments of the three weigl 
being considered as fulcrum, must be equal i 
moment of a force equal to the sum of the w< 
acting upwards along E8 ; in other words, 
multiply the weight of P by ^^ B, that of 
A C, that of ^ by ^ Z), and add the pre 
together, the result must be equal to the si 
the weights multiplied hj A E : or, in syml 

PxJB-^QxA C'{'Bx.AD=:{P-^Q-\-B)x 

and therefore, 

^^= pTqTb 

Hence, if we divide the mm of these produ 
the sum of the weights, we find A E. 

Again, let ^ F be a vertical line, and 
Q 2/, BMy and 8 N horizontal. 

Now we do not alter the position of the c 
of a set of parallel forces by turning them i 
their points of application through any angle 
may therefore suppose the forces above consi< 
to act horizontally, as shown by the dotted ar 
and 8 will still be their centre. And then w€ 
show, just as before, that, if we divide the si 
the prodticts (the weights of P, Q, and B being 
tipliedby AKy AL, and AM respectively) b 
svm of the weights, we shall find AN: or, in syf 

PXilg-vQv^ALA-Rv.Aflf. 
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Having thus determined A E and A Ny the 
position of the centre of gravity 8 is manifestly 
obtained. 

Example, — Suppose that the weights of P, Qy and 
R are 1, 2, and 3 ; A By A 0, and A i), 6, 9, and 
10; AKy ALy and A My 3, 6, and 7 : then the 
sum of the weights is 6, and the products of the 
weights and the first set of distances are 6, 18, 
and 30, which added give 54 ; therefore ^£ is 54 
by 6, or AE= 9: in like manner the products 
of the weights and the second set of distances are 
3, 12, and 21, which added give 36 : therefore 
4iVris36by 6, or ^i\r= 6. 

Hence, if we measure JE equal to 9, and A N 
equal to 6, and draw a horizontal line through iV, 
and a vertical line through E, the intersection of 
these lines will be the centre of gravity of the 
three particles. 

Corollary. — The lines ABy A C, ADy and A E, 
are the distances (i. e. the perpendicular distances) 
of the points P, Q, By and &', from the line A Y: 
also, though we have supposed AJT to be hori- 
zontal, and A Y vertical, it is evident that, so far 
as the above reasoning is concerned, AJT and A Y 
may be any two lines at right angles to each other. 
Hence, we may state the Bule for finding the cen- 
tre of gravity as follows : — 

Multiply the weight of each particle by its distance 
from any giten line A F, add the products togethery 
and divide the result by the sum of the weights ; then 
the quotient thus obtained is the distance of the centre 
ofaravity of the particles from the line A Y. 

In this way we may find the distance of the 
centre of gravity from any two given lines, and so 
determine its position. 
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EXAMPLES. 

Examples of finding the Besultant of Parallel Forces* 

N.B. In these examples the point of application 
of the resultant is always to be found. 

Ex. 1. — Find the resultant of the parallel forces 
5 and 7 acting in the same direction at the extre- 
mities of a rod whose length is 24. 

Ex. 2. — On the same supposition, except that 
the forces are 4 and 12; find the resultant. 

Ex. 3. — On the same supposition, except that 
the forces are 6 and 18, acting in opposite direc- 
tions ; find the resultant. 

Ex. 4. — On the same supposition, except that 
the forces are 7 and 11, acting in opposite direc- 
tions ; find the resultant. 

Ex. 5. — Resolve the force 20 into two parallel 
forces, one of which shall act at a distance 4, and 
the other at a distance 1 from the force 20. 

Ex. 6. — A force 48 acts at a point of a rod 
A£, such that AC=-^ CB; resolve 48 into two 
parallel forces, which shall act at the extremities 
of the rod. 

Ex. 7. — On the same supposition, only that Cis 
unknown ; find 0!, when the difference between the 
two parallel forces into which the force C is re- 
solved is 8. 

Ex. 8. — The force 48 acts at A, resolve it into 
two parallel forces which shall act at B and C, 
supposing that AB^^^^ oi A G. 

Fig. 107. Ex. 9. — If the parallel 

forces P, Qy and JS, act at the 
points A, B, and C respec- 
tively, fig. 107 ; find their re- 
sultant, when P = 4, Q = 6, 
^ = 8, ^P = 20,BC=^&- 
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Ex. 10.— If P = 2 Q, and P+ Q= R, and 
A (7=4= 2 B C; find the point where the result- 
aDtacts. 

Ex. 11.— IfP=3, Q = 5, ^=10, and^5=8; 
find B Cy so that the resultant may act at a dis- 
tance 10 from A. 

Ex. 12.— If P=4, $=2, JS = 3, AB = 12, 
BC=^ 16 ; and if B act in the opposite direction 
to P and Q ; find the resultant. 

Ex. 13. — If the 6 parallel forces, 1, 2, 3, 4, 5, 6, 
act in the same direction, at equal distances of 1 
foot from each other in order ; find how far from 
the first of the forces the resultant acts. 

Ex. 14. — Determine the same when the forces 
2, 4, and 6, act in the opposite direction to the 
others. 

Ex. 15. — Determine the same when the forces 
1 and 6 act in the opposite direction to the rest. 

Ex. 16. — On the same supposition as in Ex. 12, 
except that P = 1, find the resultant, and explain 
the case. 

Pkoblem XIV. 

ABC, Jiff. 108,18 a ^»^-^»«- 

iriafifftUar board, held 
m by three strims, AP, 
3Qa CR; to find what 
tension the weight of the 
triangle produi^ on eaoh ^ 
string; and, if any ad- 
J&tumal weight be placed at any point on the triangle, 
to find how much the tension on each string is increased 

thereby. 

o 
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Let O D he drawn to i>, the middle point of 
J By and make J) 6r= ^ DC/m which cafie G will 
be the centre of gravity of the triangle, and the 
weight of the triangle, which we shall denote by TF, 
will be a force acting vertically downwards at G. 

Resolve this force into two parallel forces, one 
to act at 2>, and the other at C, which wUl be 
respectively ^ fF at D, and ^ W at G, because 
GC=:2 GD. Again, resolve f JV acting at D 
into two parallel forces, one to act at A and the 
other at -B, which will he ^ Wat A. and ^ ^ at 

B. Thus the weight W is resolved into three 
parallel forces, acting at A, By and (7, and each 
equal to -J W, Whence it follows that one-third 
of the weight is thrown on each string, and there- 
fore the tension on each string is ^ PF. 

Again, suppose that 6r' is some other point of 
the triangle, and that a weight W acts at this 
point: then, drawing CJD' through G', resolve 
W acting at (r into two parallel forces, one to 
act at Z>, and the other at C ; and resplve the 
force at Z>' into two other parallel forces, one to 
act at A, the other at B, Thus W will be resolved 
into three parallel forces, which act at Ay B, and 

C, and which are therefore the tensions upon the 
three strings produced by W\ 

If we add ^ Wto each of these three tensions, 
we shall find the total tension on each string, 
arising from the two weights W and W\ Which 
was to be done. 

Ex. 1.— If Pr'=Tr=30lbs., and Cf coincide 
with D ; find the tension on each of the strings. 

Ex. 2.— If 2 TT = W^ 24, and G' is on the 
line A By AG' being double B €r; find the tensions 
on each of the stiinga. 
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Ex. 3. — If d be midway between B and C, and 
if fr=9, TF'ssS ; find the tension on each of the 
strings. 

Ex.4.— If ^2> =2D'5, VG^^G'C, 
fr=9, and Tr'=27 ; find the tensions on each of 
the strings. 

Ex. 5.— If 3 AV^^VBy 4 ff&^b a C, 
Tr= 9, and W = 9; find the tension on each of 
the strings. 

Ex. 6. — If PT = 9, and the tensions on the 
strings, A Fy JB Q, OR, are respectively 4, 4, and 
7; find the weight of W\ and the position of D' 
on AB, and of G' on D'C. 

Ex. 7. — If W ^ 27, and the tensions are re- 
spectively 12, 14, and 17 ; find the position of i>' 
on A By and of G' on D' G. 

Ex. 8.— If Tr=15, Tr'=10, tension onAP = 
17, and tension on BQ= 17 ; find tension on C-R, 
and the position of G'. 

Ex. 9. — If the weight of the triangle be 12, 
and each string can bear a.tension of 8; find what 
weight W^ may be put at G' without breaking any 
string supposing that D' is the middle point of 
A B, G' the middle point of D' C. 

Ex, 10. — On the same supposition, except that 
TT'ss 9, and the position of G' on D' C is not 
given ; find the extreme positions where W may 
Be placed without breaking any string. 

Ex, 11. — On the same supposition, except that 
Z)' as well as G' is not given in position ; find the 
extreme position of i>' on ABy and of 6r' on i>'(7, 
80 that no string be broken. 

Ex. 12. — A table is supported on three legs. 
Ay By Cy fig. 109 ; show how to determine how 
much of the weight each leg bears, tVie "^o^YXKsstk. 
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of the centre of gravity, Gy of the table being 
supposed to be known with reference to tike legs. 



Pig. 109, 




Ex. 13 —If ^ J5 = 3, 5 C= 4, ^ (7= 5, and if 
G be equidistant from the three legs ; find how 
much weight is thrown on each. 

In this case, a triangle whose sides are 3, 4, 
and 5, must be constructed; and then, to find 
where G is, we must draw a perpendicular to one 
side, say the side 3, from the middle point of the 
side 3 ; and from the middle point of another side, 
say the side 4, we must draw a perpendicular to 
the side 4. It wiU be found, and may be proved, 
that the point where these perpendiculars meet is 
equidistant from the three angular points, and is 
therefore the point G required. Having found G, 
we must proceed as above to find how much weight 
is thrown on each leg. 
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Problem XV. 



I 

f If a weight he placed on the tMe (mtside the limits 
of the triangle ABCy fig. 109 ; to find whether the 
table toill upset or not. 

Let (t' be the point where the weight is placed, 
draw G G* meeting ABatD^ ; also, let W denote 
the weight. Then we must resolve W acting at 
G' into two parallel forces, one to act at D\ and 
the other at C. The force at D' will act the same 
way as W\ that is, downwards; the force at C 
wifl act the opposite way, that is, upwards. The 
force at 2>' may be resolved into two others, one 
at A and one at B, both downward forces. We 
must also, as above, find how much of the weight 
of the table is thrown on each leg. 

Then it is clear that the effect of W on the 
legs A and B^ is to press them against the ground, 
but the effect on the leg C is upwards, and tends 
to raise it from the ground. If, therefore, the 
upward force at C caused by JV\ be greater than 
the downward force at C caused by the weight of 
the table, C will rise, and the table will be upset ; 
otherwise the table will not be upset. 

Ex. 1. — Supposing that the centres of gravity 
of the triangle and table coincide, and that the 
weight of the table is 90 lbs. ; determine how far 
a weight of 30 lbs. may be placed on the table 
outside the limits of the triangle, without upset- 
ting, the table. 

In this example, one-third of the weight of the 
table is thrown on each leg; therefore 30 lbs. acts 
at C downwards, and consequently the upward 
effect produced by WT' on C must not exceed 
30]b&^ or the table will upset. M mo^X,, \Jtv^xv^ 
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the upward effect produced by FT' at C is SOlbs.; 
wherefore W being SOlbs., G' D' must be equal 
to />' C; for by Prop. XVL Cor. 2, 

G' D' : D^C :: component of W acting at 

C : IV :: 30 : 30. 

Wherefore G' 2)' is equal to 2)' C. 

This, then, is the limit which determines how 
far W may be placed outside the triangle, beyond 
A By without upsetting the table; namelyi G'C 
must never exceed 2D'C. Similar reaaonine 
will apply to the other sides of the triangle, and 
therefore the condition of not upsetting is this : — 
If we draw from G' a line to any angle of the 
triangle, cutting the side opposite that angle at 
D 'y Uie distance of G ' from the angle must not 
exceed double the distance of D'. 

If we form the triangle A' B^ Ohj drawing lines 
parallel to the sides oiAB C7, jfB being twice as far 
from C BA AB, B'C being twice as far from A as 
B (7, and C A' being twice as far from B as CA^ 
it is easy to see that the weight W may be placed 
anywhere inside the triangle A' B' C oonsistenily 
with the condition just stated; and therefore 
A'JB' C shows the limits outride which W* must 
not be placed. 

Ex. 2. — If the centre of gravilr of the table 
be at the middle point otB C; find now far beyond 
AB 9k weight four times that of the table may be 
placed without upsetting it. 

Ex. 3. — On the same supposition as in Example 
1, except that W'^ 60 lbs.; find the limits beyond 
which W must not be placed, in order that the 
table may not upset* 



r 
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Problem XVI. 

If AB^ fig. 110, he a lever or bar, by which a 
teeight suspended from the point C of it is supported 
on the shoulders of two men ;. to find how much of the 
weight is thrown on each man. To find also how 
much of the weight is thrown on each man when there 
are three supporting it, as is shown in fig. 1 1 2, 

Let P and Q be the pressure ^^ ^^^ 

which is exerted at A and B ^' 

on the men's shoulders, by the j ^ b 

bar AB; these pressures must 
be together equivalent to W, y\p 
in other words, W must be 
equivalent to the resultant of ^ 

P and Q. Wherefore, since we may take the 
lines AGs B C, and A B to represent the forces 
Qf P, and W respectively in magnitude, we have, 

P : W II BC I AB, 
andQ : W :: AG : AB; 

which proportions give P and Q when W, A (7, 
and B are known. 

We have here assumed, however, that P and 
W act vertically downwards; but this is not 
necessarily the case, for the men might so hold 
the. lever on their shoulders as to press obliquely 
as well as vertically upon it, and of course P and 
Q must be equal and opposite to whatever forces 
the men exert in supporting the lever. We must 
therefore consider the problem more generally, by 
supposing that P and Q are not vertical forces. 
We shall also, at the same time, suppose that the 
bar is inclined to the horizon, as it YiowLd b^ ^ 
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the men were going up a hill, or if one man was 

taller than the other. 

Let AFasid BF be the directions of the forces 

which the men exert in 
supporting the bar ABy 
fig. 111» then the direc- 
tion of W must pass 
through the point F 
where these directions 
meet, bj IL p. 90 : take 
FC to represent W^ and 
draw CD and GE paral- 
lel to the lines BF and 
p A F. Then the force 
F may be resolved 

into the two forces FD and FFy and these two 

forces are the pressures exerted on the m^n^s 

shoulders. We nave therefore, 

P : W :: FD : FCy 
Q : W :: FF : FC. 

From these proportions we may find P and Q 
when W is given, and FDy FC, and FE deter- 
mined by measurement or calculation, or others 
wise. 

Ex. 1. — The men press vertically, TTis lOOlbs., 
and ACia three times B C; find the pressures on 
the men's shoulders. 

Ex» 2. — The hinder man B presses forward as 
well as upward, so that the force he exerts makes 
an angle of 30° with the vertical; the bar is 
horizontal, -4 C= CB, and W== 100 lbs.; find the 
pressure on each man's shoulder. '^ 

Ex. 3. — The bar is inclined at an angle of 30** 
to the horizon, and every t\mig ^qS& \£i^ ^oaaoe ad 




STATICS. 201 

in Example 2 ; find the pressure on each man's 
shoulder. 

In Examples 2 and 3 draw the bar and the lines 
BF and OF first, then join A and F. 

If the havy supposed to be like the letter T, 
he supported by three men, pig, 112. 
Af Dy andj&^, as is shown in 
fig. 112, we must first re- 
solve W into two forces, ^ c ^ 

one acting at A^ the other f"^^^ — 

at B ; we must then resolve t 

the force at B into two 

others, one at D, and the 

other at E. We shall thus distribute W on the 

three points of support. 

Supposing the men to press vertically, in this 
case we have, 

force at Jl : W -A B C i A B; 
force at 5 : W 11 AC : AB; 

and therefore force at £ = — -r-r, — ; 

A Jj 

then, force at D : — ^-^ — -* BE \ BE, 

and force at E t — ^-^ :: BD : DE. 

By these proportions the pressures at A, D, 
and E are determined. 

Ex. 1.— Tr=100lbs., A (7= GB, and DB^BE; 
find the three pressures. 

Ex. 2.— What must be the proportion of A C 
to GBf and o( D B io E B, so that the load may 
be equally distributed on the three ahould<^t^? 



202 



MECHANICAL SCIENCES. 



Problem XVll. 

Two men carry a large box up a hiUj ax U repre- 
sented in fig. 1 13 ; to find how much of the weight u 
thrown on each. 




Suppose that the men hold the box at A and£, 
and exert vertical forces in supporting it. Let G 
be the centre of gravity of the box, and draw G C 
vertically to meet J B at C. Then, if W be the 
weight of the box, P and Q the pressures at A and 
B exerted by TF, we have, as in the preceding 
problem, 

P : W :: BC : AB; 

Q : W II AC \ AB; 

whence P and Q may be determined. 

It is clear that, if (? be at the middle point of 
the box, B Gi& greater than A O, and therefore the 
hinder man has less work to do than the other. 

Ex. 1. — A JS is 4 feet, G Va V fco\. ^^x^^xydicularly 
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e middle point of A B^ the inclination of 
the horizon is 45°, and W\a 100 lbs. ; find 
ch more the first man has to support than 
jr. 

I. — On the same supposition, except that 
ler man exerts a forward as well as a ver- 
issure, so that the whole force he exerts is 
at 30® to the vertical; find P and Q. 
lis case draw a line from B at 30® to the 
to meet G G produced, at F suppose ; join 
4, and draw from G Imes parallel to ^ i^ 
'^ so forming a parallelogram. Then, if we 
C to represent fV^ the sides of this paral- 
1 will respectively represent P and Q, 



CHAPTER V. 



PROBLEMS RELATING TO THE CENTRE OF GRAVITY. 



Problem XVIH. 

If a body be placed on a horizontal or indinei 
plane, to determine under teiat circumstances it wiU 
stand without upsetting. 

Let AC Bhei the body, which we shall suppoee 
to have a portion, A B, of its surface flat, and let 
P Q be a horizontal plane, on which ^ ^ is placed; 
let G be the centre of gravity of the body, and 
draw a vertical line GD through G, to meet the 
horizontal plane at D. 

In the first instance, suppose that the point 

i>, where the vertical GD from the centre of 

gravity meets the horizontal plane, falls within 

Fig.wA. i^ ^^^9 -4-S, fig. 114; then 

the force wUch presses the 
body against the horizontal 
plane, has no tendency to upset 
it, for the weight W of the 
body is the force which presses 
it agidnst the horizontal plane, 
and we may suppose that this 
force acts at />• Now, a force 
acting vertically downwards at 
Z?, cannot turn tlie \>ody on^t ^\>L^x qw the right 
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Wd, or on the left ; for, if the body turns over 
On the right hand, it must do so by turning 
about the point B; but the force W clearly resists 
Such a motion. Again, if it turns over on the 
left hand, it must do so by turning about the 
point A ; but the force W resists a motion of this 
kind likewise. Consequently, the body cannot 
ton over either on tne right hand or the left 
land, as far as the action of the force fF is con- 
cerned. In this case, therefore, the body will 
itand without upsetting. 

In the second place, suppose that the point D, 
where the vertical througn the centre of gravity 
neets the horizontal plane, falls vnthout the base^ 
4 By as in fig. 115 ; then W Fig. iis. 

las clearly a tendenqy to 
nake the Dody turn over on 
the right hand about the point 
B, and therefore, since there 
IS nothing to prevent such a 
motion, it will take place. 
[f 2> fell on the other side 
y£ AB, as is shown in fig. 
116, the tendency of W 
would be to make the body 
turn over on the left hand, 
ftbout the point A, and, there 
being nothmg to prevent such 
a motion, it would take place. 
,, Hence it appears, that, if 
the vertical through the centre 
of gravity meets the horizon- 
tal plane at a point within 
the base, the body will stand without upsettinpr ; 
but if that point Mb without the base, tVv^ Vio^'^ 




Fig. 116. 
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Fig. 117. 




Fig. 118. 




Fig. 119. 



will upset, hj taming over on that side on which 
the point falls beyond the base. 

If the plane, P Q, were 
inclined to the horizon, as 
in figs. 117, 118, 119, the 
same reasoning would apply, 
and the same concluBion 
follow; namely, the body 
will remain steady, or up- 
set, according as the pointi), 
where the yertical through 
the centre of gravity meets 
the plane P Q, falls within 
or without the base* Thusy 
in fig. 117 the body will 
remain steady, but in figs. 
" 118 and 119 it will ups^; 
in the former case, by tuni-> 
ing over on the leit hand 
about the point A, and m 
the latter case, by turning 
over on the right hand about 
the point B. 

Of course, when the body 
is thus placed upon an in- 
clined plane, it is supposed that it cannot dip down 
the plane, either from the roughness of the plane, or 
some other cause ; in fact, we assume that the body 
can only move by turning over at either A or B* 
A familiar illustration of this is the case of a 
wagon going along a road which inclines to one 
side, fig. 120. If G be the centre of gravity of 
the wagon, including the load, A and B the points 
where the wheels rest on the road, and 6D the 
vertical through the oentte o? gcw\\.^ mating the 
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at 2) ; then A B may be regarded as the base 
rhich the wagon stands^ and if D fall within 



Fig. 120. 



Fig. 121. 





\ as in fig. 120^ the wagon will not upset; 
if the load be too high, as in fig. 12 1 , so that 
centre of gravity is in a higher position above 
ground, the vertical through G will fall out- 
the base at the point i>, and the consequence 
be that the wagon will upset. Hence the 
ortance of not putting too high a load on 
pns is obvious. 

L man must stand in a vertical position, in 
jr that the vertical through his centre of gravity 
'• fall within the limits of his feet, which form 
base on which he stands, fig. 122 ; but if he 
ies a load, as in figs. 123 and 124, he must 

Pi^. 122. Fig. m. Fig.Ui. 
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incline himself in such a way that the ^ 
through the centre of gravity of the whole 
composed of the man and the load togethc 
fall within the limits of his feet. This accoi 
the various attitudes assumed by porters^ 
and other persons carrying loads. 



PRINCIPLE OF THE DESCENDING TENDENCY < 

CENTRE OF GRAVITY. 

We have on a former occasion stated tt 
ciple, that the centre of gravity always a 
the lowest position it can ; or, to speak mc 
rectly, the centre of gravity will always d 
it can begin to move by descending, but "^ 
mov« if it cannot do so. If we consider h 
centre of gravity is capable of moving 
case, we shall find no difficulty in applyi 
principle. Thus, in the case represented 
125, if we describe arcs of circles, G E 9Si 



Fig. 126. 



Fig. 126. 
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from G about B and A respectively as centi 
centre of gravity G can move, either by t 
about B and describing the circular arc C 
by turning about A and d^^exlbui^ the c 
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arc GF. The arrow GH, which is at right angles 
toBG, shows the direction in which the former 
EDOtion would commence^ if it took place; and the 
UTOw GK, which is perpendicular to AG, shows 
he direction in which the latter motion would 
ommence, if it took place. Now, both these 
rrows indicate an ascendinff motiorij and therefore, 
ccording to the principle stated, the centre of 
ravity will not move at all. 

On the contrary, in the case represented by 
g. 126, if a circular arc be described from 
' about B as centre, the arrow GH at right 
ogles to B G indicates a descending motion, and 
lerefore G may begin to move by descend- 
1^ ; consequently, motion will ensue about the 
omt B. 

The same considerations will apply to the case 
here the body is placed on an inclined plane ; 
e must describe circular arcs from G about A 
id B, to show how G may move, and if G in 
either case would begin to move by descending, 
> motion will take place. The direction in 
hich G would begin to move, say about By is 
town by drawing an arrow from G at right 
igles to B G, to indicate the direction in which 
le circular arc runs from G; for, when a point 
scribes a circle it always runs perpendicularly 

the line drawn from it to the centre. 

We may, then, state the principle of the descend- 

§ tendency of the centre oi gravity in the 
owing manner : — 

Draw an arrow to indicate the direction in which 

le centre of gravity may begin to move ; then, 

that arrow is inclined downwards, the centre of 

•avity ynh move in that direction •, but \£ \iv^ 

p 
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Fig, 127. 



Fig. 128. 




arrow is not inclined downwards, that is, if it 
points horizontally^ or is inclined upwards, the 
centre of gravity will not move in that direc- 
tion. 

A body haying a fixed point, about which it 
may freely turn, is a good instance to which this 
principle may be applied. Let A J?, fig. 127, be 
such a body, C the fixed point, or point of 8uq)eii- 

sion as it is called, 
and G the centre of 
gravity. In the first 
mstance, suppose that 
G is vertically hdow 
C9 describe through 
G the circidar arc 
FGE about C as 
centre, and draw the 
arrows GH and GK at right angles to CO* 
Then the centre of gravity may move so as to 
describe the circular arc FGE, and the arrows 
GH and G K show the two directions in either of 
which that motion must begin. Now, C O being 
vertical, these arrows point horizontally ; where- 
fore, by the principle we are here considering, no 
motion will take place. 

In the second place, suppose 
that G is bidow (7, but that CG 
is not vertical^ as is represented 
in fig. 128. There the arrow GH 
is inclined downwards, and there- 
fore the centre of gravity will 
begin to move in the direction 
GIf. 

Thirdly, let G be TerticaUy aJm$ 
C, as la a^oN^um^, VI^, Isi this 
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dase both the arrows point hori- ^v- iso. 
zontally, and therefore no motion 
Krill take place. 

Lastly, let G be above (7, but 
\ot terticall^i as is shown in fig. 
[%• In this case the arrow G H 
Qclines downwards, and therefore 
he centre of gravity will begin 
moye in the direction G H. 

STABLE AND UNSTABLE EQUILIBRIUM. 

There is a remarkable difference between the 
wo cases of equilibrium represented by figs. 127 
Ad 129, as wUl be manifest by referring to figs. 
28 and 130. In the case represented in fig. 128, 
he centre of gravity will move in such a way as 

bring the line C G back to the vertical position, 
nd therefore the tendency of the body is to fall 
lack into its position of rest. In fact, if we 
appose the body to be suspended in the manner 
epresented in fig. 127, and to be slightly disturbed 
Dom that position of equilibrium, by being pushed 

little on one side, so as to assume the position 

1 fig. 128 ; then, when the body is left to itself, 
I; will fall back again towards its original position 
f rest in fig. 127. 

On the contrary, in the case represented by 
g. 130, the centre of gravity will move in such 

way as to turn the line C G round away from 
he vertical position ; and therefore the tendency 
f the body is, not to fall back to a position of 
est, but to fall away from it. In other words, if 
^e suppose the body to be placed in the manner 
epresented id £g. 129, and to be slightly AAsXuxXit^ 



213 



HBCHANHIAL BCIEMCES. 



from that po»tionof eqailibriam, by being puslied 
aside a little, so as to asenme the position in fig. 
130 ; then, if left to iteelf, the body will fidl away 
from its original position of rest in £g. 129, and 
swing quite round. 

There is, therefore, a considerable difference 
between the two cases of equilibrium represented 
in fige. 127 and 129. In the former case, if the 
body be disturbed a little, it fells back aguii 
towards its position of rest; it has, in fact, a 
tendency to steadineee or stability, £quilibrinin 
of this kind is therefore called ttable equilibriwii. 
In the latter case, if the body be disturbed erer 
so little from its position of rest, it BUle comjdetelf 
away from it ; it has, in fact, a tendency to un- 
steadiness or instability. Equilibrium of this kind 
is called unttable equilibriwn, 

;,, isi. Abody, then, issud 

to be in HeAle equiU- 
brium, if, when it iB 
slightly distorbed &om 
its position of rest, it 
comes back again to 
that position: and a 
body IB said to be in 
unstable equilibrium 
when, if it is slightly 
disturbed from its po- 
sition of rest, it moves 
away altogether fivm 
that position. 

A good illustration 
of stable equilibrium 
is the common toy re- 
"^ToeeiAKi^ va.%% 131. 
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A horse H has a weight W attached to It by 
means of a bent wire, in the manner shown in the 
figure, and the hind feet of the horse are placed 
upon, a stand 8* The object of the weight W is 
to make the centre of gravity of the whole body, 
consisting of the horse, wire, and weight, assume a 
position vertically below the point of support 8^ 
when the horse is In a horizontal position. This 
is, therefore, a case of stable equilibrium, and if 
the horse be disturbed a little from the horizontal 
position, it will always move back towards that 
position again, and thus imitate the action of gallop- 
ing by swinging backwards and forwards without 
falling off the stand. 

The diflSculty of balancing a lon^ pole, A 5, on 
the finger A^ fig. 132, is an mustration of unstable 
equilibrium. The centre of gravity Fig. i82. 
G of the pole, is above the point of 
support Ai and therefore, though 
the pole will rest where the line 
GA IB truly vertical, it will, on 
any^ incUnation ^ from the vertical 
position, fall quite away from that 
position, unless, by a quick motion 
of the finger, the point of suppport 
A is moved about so as to keep it exactly tinder 
6r. The difficulty of thus balancing the pole 
on the finger arises from the fact, that the very 
least disturbance of the pole out of the exact 
vertical position of equilibrium, causes it to fall 
quite away from that position, unless the point 
of support be moved in such a way as to arrest 
the fall. 

A child learning to walk Is an Illustration of 
this attempt to balance a body, supported ou^vxcJa. «^ 
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small base as the feet are. The child has to learn 
by experience, though it be not aware of the fact, 
that, when it stands, the vertical through its 
centre of gravity must fall within the limits of 
its feet ; and it takes much time and practice 
to habituate the muscles to keep the body, by an 
involuntary effort, always in such a position that 
the vertical through the centre of gravity may 
not fall without the limits of the feet. Consider- 
ing the variety of attitudes into which the body 
is thrown in actions of standing, walking, running, 
&c., it is not surprising that some practice is neces- 
sary to enable a child to fulfil, in an involuntary 
manner, the mechanical law we are here speaking 
of, and 80 avoid falling. 

Walking on stilts is much more difficult than 
on the feet, because the base is much more circum- 
scribed, especially on each side, so that a very 
little inclination to the right or left is enough to 
cause a fall, unless the body be thrown quickly in 
the opposite direction. 

GENERAL PRINCIPLE. 

We may lay down the following as a peneral 
principle^ namely. That the equilibrivm of a body is 
stable or unstabUi according as its centre of yratity 
is in its lowest or highest position. 

For if the centre of gravity be in its lowest 
position, and if the body be slightly disturbed 
from that position of rest, the centre of gravity 
has risen in consequence of that disturbance. 
Therefore, since the centre of gravity always falls 
if it can, the body, if left to itself, will go back 
to the position of real. 
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But if the centre of gravity be in its highest 
position^ and the body be slightly disturbed from 
that position of rest, the centre of gravity has 
fallen in consequence of that disturbance. There- 
fore, since the centre of gravity never rises of 
itseL^ but falls if it can, the hodj will not re- 
turn to its position of rest, but will move away 
from it. 

When, after a slight disturbance from a position 
of rest, a body has no tendency to move, either 
back to that position or away from it, the equi- 
librium is neitner stable nor unstable, and is there- 
fore called neutral equilibrium. An instance of 
this kind of equilibrium is a suspended body, in 
which the centre of gravity itself is the point of 
suspension. 

We shall presently, and on future occasions, 
rive other instances of stable and unstable equi- 
Ubrium. 

We may here observe, that the various instances 
we have been considering, may be explained with- 
out any reference to the principle of the descend- 
ing tendency of the centre of gravity. Thus, in 
the case represented in fig. 127, the weight acts 
along the line C 6r, because that line is vertical, 
and therefore, since is fixed, no motion can 
ensue. Again, in fig. 128, a vertical through G 
falls on the left of C, and therefore the weight 
will have a certain moment (see Art. 63.) about 
Cy tending to turn the body towards the right 
hand. And so in the other cases. 
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EXPERIMENTAL METHOD OF FINDING THE CENTRE 

OF GRAVITY. 

The fact, that when a body is suspended by 
any point, the centre of gravity rests verticaUj 
below the point of suspension, enables us to deter- 
mine by actual trial tne position of the centre of 
gravity in the body. Thus, suppose that we wish 
to find whereabouts the centre of gravity is in a 
piece of thin board of any shape, as, for instance, 

PQ, fig. 133. Sua. 



Fig. 188. 



Fig. 184. 




pend the board by a 
string A B, fastened 
to it at any point A^ 
and mark on tne board 
with a piece of chalk 
the direction AJB oi 
the string JEA pro- 
duced. AB ia toen 
a vertical line through 
the point of suspen- 
sion, and therefore the centre of gravity must lie 
somewhere in AB. 

Again, suspend the body by some other point 
Cy fig. 134, and mark with chalk on the board the 
direction C I) of the string EC produced. CD is 
then another line in which the centre of gravity 
lies, and therefore the point where the two lines 
A B and CD, thus drawn, intersect^ must be the 
centre of gravity of the board. 

To determine in this manner the centra of 

gravity of a body, not flat, like the board, but of 

some solid irregular shape, is, of course, not quite 

BO easjy but it may be done in the following 

manner:-— 
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Get an upright Fig.iss. 

rame^ fig. 135, with a 
nail fixed pulley JS at 
be top of it ; fasten a 
kring to any point C of 
ae body whose centre 
f gravity we wish to 
nd, and suspend the ^ 
ody by passing the 
taring over the pulley £> as shown by the line 
M ±J£[ in the figure. Let B be an upright 
oint, fixed in the base of the frame exactly 
nder ^, in a vertical line, so that the line A G 
roduced may pass through B. The proper posi- 
ion of B may be easily determined, by fastening 
piece of lead to a string, and allowing it to hang 
rom A below the base of the frame, making a 
ole in the base, if necessary, for the string to 
ass through. It will then be easy to fix a piece 
f pointed wire, BK^ in the base, so that the point 
^ may be in contact with the string ; in which case 
lie two points B and A will be in the same ver- 
ical line. 

This being done, and the body b^ing suspended 
y the string as shown in the figure, ^e have onl^ 
> lower the body gradually till it toi^bes and is 
larked by the point B ; then it is clea^ that the 
ne joining C and ^ is a vertical lin^ drawn 
brough the point of suspension, and therefore the 
entre of gravity must lie somewhere in this line. 

If then D be the place on the surface of the 
ody where the mark was made by the point JS, 
nd if D' be the mark made when the body is susp- 
ended by any other point (7', it is clear that the 
entre of gravity is somewhere in the line jomln^ 
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C and Dy and also somewhere in the line joining 
G and I/; that is, the centre of gravity is at the 
point where these two lines intersect* In this 
manner the position of the centre of gravity is 
completely defined and determined. 

PROBLEMS RELATING TO THE FINDING OF THE 
CENTRE OF GRAVITY. 



Problem XIX. 

To find the centre of gravity of a quadrilaterci 
figure. 

^,^.,3e. Let ABCD, fig. 136, be 

the quadrilateral figure; draw 
its two diagonals AG and BBy 
intersecting at F; find E^ the 
middle point of BD^ and draw 
AE and CE ; take on these 
lines the points H and JT, so 
that EH shall be one-third of 
A Hy and E K one-third of GK, 
and draw HK cutting BB 
at L. 

Then, by Prop. XXL Cor. 
1, jy is the centre of gravity of the triangle 
ABDy and jSTthat of the triangle 5 CD.* wherefore 
the centre of gravity of the whole figure composed 
of the two triangles is somewhere in the line joining 
H and K. (See Prop. XTX.) Now, because EH 
is one- third of EA^ and EK one-third of ECy it 
follows that HK is a line parallel to AC, and that 
EL is one-third of EF.^ The line HK may 
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e be easily drawn as follows; — Find E 
die point of BD, and then L, eo that EL 
one-third oi EF ; then draw the line BK 
L parallel to AC, &ad the centre of grayity 
:][uadrilateral £gure is Bomewhere in this 

e we may determine the centre of gravity 
following simplified construction, fig, 

□g drawn the dii^nals no, 137. 

1 BD meeting in F, find 

die points, E and S, of 

id determine the points 

L' by making EL one- 

f EF, and E'L' one- ^ 

f E'F; then through 

a line parallel to A C, 
xjugh L a line parallel 

and the point G where 
leemeet is the centre of 
required. 

is obvious, since, ae we have shown, the 
)f gravity must be somewhere in the line 
I L parallel to ^ C, and, by a parity of 
ig, it must also be somewhere in the line 
I L', parallel to BD ; wherefore it is at 
it of intersection of the two lines, 
L— If AB=BC, &TiAAD=DC, where is 
tre of gravity of the quadrilateral figure 
t, which in this case is called a lozeage ? 
i. — If the dif^onals be at right angles to 
ther, and if AF=i, FC =10, FB = 9, 
I ; find how far the centre of gravity is 

t. — On the same supposition, except that 
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AF'sil, FC^2, FB=^S, and Fi)=4; find how 
far the centre of grayitj is finom F* 

Ex. 4. — On the same suppoeition as in Ex. 2, 
except that the diagonals are inclined to each 
other at an angle {BFC) of 6<r ; find how &r G 
is from F. 

Ex. 5. — ^If the diagonals be at right angles to 
each other, and the perpendicular distance of the 
centre of gravity from one diagonal is 4, and from 
the other 7 ; draw the quadrilateral figure. 
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Problem XX. 

To Jmd the centre of gravity of a pentaffonal 
figwre. 

Let ABODE, fig. 138, 

be the pentagonal figure; 

find the centre of gravitji 

Ky of the quadrilateral figure 

ACB E; find also the 

centre of gravity, jBT, of 

the triangle ABC, and join 

H and K. Then the centre 

of gravity of the whole figure 

must lie somewhere in the 

line HK. 

Again, find L and M, the respective centres of 

gravitv of the quadrilateral figure A BCD, and 

the triangle ADE, and ioin L and M. Then the 

centre of gravity of the whole figure must lie 

somewhere in the line LM. Wherefore thci 

point O, where LM and HK intersect, is the 

centre of gravity required. 

Ex. 1. — Find tlie (ieutt^ o^ ^vdt^ of a pen- 
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Fig, 189. 



tagon whose sides and angles are all equal to each 
other. 

Ex. 2.—AE, ED, D(7, and ^C are all equal 
to each other, AB\& equid to B C^ and the angle 
AED is 60°; find the centre of gravity of the 
figure. 

Fboblem XXI. 

To find the centre of gravity of a triangular 
pyramid. 

A triangular pyramid is a solid figure, ABCD^ 
fig. 139, bounded by 
four triangular surfaces 
or faces, namely, ABC, 
BCD, BDA, and ACD. 
Observe, in the figure 
the points A, C, and D 
are not supposed to lie 
in the same plane with 
B. The conception of 
figures of this kind 
being rather difiScult to 
those who have never 
studied the Eleventh 
Book of Euclid, or any- 
thing relating to solid geometry, it will be well for 
a beginner to have a model to show this figure in 
its natural solid dimensions. Such a model can 
be easily made by drawing a triangle, ACD, 
upon a piece of board, making holes at A, C, and D, 
into which three stout wires, BA, BCy and BD, 
may be inserted; and these wires are to be 
united at B. The other lines of the figure, such 
VA BLt BE, A*ff, &c., may be formed of thin 
wire, or of threada, 
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To find the centre of gravity of this solid figure, 
let Hy the centre of gravity of the triangle AGD^ 
be found, and join BH; then we may show that the 
centre of gravity of the solid figure is somewhere in 
the line A H. For, if A C 2)' he a triangle formed 
by lines, A' C\ CLI, D A\ parallel to AG, CD, 
DAy respectively; in other words, \i AG II be 
a triangular section * of the solid parallel to A CD, 
it is clear that the triangles ACH and AGB 
will be perfectly similar to each other, and simi- 
larly situated with respect to the line BH^ which 
is supposed to meet the triangle AGD at E ; 
wherefore, since H is the centre of gravity of 
A CD, H' will be the centre of gravity of A CD. 
Now we may suppose the whole solid to be made 
up of triangular slices, such as -4' (7 ZX, all parallel 
to AGDy and the centre of gravity of each of 
these slices, like that of A GT>\ will lie in the 
line BH. Consequently, the centre of gravity of 
the whole solid must lie somewhere in the line BH. 

Again, if we find K the centre of gravity of the 
triangle BGD, and draw the line AKy we may 
show, in the same manner, that the centre of 
gravity of the solid must lie somewhere in the' 
line A K. 

Wherefore, if G be the point of intersection of 
these two lines, BH and AK^ the centre of gravity 
of the solid is at G. 

We may show by measurement that HG is 
always one-fourth of HB, by constructing the 
figure shown in fig. 140, where the letters signify 
the same points as in fig. 139. L is the middle 
point of DO; HL is one-third of AL, which 

• That is, tlie flat STirfacft produced by cutting the solid figure 
across in one plane, auppoaed \»\>ft ^«wJC^\A^iJafe^^^sMJ^a ACD, 
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:e8 H the centre of gravity of ACD ; and 
is one-third of BLy «. ..^ 

m makes K the centre 

ravityof J5C72). Then, 

I measure, we shall find 
HO ia always one- 

tko£EB. 

bis may be shown by 

id. Book VI. , as follows : 

braw L M parallel to 
to meet A K produced 

f .• then, because ML 

rallel to HGy we have, 

ML : GH\x AL z AH:: 3 : 2. 
, because ML is parallel to B 6r, we have, 

BG : ML :: BK : KL :: 2 : 1. 
refore, by composition of ratios, 

BG : GH :: S : 1. 

nee it follows that GH is one-fourth of BH. 

^(jiUary 1. — To find the centre of gravity of a 

nid on a polygonal base. 

5t ACDEF9 fig. 141, be the polygonal base, 

isponding to the triangular Fig.ux. 

in ACD in fig. 139; then 

oay show that if we draw a 

BHy from B to the centre 

ivity if of the base ACDEF, 

tiake HG equal to one-fourth 

JB, G is the centre of -^^ 

tj of the pyramid. In fact, 

nay suppose the pyramid to 

ade up of a set o{ triangular pyramida^UAxaelY^ 
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ABCDy ABDE, and JBEF; and the centre 
of gravity of each of these pyramids will be at a 
distance above the base equal to one-fourth of the 
distance of the vertex B above the base. Where- 
fore the centre of gravity of the whole solid must 
be also one-fourth of the same distance above the 
base. Also we may show^ as in the preceding 
case^ that the centre of gravity is somewhere in 
the line BH. It follows, therefore, that if we 
measure on HB a distance HG equal to one- 
fourth of HB, G must be the centre of gravity 
required. 

Corollary 2. — To find the centre of gramty of a 
cone. 

When the polygon ACDEP, fig. 141, has a 
very great number of very small sides, it may be 
Fig. 143. regarded as a curve ; in such a case 
the pyramid becomes what is called 
a cone, fig. 142. We have, there- 
fore, the same rule as before for find- 
ing 6r, the centre of gravity of a 
cone; namely, find H, the centre of 
gravity of the base ACDE, draw 
^tf BH, and measure HG equal to one- 
fourth o(BH. 
If ACDE be a circle, -H" is, of 
course, its centre. 

CENTRES OF GRAVITY OF CURVED FIGURES. 

It is often important to find the centres of 
gravity of certain figures bounded by curved sur- 
faces, but the investigations and rules for this 
purpose are too difficult to be introduced here ;* 

* These rules are proved geometrically at the end of the 
citaptor. 
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Fig. 148. 




11 therefore simply state a few results which 
3 useful. 

}ADy fig. 143^ be a rod bent 
le shape of a semicircle^ its 
of gravity is thus foimd. Let 
lie centre of the semicircle, and 
middle point of the semicir- 
ircumference5-^Z)/or,inother j^r^ 
let CA be perpendicular to 
then the centre of gravity is 
line A C, and its distance G C 
' is got by dividing 2AC hy 
maber 3.14159; or, what is 
the same thing, (?(7 is got by dividing 

yll. 

number 3,14159 is that decimal* by which 

lius of a semicircle must be multiplied in 

to get the length of the semicircular cir- 

ence; or, we may say, 3.14159 is the number 

ch the diameter of a circle must be multi- 

3 get the length of the circumference. The 

22 . 
Q -^ is nearly the same thing as this number. 

'AD represent a board in the shape of a 
•cle, the centre of gravity, 

found by measuring OG, 
to two-thirds of the value 

preceding case ; that is to 
^G is got by dividing TAG 

'AD represent half a sphere, 
4, C the centre, A the middle 
3f the hemispherical surface, 
eing perpendicular to B D, 
* To fire places of decimaLs. 
Q 



Fig. 144. 
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and if G be the centre of gravity ; then CG i& 
exactly fths of A 0. 

If ff be the centre of gravity of the surface of 
this half sphere, C 6r is exactly equal to \A0; 
that is, G is the point of bisection of the radiiu 
AG. 

Problem XXIL 

To find the centre of grcmty of three equal weiffhti 
placed at the angular points of a triangle; also, (f 
three rods of equal weight forming a triangle. 

Let A9 B, and 0, fig. 145, 
F%g. 145. y^^ three weights, each equal 

to Wi at the angular points 
of the triangle AB G ; bisect 
J. (7 in 2>, draw JBD, and 
on it take &, so that BG 
^ shall be one-third of BB^ 
and therefore one-half of BG* The weights A 
and G may be supposed to be collected into the 
point JD, which is their centre of gravity; we 
shall then have a weight 2 TT at 2), and W at B. 
But, since BG^2DGy ff is the centre of gravity 
of these weights ; and therefore G is the centre of 
gravity of the three equal weights at A, B^ and (7. 
It appears from this that the centre of gravity 
of the three weights is coincident with that of the 
triangle ABC. 

If A By B Cy and A C, be three rods of equal 
weight, their centre of gravity is at the same 
point 6r, for the weight of A C, say W^ acting at 
D the middle point of A C, is equivalent to i ^ 
at A and ^ TF at (7; in like manner, the weight 
of AB is equivalent to\W BtA, and ^ JF&tBy 
and the weight o£ B C \a ^^w^iitto \WsiB 
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and ^ W at ; wherefore, the weights of the 
three rods are equivalent to W vA Ay W at 5, 
and ^ at O; and therefore the centre of gravity 
IB at the same point as before. 

Ex, 1. — ^Find the centre of gravity of the weights 
WB,tAy2JFat By and 3 Wat C. 

Ex, 2. — ^Find the centre of gravity of the rods 
ABy B Cy and A Oy supposing their weights to be 
JFy2JFyBJiidSW respectively. 

Ex. 3. — ^Find the centre of gravity of the rods 
ABy B Cy and A Cy supposing them to be the 
same substance and thickness, and that their 
lengths are -^5 = 4, 5C = 5, ^ (7 = 6. 

Ex. 4. — ^Find the centre of gravity of the 
weights Wy 2Wy ^ W, and 4 TF, placed at the 
four comers of a square. 

Ex. 5. — ^Find the centre of gravitv of four 
equal weights, placed at the corners of a quadri- 
lateral figure. 

Ex. 6.— Find the centre of gravity of four 
equal weights, placed at the comers of a trian- 
gular pyramid. 

Problem XXIII. 

If B A By fig. 146, he a half 
spherey whose weight is Wy C its 
centrey and E a rigid line, by 
which a weight eqical to W is 
fixed to the half sphere, G E being 
at right angles to B D ; a/ad if 
this compotmd body be placed on a 
horizontal plane P Q; to deter- 
mine whether the equilibrium is stable or unstable. 

Produce the line E to A, and let G' be the 
centre of gravity of the half sphere, which will 
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be on the line CAy at a ^stance from O equal tof 
\A0. We then have a weight W at G\ and W 
at JS, and the centre of gravity of these two 
weights will be at 6, which is half-way between 
G' and E. G may, according to the length of 
ECi fall either above or below ft 

This compound body will rest when the point 
A is placed in contact with the horizontal plane 
PQ; for there the point (?, when the weight of 
the whole acts^ will be vertically over the point 
of support. 

Now, let us suppose that the bodv is disturbed 
Fig. 147. from its position of rest, in 

the manner represented in 
fig. 147, and that G is below 
C. The force which acts 
on the body is 2 W, ver- 
tically downwards at O^ and 
this force acts on the left 
of the point A\ where the 
surface BAD touches the horizontal plane. 
Wherefore, it is evident, that the effect of 2W 
thus acting will be to make the body turn, or 
rather roll back to its original position ; inasmuch 
as the tendency of W is to brmg A down to the 
horizontal plane again. 

But if G be above C, 
as is represented in fig. 
148, the reverse will he 
the case, for then the force 
2 W will act on the right 
of A', and therefore tend 
to make the body turn or 
roll away from its position 




Fig. 148. 



TV 
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lerefore, the equilibrium is stable or unstable 
ling as 6r is below or above C. 
we place the body with A touching the 
.ntel plane, fiff. ^.^ j,, 

ind make it roll 
e right and left, 
I be found that 
nt F below C 
bes a curve like 
» and that a point 
•ove C describes 
re like K'F'H'. 
lerefore, if the centre of gravity be behw C, 
jP, it will rise when the body is disturbed, 
* it be above C, as at F\ it wUl fall ; in the 
r case the centre of gravity is in its lowest 
an ; in the latter, in its highest. This agrees 
the principle, that the equilibrium is stable 
stable according as the centre of gravity is 
lowest or highest position, 
the centre of gravity be at C, it will de- 
ft straight line horizontally, when the body 
led right or left. In this case the eqm- 
m is neutral; in fact. A' will always be 
ally under the centre of gravity, and there- 
in whatever position the body is placed, it 
est. 

. 1. — If EC ^A C, determine whether the 
brium is stable or unstable. 
. 2. — If EC^ i^ C, determine whether the 
brium is stable or unstable. 
. 3. — ^Find what must be the length o( E C 
ler that the equilibrium may be neutral. 
. 4. — If the weight TT, which is at E, be 
Durth that of the half sphere, hoYf lon^TXiVj 
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EC he made without the eqailibrium becoming 
unstable? 

Ex. 6. — If two equal weights, W and FT, fig. 
„. ,^^ 150, be fixed to the hdf 

sphere by equal ngid Imes, 

^Y Tf ^^ *^^ ^-^» ^*^ perpai- 

dicular to BD ; and if each 

weight be equal to the weight 

of the half sphere, find how 

long EB and FD may be 

made without the equilibrium 

becoming unstable. 

Ex. 6. — On the same supposition, only that 
EB is double FD, find how long JEB may be 
made without the equilibrium becoming unstable. 

Ex. 7.— If EB=^FD, hut the weight at ^i« 
double that at F^ the latter being equal to the 
weight of the half sphere ; find in what position 
the half sphere will rest, and how long JEB and 
FD may be made without the equilibrium beoom- 
ingunstable. 

Ex. 8. — On the same suppontion, except that 
the weight at E is four times that at F; find the 
same. 

Ex. 9. — On the same supposition, find how 
much the weight at E must exceed that at F, and 
how long EB and FD must be, in order that the 
half sphere may touch the horizontal plane at a 
point half-way between A and B, and rest in that 
position in neutral equilibrium. 

Problem XXIV. 

If ABCD he a piece of hoards fig. 151, in 
the shape of a qoadriloUierdl ;^iure^ of uUdI tw0 




STATICS. 23 1 

ndes, A D and B Ci are ^ Fig.m. 

parcdlelf and CD at 
right angles to them ; to 
find the centre ofgramty 
G by means of Prop. 
XXVIL 

Draw B E vX right angles to AD ; let F be 
Ae centre of gravity of the triangle ABE^ F' 
that of the rectangle BCDEy and draw FH, 
F'H\ GKy at right angles to AD. Then, 
because F is the centre of gravity of the triangle 
ABE^ and FH parallel to BE^ AHmxx^t be two- 
thirds of AE; also, H' is the middle point of ED^ 
for a similar reason. 

liOt us now assume, for brevity, a to represent 
AE, bix> represent EDy and x to represent AK; 
then we have, 

Aff^^a, Air^a + ^b. 

Also, since the triangle ABE, and the rectangle 
BCDEy have the same altitude BE^ if JTbe the 
weight of the former, and W' that of the latter, 
we nave,* 

W I W II \a : h. 

Now, by Prop. XXVII. we have, 

_ W X ja + W yi(a + ^b) 

or, putting for WTand W the proportional quan- 
tities, ^a, and b, we find, 

• Theareaof (or quantity of surface in) -4 5-^ is i^i^X 5^, 
and the area of BODE is BDxBE, and IT and IF" are pro- 
portional to these respectively ; wherefore, 

W : W ;: iAExBE : EDxBE ;; \AE \ ED. 
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^a + b 

This determines the value of a?, or -4 iT, in 
terms of a and b, and thus the position of the line 
KG becomes known. 

If we bisect B C and A D, and join the points 
of bisection, the joining line will bisect every line 
drawn in the quadrilateral figure, parallel to AD 
or B C ; wherefore, the centre of gravity G must 
lie somewhere in the joining line ; therefore G is 
at the intersection of that line and IT G. Thus 
G is determined. 

Ex. 1.— K AE^ED^DC^lOy find the 
position of J?', and determine G by construction. 

Ex. 2.— If AE^2ED=^10, determine H' 
and G. 

Problem XXV. 

To find the proportionate dimensions of the board 
in the last problem, so thaty when suspended from the 
point By it may hang with AD in a horizontal 
position. 

In this case G must be vertically below B, and 
therefore must lie in the line B E; consequently, 
H' must coincide with £, and therefore x^=ta. 
We have then, by the preceding problem, 

"^ U + b ' 

.-. 3a2 + 6aJ = 2a2 + 6aJ + 36«; 
.-. a2 = 36% or a=V36 = L7326. 
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Fig. 152. 



Hence^ A E must be equal to E D multiplied 
1)71.732, and this determines the necessary pro- 
portional dimensions of the board. 

geometrical investigation of rules for find- 
ing the centre of gravity, in the case of 
bodies bounded bt curved surfaces. 

Proposition XXVIIL 

To find the moment of the weight of a rody in the 
form of a circular arc^ about the centre of the circle 
asfulcrum. 

Let BADy fig. 152, be the rod bent into the 
form of a circular arc, whose 
centre is C; take A any point of 
the rod, and draw A C, which 
we shall suppose to be hori- 
zontal ; draw EF through A at 
right angles io AC ; also, E B 
and FD parallel to A C. Let 
pqhe any small portion of the 
rod^ so small that we may re- 
gard it as a straight line with- 
out sensible error; draw pC; 
pmv^t right angles to AC ; tr 
through p, and sq^ both parallel 
to AC ; and qr at right angles to pr. 

Then /> j is at right angles to p C, because the 
circumference of a circle always runs at right 
angles to the radius ; also, p r and q r are respec- 
tively at right angles to pm and m C. Wherefore, 
the triangles ^p r and pmC are similar, and we 
have, by Euclid, Book Y I., observing that ts^qr, 
vdidpC^AC, 
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pq : qr :: pC : mC; 
and therefore pq xmC^^ts y. AG, 

Now, suppose that EF is a rod of the substance 
and thickness of the bent rod B A D^ in wbich 
case we may take the liiiea pq and ta to represent 
the tceiffhts of these two small portions of the 
rods respectively. Then, pqXmOia the moment 
of the weight of the portion /?y, with reference to 
C as fulcrum ; because this weight is a force act- 
ing along the vertical direction p m^* and mGv& the 
perpendicular from C on pm. Also, for similar 
reasons, 1 8 X AC is the moment of the weight of 
the portion ts^ but pqxmC^tsycAC; where- 
fore, it appears, that the moment of pq about G 
is equal to that of ts about C. 

Now, if we divide the whole of the rod BAB 
into small portions, such os pq^ and if we also 
divide the whole of the rod BF into corresponding 
portions, such as ts, by drawing horizontal lines, 
as shown in the figure ; we may prove, as in the 
case of pq and t s, that the moment of each portion 
of B AC about C, is equal to the moment of the 
corresponding portion of EF about d Where- 
fore it follows, that the moment of the whole 
weight of the curved rod BAD about C as fulcrum, 
is equal to the moment of the weight of the straight 
rod ]EF about C. 

Since the moment of EFiq the weight of EF 
multiplied by ACy this is also the moment BAB. 
Which toas to be found, 

* Strictly speaking, this vertical ought to be drawn throQj^ 
the middle point of ^ q; but p g is so small, that the error arising 
^om supposing this yertical to coincide with pm is quite in- 
seiLsible. 
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OoroUary. — If W be the weight of BAD^ 
tien, since the rods BAD and EF are supposed 
to be of the same substance and thickness, we 

We, 

weight of EF : W :: EF : tiXcBAI), 
and therefore weight o{ EF= tt-tt^; 

whence the moment of the rod BAD about C is 

WxEFxA C 
btgBAD 

Proposition XXIX. 

If the rod A B be supposed to revolve about A C 
as axiSf and so generate or describe a portion of a 
spherical surface ; * it is required to find the moment 
of that surface about C as fulcrum. 

If we suppose the whole figure BE FD to 
revolve about AC 9& axis, it is clear that the 
portions pq and ts will each describe circular rings 
of equal radius, one ring being described with pm 
as radius and m as centre, and the other with A t 
as radius and A as centre. Wherefore, the quan- 
tity of matter in the ring described by py, will be 
to the quantity of matter in the ring described by 
tSi^A pqv&tots» The weights of the two rings 
wOl therefore be proportional io pq and ts respect- 
ively; and therefore, since pq.mC^ts. A Oy it 
follows that, 

f weight of ring described hj pq)'XmC ^ 
(weight of ring described hj ts) X A C. 

* By the word surface here we mean a Truxterial surface, that 
is, a body of extremely small and uniform thinness, like paper, 
for instance. 
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But these weights act at the centres of gravit;^ 
of the rings, namely, at A and m re^>ectiyel7, in 
the verticw directions i A and f> m / wnerefore m C 
and A C are the perpendiculars from C on tfae 
directions of these weights. We have, therefore, 

moment about C of ring described hj pq^ 
moment about C of ring described by ts. 

Wherefore, reasoning as in the former propo- 
sition, it appears^ that the moment about C of the 
portion of spherical surface, generated by the 
revolution of the rod B Ayia equal to the moment 
about C of the circular surface, generated by the 
revolution of the rod A E. Which tvas to be 
found. 

The latter moment is the weight of the drde, 
whose radius is ui J? multiplied hj AC; therefore, 
this is also the moment of the portion of a spherical 
'surface generated by BA. Of course, both surfiEU^ 
are supposed to be equally thin, and to be com- 
posed of the same substance. 

Corollary. — If JF be the weight of the surface 
generated by the revolution of the rod B A, we 
have, as in the former propositipn, 

weight of circle generated by rod JEA : W :: 
surface of circle whose radius ia EA : sur- 
face generated by A B. 

Wherefore, the moment about C of the weight 
of the surface generated by the revolution of the 
arc B A is, 

W X surface of circle whose radius is E A x AG 

■ » 

surface generated by arc A B. 
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Proposition XXX. 

d the moment of the weight of aflat surface^ 
ipe of a sector of a circle^ about the centre 
cle as ftdcrum. 
BAD, fig. 153, be the sector, C^the centre, 

the horizontal radius ; Fig. iss. 

may divide the whole 
to triangles, by drawing 
lumber of rami from C, 
stance, Cp and Cy, pq 
nail enough to be re- 
as a straight line, as 

if r be the centre of 
3f the triangle Gpq, Or 
o-thirds of Cp^ we may 

the whole weight of 

be collected into the 

and the same may be Fig. 154. 

all the other triangles e' b' 

ich the sector may be 
Now, the centres of 
>f all the triangles form 
r arc J5' A'I>\ described ^\ 
as centre, with a radius 
o two 'thirds of A C. 
Dre, we may suppose ^___X_ j^* 
le weight of the sector 
llected into the series of points forming 
B'A'D'; in other words, we may suppose 
tead of the sector, we have a rod B'A*D\ 
f we draw E*£* and F'D' horizontally, as 
54, and JS'F' through A* vertically, thft 




-Cf 
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moment of this rod is the weight of E' F' multi- 
plied by A' C, E'F being supposed to be a rod of 
the same substance and thickness as B^ A' D. 
Wherefore, this is also the moment of the sector. 
Which was to be found. 

Corollary. — If W be the weight of the sector, 
W is also the weight oi B*A'I>\ and therefore, 
since B' A'D' and E' A'D' are of the same sub- 
stance and thickness, we have, 

weight of E'F' : W :: E'F' i bxcB'A' D' 

:: EF : ^gBAD. 

EF being vertical, and EB and FB horizontal ; 

WxEF 



therefore weight of E' F' = 



2iXcBA£> 



Whence, since J.'(7' = §^C, we find that the 
moment of the sector about C is 

2 TTx EFx AC 
^ QxcBAB 



Proposition XXXI. 

To find the moment of a body^ in the shape of a 
solid sector of a sphere^ about the centre of the sphere 
as fulcrum. 

Let ABCDy fig. 155, represent the solid sector, 
and C its centre ; let ©y^'p' be a small portion of 
the surface of the sphere, so small that we may 
regard it as a little plane, and draw the lines p C, 
p'Cy ^Cy q'C. Then, if the centre of gravity of 
the pnsm ppgq'Che r. Or will be three-fourths of 
^/?, (Prob. XXI.) and. yj^ xxia^^ ^^^ m thft former 
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sition, suppose the ' Fig. 155. 
It of this prism to be 
ted into the point r. 

we may suppose the 

sector to be divided 
risms of this kind^ and 
eight of each prism to 
Uected into its centre 
vity, at a distance from 
laJ to three-fourths of 
dius of the sphere. 
! may therefore suppose 
be whole weight of the 
sector is collected into 
38 of points forming a 
cal surface, whose radius 
ee-fourths of that of the sector. Hence, 
ling as in the former proposition, we obtain 
blowing expression for the moment of the 
ector, viz, — 

(surface of circle whose radius is Ej4) x AC^ 
spherical surface of the sector 

bag the whole weight of the solid sector. 
Proposition XXXII. 



find the centre of gramty of 
cumference of a semicircle. 
Prop. XXVIII. the moment 
5 semicircle B A By fig. 156, 
(7, supposing that AB and 
re each quadrants, in which 
4F=AE = A C, (see fig. 
rill be, 




— a 
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WxEFxAC Wy.2ACy.AC 



.— • or 



arc BAD * circumference of semicircle* 

N0W5 the circmnference of the semicircle is got 

by multiplying its radius AC by 3.14159, or j 

nearly ; wherefore, the expresrion for the moment 
becomes 

W^j^AC, or W^JC. 

Let G be the centre of gravity, which is some- 
where on AC ; then we may suppose that WTacts 
at Gy and therefore the moment of W about Cis 
WyCG. Wherefore, 

Wy CG^Wy^.AC; 

7 
and therefore CG =: rr: AC; 

which determines the position of G. 

Proposition XXXIII. 

To find the centre of gravity of the stvrface of « 
semicircle. 

Keasoning as in the preceding case, we find, by 
Prop. XXX. that the moment of W is 

2 Wy2ACyAC w^AC- 

3 circumference of semicircle' 33 ^ 

but the moment of ^is also PFx CG; wherefores 

14 
CG= --AC: 
33 ^ , 

which determines G. 
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Proposition XXXIV. 

To find the centre of grcmty of the mrface of a 
imisphere^ or of the solid hemisphere itself 

In the case of the surface, we have by Prop. 
XXIX. 

moment of TF = 

W X surfaced of circle whose radius is AC X, AC 
surface of hemisphere ' 

but the surface of the hemisphere is double the 
surface of the circle, by a well-known geometrical 
theorem;* wherefore, 

moment of W^Wx^AC=:Wx C G, 

tod consequently, C Gss\AC. 

Again, in the case of the solid hemisphere itself, 
by Prop. XXXI. 

moment of TF = 

3 TFx surface of circle whose radius ta ACx^AC 

4 surface of hemisphere 

3 

Wherefore, CG^ ^AC. 

To these Propositions we shall add the follow- 
ing, which is usually given in this part of the 
subject. 

• The surface of a sphere is foar times that of its generating 
or great circle. This is proved at the end of the chapter, by the 
ProperHes ofOuldinue. 

R 
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Proposition XXXIV. (bis.) 

If a body having a spherical base be placed resting 

on the top of a sphere, or in the inside of a sphere, 

to determine whether the equilibrium is stable or 

unstable* 

Fig. 157. Let BPQhe the body 

with the spherical base, and 
RA 8 the upper part of the 
sphere upon which it rests; 
let G be the centre of B QP, 
and C the centre of BA8, 
then the line joining C and 
C must pass through the 
two touchmg points A and 
B of the two spherical sur- 
faces; also5 in order that the 
body BPQ may rest in this 
position, the line B G must 
be vertical, and the centre of 
Fig. 158. gravity of B P Q must be 

somewhere in BGorBC 
produced. Our object is 
to determine how high 
the centre of gravity may 
be above B without the 
equilibrium becomingun- 
stable. 

Let the body ^PQ be 
turned or rolled a little 
on one side, so as to bring, 
for instance, the point B' 
upon the point A% Bsis 
wvoN^Tv Va. ^. 158. The 
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line joining C and C^ will now pass through these 
two touching points, as shown in the figure. 
Produce GB and C'A to meet at D, and draw 
A*E vertically to meet GB at E. 

Now the centre of gravity of the body B PQ 
is somewhere in the line B Gy or B C produced, as 
we have stated. If it be below the point JE, at 
G for instance, the weight W of the body will 
act on the left of the point A'^ and therefore tend 
to make the body roll back to its position of rest. 
But if G fall above E, the reverse will be the case. 
WTierefore, the condition of stability is, that B G 
ihaU be less than B E. 

Now to find BEy we have, since A' E is 
parallel to C' D, 

GE I GD :: GB' : GG'. 

Let us take r to represent J5(7, and r' to repre- 
sent A C ; then CB' = r, and CC ^ r + r; 
also, because the body is supposed to be but very 
little disturbed from its position of rest, we may, 
without sensible error, neglect the little space 
BDi and assume that CD = GB = r. Hence 
the proportion becomes, 

GE : r i: r :: r-^-r 
GE= 



r" 



• • 



and .-. BE^r-GE^ 



rr 






Hence, if the height of the centre of gravity G 
above B be less than the product of the two radii, 
r and r> divided by their sum, tVie ^c\!3JMciTO^ 
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fig. 159t 




CEr=: 



will be stable ; other- 
wise not. 

If the body b< 
placed inside a sphere 
instead of upon it^ a 
figure, apparently dif^ 
ferentyinust be drawn, 
fig. 159, but the letters 
denote the same as 
before, and the aboTe 
proof applies, word for 
word, to this case; 
only we find (7(7' » 
r'— r, and then, pro- 
ceeding as above, we 
obtain, 



r — r 



.% BE^rr^CE — 



rr 



r ^r 



Fig, 160. 



The only alteration, therefore, is, that we have 
the difference of the radii instead of the sum. 

A good toy is made on the prin- 
ciple proved in this proposition: a 
half sphere of wood, R8, fig. 160, is 
laid on a table, and a figure, PQ, 
having a heavy spherical base at J?, 
is placed upon it. The base of the 
figure is made so heavy, that the 
centre of gravity is sufiSciently low 
to render the equilibrium stable. 
Then, if we push the figure, it will 
not fall ofi* from R8y but roll backwards and 
^rwards on the Vs^ oi il. 
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^e shall conclude the chapter with the two pro- 
posj&ns usually called the Properties of Guldinus. 

PHOPERTIES of GULDINUS. 

Proposition XXXV. 

If A By Jig. 161, be a straight Fig. leu 

My APB any cwrtBy and G 
'S centre of gravity of this 
vrve ; then the quantity ofsur- 
'<ee generated by the recoltUion 
-the curve APB about the 
%e AB as aaisy is found by 
ultiplying the length of the curve A PB by the space 
hich its centre of gravity G goes over during the 
volution. 

Divide the whole of the curve APB into very 
aall portions, and let P be one of them ; draw 
M and GH at right angles to A By and let PM 
J represented by ^, GH by a, and the length of 
;e small portion P of the curve by s ; also let c 
present the circular arc which G aescribes when 
16 whole figure is supposed to revolve about AB 

axis. Then we have, 

arc described by the point P : c :: y : a» 

.*• arc described by P = — ^^ 

^ a 

Now, the quantity of surface in the narrow 
ng or belt which the small portion s describes 
anng the revolution, will evidently be found by 
lultiplying s by the circular arc wnich each point 
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of it describes ;* that is, by ~ : wherefore, 

quantity of surface generated by « = '^— . 

In like manner, if «', «", «'", &c denote the 
other small portions of the curve, and y ', y ", y"\ 
&c. their respective perpendicular distances &om 
the axis AB^ the quantities of surface generated 
by these portions will respectively be, 

cy'B' cy"s" ey'" »'" ,,^ 

, , ^ OtC« 

a a a 

Wherefore the whole quantity of surface gene- 
rated by the revolution of the curve A PB will be 
the sum of all these ; that is, 

|(y^ + /*'+y"*"+j/'"«"-f &c.) 

But by Prop. XXVII. the whole expression in 
the brackets is equal to 

(« + «' + ^" + /"+&c.)a; 
for we may consider «, /, «", &c. as representing 
the weights of the different portions of the curve ; 
wherefore, since « + «' + «+ «'" + &c., is the 
whole length of the curve, we find that the sur£EM^ 
generated by the revolution of the curve is equal to 

- (« -h »' + a" 4- 8" + &c.) a,or c X length of curve. 

Which was to be proved, 

* We consider » to be so small, that every point of it may be 
regarded as at the same distance y jfrom the axis A B, and there- 
fore aU the points of s may be considered as describinip cireolar 
area of the same lengtti. 
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Proposition XXXVI. 

G he the centre of gravity, not of the curte 
?, but of the flat mrface enclosed by the curte 
? and the line A By the bulk of the solids gene- 
by the revolution of this surface about AB as 
mil be found by multiplying this surface by the 
the centre of gravity G goes over. 
\ shall use exactly the same notation as 
I, except that we shall suppose the whole of 
irface APB to be divided into very small 
ns, of which Q is one, fig. 162, rig. 162. 
e shall assume s to represent 
uantity of surface in Q, and 
represent the perpendicular 
ce QM of Q from A B. We 
also assume s's's", &c. to"* '^ ^ 
5 the other portions, corresponding to Q, 
which the surface APB is divided, and 
'", &c. to denote their respective perpen- 
•r distances from AB. Then, reasoning 
y as before, we may show that the length of 
re described by each point of the small sur- 

is - ; but the bulk of the solid ring gene- 
a 

by s will evidently be found by multiplying 

the circular arc which each point of it de- 

s; that is, — ; wherefore, 
a 

bulk of solid generated by « =— • 

nee, as before, the bulk of the solid gene- 
by the whole surface APB will be 

^(ys+yV +y"s" + y"'t"' ^h€) 
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or, by Prop. XXVJJL, 

or c X quantity of surfiice in A PB, 
which was to be prated. 

Examples of the use of these Propositions, 

Ex. 1. To find the surface of a sphere. — ^Let the 
carve A PB be a semicircle ; then the snr&ce it 
generates will be that of a sphere whose radius is 

\ AB^ which call r. In this case, <? = — r by 

Prop. XXXII. and the circumference of the 

22 • 
circle described by G^,the radios beings;, is 2 •=- c* 

22 
or4r. Also the length of ^ P5 is -=- r. There- 
fore, by Prop. XXXV., ' 

22 

surface of sphere = 4. y r* = 4, surface of circle 

whose radius is r. 

Ex. 2. To find the bulk of a sphere. — ^By Prop. 
XXXVI. this bulk is 

(quantity of surface in A PB) x c / 

1 22 
but quantity of surface in APB = - • - r«. 

also, by Prop. XXXIIL in this case, 

^ 22 14 8 

, = 2.y.-r = 3n 
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♦'ierefore, bulk of sphere = « * "7 ^'* 

We assume here that the circumference of a 

22 

circle whose radius is r, is 2 -=- r, or rather, 

2 (3.14159) r ; and that the quantity of surface in 

22 

the circle is -y ^^ or rather (3.14159) r*. 

It has been proved in a variety of ways that the 

lutio of the circumference of a circle to its diameter 

is about 22 : 7, or, rather, 3.14159 : 1 ; wherefore, 

if € be the circumference, 

22 
c : 2r :: 22 : 7, and .•.<? = 2 ^ r. 

7 

It may also be shown by dividing the circle into 
a great number of triangles, by drawing radii from 
the centre, that the quantity of surface enclosed 
by the circle is found by multiplying half the 
circumference by the radius ; which gives, 

22 

surface of circle = | cr = -;r ^^« 

7 



CHAPTER VI. 

THE MECHANICAL POWERS. 

We have now explained what may be regarded 
as the fundamental part of Mechanical Science) 
namely, the subject of the composition and reso- 
lution of forces under various circumstances ; we 
have dwelt particularly upon the important case 
of the parallel forces acting on bodies in conse- 
quence of the attraction of gravitation, and as con- 
nected therewith, we have given a variety of 
propositions and problems relating to the centre 
of gravity. We may now proceed to the appli- 
cation of the principles we have established to 
various mechanical combinations, such as the 
simple machines called the Mechanical Powers ; the 
investigation of the Strains sustained by different 
descriptions of framw-work^ as, for instance^ Boofi 
of different kinds; the equilibrium of rigid struo" 
tures, such as Fiers and Arches; the equilibrium 
of flexible structures, such as Chain Bridges; the 
Strength of Materials ; the effects of Frictiony &c 
Our limits will not allow us to give more than a 
brief and general view of some of these topics, but 
even such a view of them will be found useftil and 
instructive. 

We shall now commence with the Mechanical 
Powersy as they are caW.^d, T\v^^^ «xe machines^ 
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trivances of the simplest description, which 
largely into the composition of complex 
lery, and are of common use and application 
ordinary concerns and occupations. The 
nical Powers, as generally enumerated, are 

The Lever. 
Wheels and Axles. 
The Inclined Plane. 
Cords and Pullies. 
The Screw. 
The Wedge. 

have already considered the Lever, though 
hat out of its place, for the reasons stated 
ipter I. It only remains here to consider 
iilancey which is a description of lever of 
arable importance. 

THE BALANCE. 



TTiption of the com-' 
ilance, — The com- 
lalance consists of 
n, or lever, AB, 
3, which is sus- 
1 by its middle 
(7, by means of a 
>f metal OD. The 
rms CA and CB 
lal, and from their 
lities A and B are 
ided by strings two 
or scale pans P 
! of equal weight. 



Fig. 163. 
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In one of these are put the weights, and in the 
other the substance to be weighed. In many 
balances there is a projecting piece E attached to 
the arm A By the object of wnich is to make the 
centre of gravity of the arm fall below the point 
of suspension Cy for reasons we shall presently 
explain. Of course^ this may also be done by 
giving a proper shape to the arm without the pro- 
jection -E. There is also generally a projecting 
piece CFf called a tongue, attached to A By and at 
ri^ht angles to A By the object of which is to show 
wnether the beam AB is m a horizontal position 
or not ; for, when the tongue CF coincides with 
the vertical suspending piece of metal CD, the 
beam is evidently horizontaL 

The Knife Edges. — The beam of the balance 
has generaUy what are called knife edges projecting 
from it on each side at C, and these knife edges 
rest on two rings which form the lower part of Sie 

Fig. 164. suspending piece 

of metal CD* 
This is shown 
roughly in fi|. 
164, where N is 
one knife edee 
resting in the 
ring JST, the other 
knife edge and 
ring corresponding being on the other side of 
the beam. A knife edge is a projecting piece of 
hard metal in the shape of a small wedge, the 
lower edge of which is supported on another piece 
of hard metal, such as the ring K. The method 
of supporting the beam allows it to move about the 
point C with great it^^dom, mucJx more than 
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-wotdd be if the projecting piece NC were a round 
pin or axis turning in a circular hole. In fact^ 
there would always be some amount of friction 
^th an axis, which would resist the free motion 
of the beam; but with a knife edge well made 
there is practically no friction whatever* 

The method of using the common balance is so 
fiEuniliar to every one that we shall not delay to 
say anything about it 

Proposition XXXVIL 

To determine the condition of equilibrium of the 
common Balance. — Let A By fig, 165, be the line 
joining the two points ^.^^ ,g5 

A and B from which 
the scale pans are sus- 
pended; and G the point . 
or fulcrum about which 
the beam turns, G being 
in fact the edge of the 
projecting piece, which, as 
we have stated, is '^called 
the knife edge; then G 
must be on the line AB, and exactly half way 
between A and By for we shall show that this is 
necessary to constitute a correct balance. Let G 
be the centre of gravity of the whole beam, in- 
cluding all those appendages, such as the knife 
edges, the tongue, &c. which are rigidly attached 
to the beam ; then GO \& always, and must be for 
correctness, exactly perpendicular to AB. 

Let P and Q be the weights in each scale pan, 
which will be forces acting vertically downwards 
on the beam^ at the points A and B res^ctivd^ \ 
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also, let W be the weight of the beam and its 
appendages, which is a farce acting yerticallj 
downwards at G. These are the forces which 
balance each other, when the beam aasomes its 
position of rest ; for we leaTC ont of account the 
weights of the scale pans and of the sospending 
strings, because they are assomed to be exactly 
equal, and, since they act at points A and B 
equicUstant from the ftdcrum, they balance each 
other. 

Let us suppose that ^^ has assumed its poffltion 
of rest at a certain unknown inclination to the 
horizon ; and draw through C the horizontal Ime 
A'B'y meeting the vertical lines P^, WG, QB, 
produced, if necessary, at the points A', G', and 
B\ respectively. 

Now, by the Principle of the Lever, we have, 

PxCA'=^WxCG'^QxCB'y 

and therefore, Wx CG'^PxCA'-- Q x CB': 

but CB'^CA', evidently, because CB^CA; 
wherefore, 

wxCG'^{p-q)c' • . . . (1) 

OT^GG'^^^^GA' (2) 

Either of these equations (1) or (2) is the con- 
dition of equilibrium of the balance, a« required. 

Corollary 1. — If P=Q, this condition gives 
C G' = 0y and therefore the point G must be 
vertically under (7/ for if CG =0, the points C 
and 6r' coincide, and therefcwre CG ia vertical. 
Hence CG is vertical, and therefore the beam is 
horizontal^ when the weights P and Q in the scale 
pans are equoL T\vva \a tiifc y^^^\^^ ^^ ^® comr 
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mon balance^ inasmuch as we ooncludie that the 
weights in the scale pans are equal when we see 
the beam resting in a horizontal position. 

CcroUary 2. — The condition of equilibrium of 
the balance is satisfied when P=Q, and Tr=0, 
no matter what may be the inclination of the 
beam ; for the equation ^(1) is satisfied when 
P = Q, and TF=0, no matter what maybe the 
values oi GG' and GA\ that is, no matter what 
may be the inclination of the beam, (for CG' and 
CA' have different values according to the dif- 
ferent inclinations of the beam.) Wherefore, if 
the weight of the beam and its appendages were 
nothing, the beam would rest in any position when 
the weights in the scale pans were equal; and 
consequently we should not be able to use the 
balance in the ordinary way, for the beam resting 
out of the horizontal position would be no indica^ 
tion of the inequality of the weights P and Q. 

Corollary 3.— 1( CG = 0, it is clear that CG' 
also 3= ; and if at the same time P= Q^ the 
equation (1) will be satisfied whatever be the 
value of CA, that is, whatever be the inclination 
of the beam. Wherefore, if G coincides with C, 
the balance cannot be made use of in the ordinary 
way. 

Hence we may see that the weight W of the 
beam and its appendages is an important part of 
the balance ; but its point of application G must 
not coincide with the point of suspension C. 

Proposition XXXVIIL 

To estimate the sensibility of a Balance. — ^We 
determine the weight of a body put in one scale 
pan by putting weights into the other ^c«Aft ^^\^. 
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until the beam is made horizontal^ but it is not 
generally possible to determine the exact weight 
with great nicety^ in consequence of the small 
deviation from tne horizontsd position which the 
beam undergoes when there is only a trifling 
diiference between the weights in each scale pan. 
For very nice purposes the balance ought to be so 
made that an extremely small overplus of weight 
in either pan should turn the beam out of the 
horizontal position sufficiently to be obvious to the 
eye ; in other words, the balance should be sensible 
to a very small overplus of weight in either scale 
pan. 

This sensibility of the balance consists in the 
deviation of the oeam from the horizontal position, 
caused by a small given overplus of weight in one 
of the pans ; the greater, therefore, the deviation, 
the greater the sensibility in proportion. To 
estimate the sensibility then, let us suppose that 
Wy Py and Q, are expressed in ^rainsy and that P 
exceeds Q by one grainy or that P — Q = 1 ; then 
by the equation (2) in the preceding proposition 
we find 

CG' = ^ CA'^ ^'. 

But the triangles J[ C4' and G CG' are evidently 
similar to each other, inasmuch as CG^ is perpen- 
dicular to A Gy CG' to A Ay and (?(?' to CA!, 
wherefore the sides of these triangles are pro- 
portional to each other, and we get, 

AA' : CG' :: CA : CGy 

CG' X CA CA' X CA 



therefore -A A' = 



CG CGY^W 
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But because there is but a small overplus^ the 
leviation of the beam from the horizontal will be 
Sfloally and AG will nearly coincide with A!C; 
we may, therefore, without material error, put 
GA in place of GA!^ in the value of A A!. This 
gives 

GGxW 

Now A A' shows the inclination of the beam ; 
for the greater A A' is, the more apparent will be 
die inclination of the line GA to the horizontal line 
GA'; wherefore the sensibility of the balance is 
indicated by the magnitude of A A'y that is, by 

GGx W* 

In fact, this expression gives the depression of 
the end A of the beam below the horizontal line 
GA\ in consequence of one grain more being in 
the scale pan suspended from A than in uiat 
8iiq[>ended from By and by this expression there- 
fore the sensibility of the balance is estimated. 
Which was to be done. 

Ex. 1. — Let GA = 12 inches, GG^l inch, and 
FTas 2880 grains ; then 

'^ GGxW 2880 20 

Hence the sensibility in this case is measured 
by the fraction lAr, or, to speak more definitely, an 
oven)lus of one grain in either scale pan will turn 
the beam so that one extremity will sink one- 
twentieth of an inch below the horizontal line 
A!GB\ and the other extremity of course rise to 
the same extent. 

8 
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Ex. 2. — On the same supposition, except that 
(76r = ^ th of an inch, estimate the sensibility. 

In this case AA' = i; that is, an overplus of 
one grain will make one extremity of the beam 
sink a qtiarter of an inch. Hence the balance is 
five times more sensible in this case than in the 
former, inasmuch as ^ = 5 X lAr. 

Corollary. — Hence we may see that the shorter 
CG is, the more sensible the balance is in propor- 
tion. It is also manifest from the formula for 
AA\ that the sensibility is increased by diminish- 
ing W the weight of the beam and its appendages; 
it is also increased by lengthening the arms CA 
and CB, 

Proposition XXXIX. 

To estimate the Stability of a Balance. 

A very sensible balance is by no means convenient 
for common purposes, because it swings or oscillates 
so much when disturbed, that it takes too much 
time in assuming its position of rest. For weigh- 
ing substances in the ordinary way, it is necessary 
that the beam should come quickly into the hori- 
zontal position when the weights P and Q are 
made equal, and if this be the case the balance is 
said to possess the property of stability ; by which 
word is meant a tendency to come quickly into a 
position of rest. 

Now this stability will be proportional to the 

moment of the force which tends to make the 

beam assume its position of rest. This force is 

W; for since P and Q are equal they balance each 

other, and have no t^ii^eti^c^ \.^ \skave the beam 
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one way or the other. Wherefore the stability 
is proportional to the moment of W, that is, to 
Wx CG\ But we have shown that 

AA' : GG' :: GA : GG, 
and therefore CG' ^ j^ 

Consequently, the stability is proportional to 

Wx GGxAA' Wx GG .. 

pr-j » or — -^-^ — 9 it we suppose that 

A A' = 1 inch. 

In other words, this expresses the moment of 
what we may call the force of restitution for a 
depression of one inch; that is, this expression 
shows the energy of the force which tends to 
restore the beam to its horizontal position, when 
one extremity A is depressed one inch below that 
position. The formula, then, which estimates the 
stability of a balance is 

WxGG 

GA 

Ex. 1.— If GA = 12 inches, GG=l inch, and 
FT = 2880 grains; we have, 

WxGG 2880 



GA 12 



= 240. 



Hence, when the end A of the beam is depressed 
me inch below its horizontal position, the moment 
>f the force of restitution is 240 ; that is, the force 
)f restitution is equivalent to 240 grains supposed 
x> act at an arm of one inch. 
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Ex. 2. — On the same sapposltion, eioept tbfc 
CG = iVth of an inch, we mid that 

TTxCG 288 ^. 
CA ^IS""^*- 

Wherefore the force of restitution is equivaW fj^ 
to only 24 qrainSi supposed to act at an arm of 
one inch. In this case, therefore, the stabifitj 
may be said to be -^th of what it was in the 
fomer case. 

Corollary, — The stability is increased by in- 
creasing TF and CG^ as is evident from the Si- 
mula. Wherefore, by the Corollary of the preTOM 
Proposition, if we thus increase the stability^ we 
diminish the sensibility, and vice rersoL 



Fig, 166. 



Proposition XL. 

To determine by eosperiment whether ike Arms ^« 

Balance are equal or not. 

Let ^ ^ be in a hori- 
zontal position, and there- 
fore G vertically below G 
fig. 166 ; then Trwillpr&- 
duce no effect, since it 
acts at Gy and we need 
not take it into account. 
Wherefore the condition 

of equilibrium is, by the Principle of the Lever, 

CA : CB :: Q : P. 

Hence, if CA be greater than CB, the weight 
P suspended from A must be less than the weight 
Q suspended from B, and vice versL 

Suppose now tliat G A \a gcea.\et ^"mi C B^then 



-A 
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^^ weight P suspended from A must be less than 
!|^« weight Q suspended from B. Let us reverse 
•Jlcae weights, suspending P from By and Q from 
-4 ; then tne equilibrium will be disturbed, because, 
^Aough CA is greater than CBy the greater 
%^ht Q is suspended from A^ and the smaller 
J^m By contrary to the condition of equilibrium. 
■ If, therefore, on reversing the' weights, we find 
tbat the beam still continues horizontal, we may 
lie sure that the arms are equal; but if the beam 
inclines, we may be sure that the arms are un- 
equal. 

False balances are often employed for fraudulent 
purposes; the arms are made unequal, and to 
prevent the effect of this being noticed, the scale- 

C suspended from the shorter arm is made 
vier than that suspended from the longer, so 
that the unequal weights of the scale-pans just 
eorrespond to the unequal lengths of the arms, 
and balance each other. In this way the beam 
rests horizontally when no weights are put in the 
•cale^^Mms. But the substance to be weighed is 
always put in the pan suspended from the longer 
ann ; therefore it is always lighter than the wei^ts 
by which it is weighed, and in this manner the 
buyer receives less of the substance than he ought 
to do. 

Ex. 1. — CA is 7 inches and CB 6 inches ; the 
pan suspended from B weighs one-sixth more than 
that suspended from A, in which case the beam 
will rest horizontally when the pans are empty: 
the weight of the substance which is put in the 
pan suspended from A9 is apparently fourteen 
ounces : what is its real weight ? 

Here the scale-pana balance eacli ot\v^T> «xA^^ 
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need not consider them ; also, P is tke substance 
to be weighed, and Q is the amount of the weights 
by which P is balanced: wherefore Q is 14, and 
we have, 

7 : 6 :: 14 : P j 

and therefore P = — = — = 12 ounces. 

In this case, then, the buyer gets two ounces 
less than he fancies. 

Ex. 2. — On the same supposition, except that 
the substance is put in the pan suspended from B; 
to find the real weight. 

Here we have, 7 : 6 :: P : 14, 

and therefore P = — j^ — = s" ^ ^^i* 

In this case the buyer gains 2^ ounces. 

Corollary. — To find the true weight by means of a 
false balance. 

Let P be the real weight of the substance to 
be weighed, Q the amount of the weights which 
balance it when it is placed in the pan suspended 
from Ai and Q' the amount when it is placed in 
the other pan. Then, 

CA : CB :: Q : P, and therefore Q = ^^_f^ . 

In like manner, 

CA'.GB:: P.Q', and therefore Q'= ^^^^. 

Wherefore, multiplying together Q and Q', we find, 

o a' - P >< CA X P X GB „ 
^'^ ~ ~ CBxCA =" ^' 
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Hence the square of the true weight, namely, 
P, is equal to the product of the apparent weights 
Q and Q', and we may therefore fina the true weight 
by multiplying together the two apparent weights 
(the substance being weighed first in one pan and 
then in the other), and taking the square root 
of the product. 

Ex. — If the substance in one pan appears to 
weigh 12 ounces, and in the other 3 ; what is its 
real weight ? 

Here P» = $Q' = 3 x 12 = 36, 

and therefore P = 6 ounces, which is the true 
weight required. 

Proposition XLL 

To explain the method of graduating the steelyardy 
or Roman balance. 

This kind of balance, which is commonly used 
in weighing meat, consists of ^^^ le^ 

a beani or lever, AB (fig. 
167), suspended by means of 
a knife edge C, which forms '^^T^^a^^'^ 
the fulcrum. The substance \ I 

P to be weighed is suspended ^ ^ 

from A by means of a hook, 
and it is balanced by a weight 
TT, which hangs by a ring D, so that it may be 
moved along (7P, and act at any point of it that 
we please. In this kind of balance, substances are 
weighed not by being balanced by different 
amounts of weight, but by shiftiug the invariable 
weight TF along the arm CB, untS P is balanced. 
The weight ot P is therefore detexmiafed b^ tW 
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position of the liasD on the arm CB, and therefore 
OB must be marked or graduated in the proper 
manner^ to show the different positions of the rmg 
corresponding to different weights suspended l^ 
the hook from A. 

To show how CB is to be graduated, let any 
Pig^ 168.- substance whose weight 

^ is P be suspended by 
-'-* — the hocky and let the 
. ^ ring be shifted to the 

1 r ^ proper position on CBi 

so that the steelyard 
may be balanced in a horizontal position : then if 
IS be the whole weight of the steelyard (inclufing 
the hook), and if G be the centre of gravity, the 
forces wmch act are Wat B^ 8 at G, and P at A> 
Wherefore, by the Principle of the Lever, we have, 

Fx CA^8xCG+ Wx CD. 

Again, when a substance weighing P + 1 is sus- 
pen£d bv the hook, let D' be the point to which 
W must be shifted ; then, as before, we havei 

(P+ l)CA=^8xOG'\' Wx CD\ 

Wherefore, by subtraction, we find, observing that 
8x CG strikes out, 

(P+ 1) X CA-Fx OA^ WxCB'-'Wx CD, 

or CA = W{CB' •^CB)^W X DB\ 

Wherefore, 2>i>' = —- 

W 

Whence it follows, that when 1 is added to P, 
the distance OB must be increased by the quan- 

.•* ^^ 
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It appears^ then, that for civery increase of one 
imit in the weight of the substance P, the ring 
Z> must be moved a further distance, equal to 

-^ i along the arm CB, in order to keep the steel- 
yard in its horizontal position. Thus, if we take 
mches and ounces for our units, and if CA be one 

inch and Wttvo ounces ; then -™r will be i, that is, 

DD' is half an inch. Wherefore, for every ounce 
that we add to the weight of P, the distance of 
the weight W from C must be increased half an 
inch, in order to keep the steelyard in its hori- 
zontal position. 

Hence we may graduate the arm CB in the 
following manner: — ^First, suspend some known 
weight from A by the hook, say, for instance, 
16 ounces, and move the ring D along the arm 
OB, until the steelyard is balanced in a hori- 
zontal position ; mark the position of the ring by 
scratching a line or graduation on the arm CB, 
and number it 16. Then suspend 17 ounces, 
move the ring till the steelyard is balanced hori- 
zontally, mare the position of the ring by scratch- 
ing another line or graduation upon the arm, and 
number it 17. The distance between these two 

CA 
graduations is equal to -r=^9 as is evident from 

what we have proved above, and in this manner 

CA 
we find the exact value of the distance -^~ 

W 

without knowing CA or W. We have then only 

to mark a series of equidistant graduations along 

the arm on each side of the two just found, ana 
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number those on the right, 18, 19, 20, &c in 
order, and those on the left, 15, 14, 13, &c. in 
order, so that the whole set of graduations shall be 

at the same distance -^9 as just found, firom each 

other in succession. This being done, it is clear, 
from what we have proved, that, if the ring be at 
any particular graduation, say 20, when the steel- 
yard is horizontal, the substance P must weigh 
20 ounces. 

This kind of balance is not suitable for weighing 
with any great nicety. 



I 



Proposition XLII. 

To explain the principle 0/ the Bent Lever Balance. 

The Bent Lever 
Balance, as the name 
indicates, consists of 
a bent lever, ACB9 
(fig. 169,) (7 being the 
fulcrum. The arm 
CA has a knob near 
the end, and is shaped 
as an index at A, cor- 
responding to which 
is a graduated dr- 
cular arc, HA K. The arm CB has a scale-pan 
D suspended from B, in which the substance P 
to be weighed is put. 

The forces which act on this lever are its weight 

TF acting at its centre of gravity (r^and the weights 

D and P together acting at B, Wherefore, if we 

draw vertical lines tVvioxx^ 6 «2ad B to meet the 




STATICS. 267 

borizontal line through C 2XL and M^ we have, by 
the Principle of the Lever, denoting the wei^ts 
of 2> and P by these letters, 

D + P : W V. CL I CM. 

JTow, as the index A rises, it is clear that LM 
increases and CM diminishes ; wherefore, by the 
proportion just obtained, D •\- P must be greater 
in proportion to W the higher the index is; so 
that if we continually increase P, A will con- 
tinually move upwards along the graduated arc. 
The graduation to which the index points may 
therefore be made to indicate the weight of P. 
We might obtain a formula for graduating the 
circular arc, but it is of no use practically, as the 
graduation is always done by actual trial. W eights 
of 1, 2, 3, 4, &c. ounces are put in succession in 
the scale-pan, and the points on the arc HA K, 
opposite which the index rests, corresponding to 
these different weights, are marked and numbered 
1, 2, 3, 4, &c. in order. In this manner the arc 
is easily graduated. 

This kind of balance is adapted for weighing 
quickly where accuracy is not required, because 
tiie index immediately shows on the graduated 
arc the weight of whatever is put in the scale-pan. 

We might use this balance without any gradu- 
ations on the arc, by having a mark E to move 
along the circular arc. We have only to mark 
the position of the index by means of £1; then 
take P out of the scale-pan, and put in weights in 

?lace of it until the index points exactly to K 
?he amount of the weights thus substituted for P 
is evidently the weight of P. 

This may also be done with a commou fake 
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balance.'^ Put the substance in one scale pan, 
and balance it by sand placed in ike other pan ; 
then take the substance out of the pan, and put 
weights in place of it, until these weights balance 
the sand. It is clear that the amount of the weights 
thus substituted for the substance must be exactly 
equal to the weight of the substance, whether 
the arms of the balance be equal or not. 



w^ 



PnoposTnoN XLIII. 

To explain the principle ofBoberroTs Balance. 

This IS the balance generally used in shops for 

weighing coarse articles, such as coals and the 

like, and it is extremely convenient for the 

purpose. The principle of this balance is curioiis 

Fig, 170. ^^^ rather paradoxical, 

and may be thus ex- 
plained. lietBJSSyiig. 
170,) be a stout vertical 
stand, on which two 
levers, AC and 2>JP, 
have their fulcrums, 
namely, at £ and E. These levers are of equal 
length, B is the middle point of A C, and JE the 
middle point of BF; also they are connected 
together by two equal rods, A D and CF, having 
joints at the points A^ (7, i9, and F, so that the 
levers A C and B F may turn freely about their 
fulcrums B and Ey the figure AGFD being 
always a parallelogram, and the toAaAB and CF 
being always vertical. Furthermore, GH and 
KL are arms fixed rigidly and at right angles to 
the rods A B and CF. 
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Fig, 171. 



Now, the peculiar property of this machine is, 
that if two equal weights, P and Q, be suspended 
from the arms GH and KL, they will alusays 
balance each other, no matter from what points of 
Ae arms they may be suspended ; that is, whether 
GM be equal to KN or not, equal weights sus- 
pended from M and N will always balance each 
other. 

To prove this, conceive that the lines BA and 
ED are produced to meet the direction o( Q slI U 
and F, as in fig. 171, and suppose UAD V 
to be a rigid 
parallelogram. 
Take the line 
-UV to repre- 
sent Q, and ap- 
ply, as we may, 
to the rigid 
parallelogram, 
the four forces 
represented by 
VU.AU, VD, 
AD, for these 
forces balance 
each other. * 
Now, of these, the force A U tends to pull the 
arm A B directly away from the fixed point B, and 
the force VD tends to push the arm DE directly 
against the fixed point E ; wherefore these two 
forces produce no effect, but are destroyed by 
the reactions of the fixed points B and JE. Also 
the force F?7 is equal and opposite to Q, and 




♦ By Prop. VI. in which it is proved that four such forces 
balance each other. 
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therefore the two forces VU and Q destroy each 
other. 

There is then left only the force AD un- 
balanced ; but by a similar process on the other 
side, which it is not necessary to go through^ 
there is a force CF unbalanced, the other forces, 
CWy XFy XWy and P, being destroyed, as 
before: wherefore we have only the two forces 
AD and CF to consider. Now these, being 
equal and parallel to each other, and acting on the 
lever AC ^i equal distances BA and B G from the 
fulcrum, balance each other. Thus it appears 
that P and Q balance each other. 

In this demonstration we have not made any 
assumption that GMis equal to KN, nor is it ne- 
cessary to do so ; whence it appears that P and Q 
balance each other, provided they be equal, no 
matter from what points of the arms GH and 
KL they may be suspended. WhicA was to be 
shown. 

In practice, the arms GH 
and KL are not used ; but the 
scale-pans are fixed to the 
vertical rods DA and FC, pro- 
duced upwards, as is shown in 
fig. 172, at M and N. The 
scale-pans M and N are of 
course of equal weight, and 
when equal weights are put in 
them they balance each other ; 
but if the weights be unequal, 
the pan in which the heavier weight is imme- 
diately sinks, but is prevented from upsetting the 
baiance by the stand S, which will not allow 
either of the pointa D ox F \.o ivc^ xcksst^ \jBa33L 



Fig. 172. 
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an inch or so. This balance is sometimes called 
the upsetting balance^ because an inequality in the 
weignts causes the levers A C and DF to become 
vertical if allowed^ which may be considered as a 
kind of upset. 

From the peculiar principle of this balance^ it 
is not necessary to put the substance to be weighed 
in the middle of the scale-pan, so that its weight 
may act directly down the vertical rod which 
supports the scale-pan. This would not be the 
case if the scale-pans were attached to the lever 
A Cinstead of to the vertical rods DA and FC; for, 
if the balance were constructed in this way, the 
centres of gravity of the weights put in M and N 
should be exactly over the points -4 and C, otherwise 
the balance could not be depended upon. It 
would be easy to make a balance of this kind 
perfectly false, by taking away the lower lever 
DF, and fixing the scale-pans to the upper lever 
A Cat A and CI 

EXAMPLES AND PROBLEMS RELATING TO 

BALANCES. 

Ex. 1. — In the case of the common balance^ 
fig. 163, if P denote the weights, and Q the sub-* 
stance weighed, and if AC =^6 inches, GB=i 
frAr inches ; how much will a man gain by selling 
apparently 100 lbs. of tea at 5s. per lb., always 
putting the tea in the scale-pan Q ? 

Ex. 2. — The buyer requires 50 lbs. weighed in 
one scale and 50 lbs. in the other ; who gams, and 
how much ? 

Ex. 3. — The buyer requires 20 lbs. weighed in 
the scale Q, and 60 lbs. in the scale P; who gains, 
and how much ? 
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Ex. 4. — The buyer requires 60 lbs. weighed 'm 
the scale Q, and 20 lbs. in the scale P; who gains, 
and how much ? 

Ex. 5. — The apparent weight of a substance in 
one scale of a balance is 50 lbs. and in the other 
scale 60 lbs. ; find the true weight, and how much 
longer one arm is than the other. 

Ex. 6. — The apparent weight in one scale is 
100 lbs., sold at 2s, per lb., and the seller gains 
6$. ; what would be the apparent weight in the 
other scale ? 

Ex. 7.— Referring to fig. 166, if JC^Z, 
C5 = 4,(7(? = l, »r=10, Q=100, and i£ AB 
rest at an angle of 45^ to the horizon ; find P. 
Do this by measurement or calculation. 

Ex. 8. — On the same suppodtion, except that 
CG is unknown, and P = 50 ; find CG. 

Ex. 9. — On the same supposition as in Ex. 7, 
except that the inclination ii ABis not known, 
and P = 50 ; find the inclination of ^ £ to the 
horizon. This may be done by measurement. 

Ex. 10. — Graduate the steelyard, supposing 
that the centre of gravity of the rod AB iavitCy 
that the weight of the hook A is equal to one 
ounce, and the weight of Wy including the ring i>, 
is one ounce ; also AC ^=1 inch. How fiu* is the 
graduation showing 15 oz. from G? 

Ex. 11. — Do the same when the weight of the 
hook is 5 oz. instead of 1 ounce. 

Ex. 12. — On the same supposition, except that 
AB ia s> uniform rod, 20 inches long, and weighing 
2 oz., graduate the steelyard, and find the distance 
of the graduation showing 6 oz. from (7. 

Ex. 13. — In Roberval's balance, i(ABhe douUe 
^C, and DE double EF,«lvo^ that Pis double Q. 
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Problem XXVI. 

To show how a steel yard with a Tnovable fidcrum 
{the Danish Balance) may he graduated. 

Let AB, fig. 173, ^.^,^3 

be the steelyard, with 
a hook at A^ for 
suspending any sub- @ 
stance P, and a knob 




at B^ so that the V 

centre of gravity G 

of the steelyard and 

hook may lie near B. 

The fdlcrum (7 is a 

ring which is held up by a string. Then, if W 

be the weight of the steelyard, including the 

hook at ^, we have, 

P : W w GC : AC :: a^-x \ x, 
if we put AC^x and A G^a. 
Whence we find Px =z W^a-— x), 

and therefore x = -r, . „r ' 

Suppose, now, that W=^l oz. and a =10 
inches^ and let us put successively for P the values 
1 oz., 2 oz., 3 oz., &c. ; then the corresponding 
values of x will be, in inches, 

10 10 10 10 p 

We have, therefore, only to mark points or gra- 
duations on ^ ^ at these respective dSstances from 
A, and when the fulcrum C is at any one of these 
points, the steelyard being balanced horizontally, 
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the weight of P will be the corresponding value 
of P as substituted in the formula; in other 
words, the successiye marks will indicate weights 
of 1 oz., 2 0Z.9 3 oz., 40Z.9 &C. respectively. 

Ex. — If ^ ^ be a uniform rod, without a knob 
at By 2 feet long, and weighing 1 oz. ; how far is 
the graduation lowing 11 oz. nrom At 

Problem XXVII 

If A By fig. 174, be a lever^ C the ftdcrum, C 
being also the centre of gravity of the lever, including 

Fig. 174. 

^ r 9 p c 



E 




I 




a scale-pan stispended from A ; and if p, j, r, ^c 
be points of the arm BG to which threads are 
fa^stenedy connected with weights Q, Ry S, SfCy whidi 
rest on a horizontal plane EFy the string from p 
being a little shorter than the string from q, whichy 
againy is a little shorter than that from ry and so on; 
it is required to find what weight P, ptU in the 
scale-pan />, will lift one or more of the weights 
QyB,SySrc. 

This is the principle of Professor Willis's Letter 
Balance, which is extremely convenient for weigh- 
ing letters quickly, not so as to determine their 
actual weight, but for the purpose of ascertuning 
whether each letter comes up to or exceeds half 
an ounce^ one ounces tvro oxmsA^^ &c« 
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IfPjust lifts Q,wehavePx AC=^QxpC. 

If P just lifts Q and B, we have FxA (7 = 
QxpC-hBxqC. 

If P just lifts Q, E, and ;8> we have P x AC 
= Q X pC-\- R X qC+S X rC; and so on. 

Let us suppose^ for simplicity, that the values of 
AC, pOy qpy rq, &c. are each one inch ; then the 
different values of P obtained from these equa- 
tions are, 

e, Q + 2E, Q + 2B + SS,&c. 

Hence, if we put any unknown weight P into 
the scale-pan, and find that the string from p 
is tightened, but Q is not lifted, we know that 
P is less than Q; if Q is lifted, and the string 
from q tightened, without B being lifted, we know 
that P is more than $, but less than Q + 2B; 
if Q and jB are lifted, and the string from r 
tightened, but S not lifted, we know that P is 
more than Q + 2B and less than Q + 2B + SS ; 
uid so on. 

Thus, if Q = l oz., ^ = 1 oz., /S= J oz., &c., 
Q,Q'\-2B,Q+2B + SSy &c., will be respectively, 
1 oz., 2 oz,, 3 oz., and so on : wherefore, when 
the string from p is tightened, P is under I oz. ; 
nrhen the string from q is tightened, P is over 
1 oz. and under 2 oz. ; when the string from 
r is tightened, P is over 2 oz, and under 3 oz. ; 
md so on. 

WHEELS AND AXLES. 

The wheel and axle is nothing but a lever so 
managed as to admit of the continuous and uniform 
motion of the power and weight. It consists of 
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Fig. in. 




an mjrlty FG, wUdi Imk po 
F and Gy rounil wiodi i) 
freelj moTe. The wwyif 
bong hj a string wludi is 
roond mod fixed to the ax] 
the jM«ar P which l»hinc<^ 
coiled roond and fixed to the 
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Pbopositios XLIY. 

To diierwdme tks power wkiek baikmet^ m 
weight by wuanM of a Wkeel amd AxU. 

Let fig. 176 represent the wheel and ax] 
in profile; AP the directkm 
power, whidi acts alons the 
hanging fix)m the wheel; B 
direSction of the weight whic 
aloDg the string hanging firo 
axle; and C the common cei 
the wheel and axle, and that 
which thej tnm. AC'^ the radius of the 
and B C that of the axle. The wheel an< 
then, is a leyer, whose folcrom is C; the 
acts at an arm CA, and the weight at an ar 
Hence the condition of equilibrium is, I 
Principle of the Lever, 

P: TV :: CB : CA. 




which gives P = 



CA 



Thus, if CB = 1, and CJ = 10, P s=tV W 
is, the weight will be balanced by a power 
to one-tenth of it. 



STATICS* 



277 



Fig. VI. 




The Capstan. — The capstan is a sort of wheel 
and axle^ only the power is often applied by spokes 
projecting from the wheels as is shown in ng. 177. 
Sometimes, instead of these 
spokes, there are simply holes 
m the wheel, into which the 
man successively inserts a bar, 
by which he turns the wheel 
round, there being a con- 
trivance, called a ratchet whedy 
by which the wheel is not 
allowed to turn back while 
the man is taking the bar 
out of one hole and putting 
it into the next. 

Ratchet Wheel* — This con- 
trivance consists of a wheel, MN^ fig, 178, attached 
to the axle and concentric with 
it, having teeth cut upon it, of 
the pecimar form shown in the 
figure. R8 \b B, piece of metal 
wnich turns round a pin at iZ, and 
rests at 8 upon the teeth, being 

Eressed down upon them either 
y its own weirat, or by a spring. It is evident 
that this contrivance will not allow the axle to 
turn in the direction of the arrow, for the piece of 
metal R8 catches the teeth if the ratchet wheel 
turns this way. But the axle may turn the other 
way without obstruction, for the teeth will lift up 
the extremity 8 of the piece of metal, and pass 
under it. B8 is called a dicky from the peculiar 
noise it makes. The capstan is used on board 
ship for lifting anchors and other heavy weights. 
It is often horizontal, as shown in fig. 179. 



Fig. 178. 
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^9' 179. A WimA Handle 

is often used in- 
stead of the wheels 
as is shown in fig. 
180. It is so com- 
mon a contrivance 
that it is not neces- 
sary to say any- 
thing about it. 

The wheel and 
axle is evidently a 
lever capable of 
raising the weight continuously to any heights and 
p^.180. it is in this tnat its supe- 

riority over the common 
lever consists ; for. the com- 
mon lever can only lift the 
weight a short distance, 
namely^ a distance not ex- 
fl ceeding twice the lengdi 

of the arm on which the 
weight act«» 

CORDS AND PULLETS. 

The Cord is one of the most useftd of the 
mechanical powers, though the simplest. Its 
primary use is to transfer potoer to a distance^ as 
we know in so many familiar instances. If I 
cannot reach to a certain body which I wish to 
move, I tie a cord to it^ and by pulling the cord 
I transmit a force to the body by which I make 
it move as I require. In the shape of a band 
passing over axles and setting them in motion, 
the cord is a most important part of machinery of 
various kinds. T\mft, N^^i^ii «ii «ai^^ ^X^^dssi ^xu^e 
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Fig. 181. 




is employed to drive a number of machines in 
different parts of a building, bands are made to 
pass from the axle or shaji of the steam engine, 
to the axles of the different machines required to 
be kept in motion. 
Thus, in fig. 181, 
A B represents 
the great shaft of ^ 
the steam engine, 
which is kept in. 
continual rotation 
by the pressure of 
the steam acting 
oa the piston, and 
thence on the crank 
at^. CC\ DD' 
represent the axles of the various machines required 
to be turned; and bands passing round the axle 
ABj and each of these, as shown in the figure, 
.put them in motion. 

The band which passes over each axle is always 
sufiiciently tight and rough that it may not slip on 
the axle, but catch hold on it, as it were, and force 
it to turn. No great degree of tightness or rough- 
ness is required, however, for this purpose in most 
cases. 

The part HE! of the axle over which the cord 
passes is called the d/nim ; it is firmly attached to 
the axis and concentric with it. There is gene- 
rally another drum KK' close by the side of HH\ 
and of the same size as HH\ It is not, however, 
fixed to the axis like HH\ but is capable of turn- 
ing freely round independently of the axis. The 
use of this second drum is to stop the motion of 
the axle CC, or, as it is said, to put it out o/ gear^ 
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This u done by piulniig the band ^ the drum 
HIT omioihe arum KF ; the buid will then act 
QDon the huter drum hmtead of the ibrmer, and 
aince the latter drum tarns independently of the 
ajde CC\ the motion of CC is thus airated, or, 
to speak more correctly^ CC is no longer moved 
by uie steam engine. 

The axle CC is put imio gear agwn by podung 
the band back upon the drum Hff^ wlucn being 
done^ the steam engine immediately begins to 
turn CC again, inasmuch as RB is fixed to CC^ 
so that one cannot turn round without the other 
doing so also. 

Changing ike Direetiim of FareiM. — The e&ri ii 
also of great use in chan^g the direction of 
forces, which it does by bemg made to pass over 
fixed wheels or pulleys. Thus, if by exerting a 
Fi9.\ti. horizontal pull at J, 

fig. 182, I wish to 
pull a body /> towaidB 
C>all I hiave todoiB 
to fix a wheel or pul- 
ley at Cj and another 
at Bj and pass the 
string oyer the puUey at C7, and under tmit at By 
and thus, by pulling in the direction BA^ I exert 
an equal force on i> in the direction DC. The 
use of the wheels or pulleys is to <liininiali the 
efiect of friction, as we have stated before ; other- 
wise the string might be passed through rings or 
holes at B and C7. 

The cord, however, combined with fixe^ and 
movable pulleys, is capable of gainine an increase 
of power, like the lever, and wheel, and axle. 
Combinations of cotd& fiai<3L iii<(s^^VA& pulleys thus 
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useful in aiding animal effort They are 
3 kinds^ which we shall now describe. 

Proposition XLV. 



'ascribe the Movable PuUetfy and show its 
cal advantage* 
pulley altogether con- 
a little wheel AB^m^ 



Fig. 183. 
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Fig. 184. 



3 called the piUley, and 
f frame Ci>, which is 
/he block. The pin or 
>wn at C7, about which 
eel AB turns, runs 
L the block on each side . 
•d runs in a groove cut 
he edge of the wheel. 
I movable pulley the 
3 not fixed, but has a 
,t D, or other con- 
e, for suspending any 
from the block, or 
ig any string to it. 
faed pulley the block 
to something, as shown 
185. 

, let AB, fig. 183, be 
ble pulley, having the 
W suspended from the 
it D ; the string HA 
^ is fixed at JST, passes 
the pulley A B, then parses over a fixed 
EFy and supports the power P. We shall 
3 that HD, EB, FP, are all vertical lines 
Srst instance. 




Fig. 185. 
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The fonM wUdi ict oo thepidlqr ^^ are, die 
tension of ihe fOfrUaa AH of dg JiiM f^dg tm- 
Am ofihejfortHm BE, mnd ihtwa^t NTlBCigJect- 
ing at present tlie weight of the paUcf iisci^ or 
including it in W. Here we hatve two ^micil 
forces acting at A and B npwaid^ aad a down- 
ward vertical force IF actii^ at Cfaatf^m- between 
A and A / wherefore, the upward fivoea niKt each 
of them be equal to ^ W; that is, the trnAw on 
each of the portions AH and EB ct die stringis 
^ fF. But the tension on EB most be equal to 
P; far the forces which act oo the fixed pulley at 
E and Ff two points equidistant finom ike centre 
or fulcrum of the pnllej, are the tension on EB 
and P ; wherefore these two fcnroee^ since thej act 
at equal arms, must be equaL 

It appears, then^ that the tendon cm EB is 
^ fF, and it is also equal to P ; wherefiwe 

P^\W. 

Or, the power required to balance a giTcn wei^ 
is half tnat weight. 

Corollary 1. — It is important to obeerve here^ 
that we assume, in this reasoning, that C is half- 
way between A and B ; otherwise it is not time 
that the tension on each of the strings is ^ IT. 
For instance, if ^ C^ were twice CB^ the teneioa 
on ^j? would (by the rule for resolving parallel 
forces) be ^ TF, and that on BE would be | TF. 
Hence the above reasoning supposes that C is 
alwavs half-waj between A and B ; m. other 
words, it assumes that the puUej ^^ is truly 
circular. The same may be said of the pulley 
EF. 

CoroUa/ry 2. — G.ence> -vVca. «b ^xsSLe,^ is truly 
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circular5 and the two portions of the string which 
passes round it parallel to each other, we have the 
following principle, viz. : — 

The tension on each portion of the string is equal 
to half the force which pulls the block. 

Strings not parallel. — When the two portions of 
the strmg are not 
parallel, as is repre- 
sented in fig. 186, 
produce the lines 
HA and £!B to 
meet at D; then D 

a point on the 



Fiff. 186. 



IS 




vertical line C Wy 

because the three 

forces, namely, W 

and the tensions on 

AH and BE^ must meet at the same point, and 

therefore /), the point where the two tensions 

meet, must be a point on the direction of W. 

Produce DC to any point L, draw LM parallel 
to DJSy and LN to DH. The two lines DM and 
DN just touch the circle A By and therefore the 
line DC drawn through the centre C must lie 
half-way between DM and DNy that is, must 
bisect the angle MDN. It appears, then, that 
the two strings must be equally inclined to the 
vertical LD. Also, the lines MD and ND are 
equal in length. 

Let us take the line LD to represent W; then, 
since we may resolve the force LD into the two 
forces represented by MD and NDy it follows 
that MD and ND represent respectively forces 
which W exercises in the directions of the two 
portions of the string; in other wordS) MD eaid 
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ND represent the tensions on the portions AE 
and BE respectively. We have then the follow- 
in^construction for finding these tensions. 

JDraw a vertical line LDy and from D and L 
draw lines parallel to the directions of the two 
portions of the string to meet at N9 which lines^ 
as we have shown, will be equally inclined to the 
vertical; then we have the following proportion: 

tension on each portion of the string : W 

ND : LD. 






But we may show as before that the tension on 
BE is equal to P; wherefore we find, 

P I W :: ND : LD. 

By which proportion, when ND and LD bxq 
measured, we may find P in terms of W. 

Corollary. — It appears that, whether the portions 
AH and BE oi the string be parallel or not, the 
tension on one must be the same as that on the 
other, provided of course the pulley is truly 
circular. 

Mathematical solution, — Let the angle which 
each portion of the string makes with the vertical 
be 0\ then Pwill be equal to the tension through- 
out the string, for the reasons just stated, and 
therefore the forces which keep the pulley AB2X 
rest will be W^ P, acting along one portion of the 
string, and P acting along the other ; wherefore, 
resolving the forces vertically, we have, by the 
method given in p. 161, 

W 
2Pco8.^-TF:=0, and.-. P=ir-^^- 

2 COS. 6 



Pbopobition XLVI. 

To describe ths Firet System of Pulleys, and to 
find tchat power will balance a giten weight by means 
of it. 

The First System of Pulleys is shown in fig. 
187; it consists of a set of fixed Ftt \v) 

pnlleya, C, E, F, D; a set 

of movable pulleys, A, G, B, 

having their blocks in one piece 

A By from which the weight W 

is euspended ; and a single string, 

which, fastened by one end at 

D, goes under the pulley B, 

over Fj under G, over E, under 

A, over C, and then hanging 

vertically ia acted on by the 

power A The different parts of this string are 

all vertical. 

To find P in terms of W, neglecting the con- 
sideration of the weight of the block AB and its 
pulleys, or including it in W, we have only to 
observe that the tension on each vertical portion 
of the string must be the same, by what we have 
expired in the preceding Proposition ; wherefore, 
since the tension on PCk P, each vertical portion 
of the string has a tension P acting on it. But 
W is held up by the tensions of 6 vertical portions 
of the string. Wherefore a force 6 P sustains W, 
and therefore 

Tr=6P, orP^JTT. 

If there were 10 vertical portions of the string 
holding up W, we should have fouM P = -i^ W , 
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and ID general, to find P we have only to divide 
W bv tne number of vertical portionB of the stiiiig 
which hold np IF ■■ or if » be th^ number, 

a 

We have here supposed) for the convenience of 
representation, that tne pulleys are arranged along 
the block AS, aa ia shown in fig. 187. As tbiB 
would, however, be on awkward arrangement, the 

„. ,„ pulleys are so placed 

as to have a conunon 
axis, as is shown in fig. 
188, where tiie fixed 
pulleys turn in tbe 
same block CD, and 
about the same axis, 
and the movable pul- 
leys likewise torn in 
the same block AB, 
and about the same 
axis. In this way the 
whole system ia made 
compact and conve- 
nient for use. This 
is the form of pulley 
most commonly em- 
its mechanical advantage is immediately 
L by counting the number of the vertical 
portions of the string which support the block A B, 
for W is that number of times greater than P. 

White's Pii%«.— The pulleys in the block AB 
all turn round with different velocities, and the 
same may be said of the pulleys in the block CD. 
Tbej might be made to Xura. twoA liii^'SR^ the 
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velocity, by making them of different sizes, 
3wn in fig. 189, ana then the pulleys in the 
: AB might be all fixed togetner, or made, 
iming the proper grooves of different sizes, 
le piece of wood or metal. In like manner, 
ulleys in the block CD might be all turned 
le same piece of wood or metal. This, how- 
does not answer very well in practice. 



Fig. 190. 



Proposition XLVIL 

' describe the Second System of Ptilleys, and 

what power mil balance a given weight by 

s of it. 

le Second System of Pulleys 

sts of a set of movable 

ys, -4, Bf Cy fig. 190, and 

id pulley D ; the weight W 

spended from the block of 

\ string fixed at E passes 

rthe pulley^ and is fastened 

e block of B ; another string 

at F passes under the pul- 
^ and is fastened to the block 
7; another string fixed at 
asses under the pulley (7, 

the fixed pulley Z), and 
ing vertically is acted on by the power P. 
these strings are vertical. We neglect the 
hts of the pulleys and blocks. 
>w, by the principle stated in Prop. XLV., 
tension on each portion of the first of these 
gs is i WT; wherefore the force acting on the 
t of ^ is \W: wherefore, by the same prin- 
, the tension on each portion o? iVv^ ^^^i«iA 
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string is half of ^Wj or ^ W; this is therefore the 
force on the block of C: consequenity half of dik^ 
or ^ TFy is the tension on each portion of the third 
string: but P is equal to the tenaon on eaeh 
portion of the tlurd string. It appears, then, that 

In like manner, if there were 4 strings we might 
show that P = iV Tf, and if there were 5 strings 
that P = A TF, and so on. 

CoroUary 1. — In general, if there be n strings, 

P=:l W. 
2» 

CoroUary 2. — To take the weights of tke puOeys 
and blocks into account. 

Let Q denote the weight of each pulley and 
block ; then W-^-Q is the force on the block of 
A, and therefore ^W+^Q, the tension on each 
portion of the first string. Wherefore ^ W+^Q 
+ Q, or J TT-i- 1 Q is the force on the block of B. 
In like manner, the force on the block of C7 is ^ 
(iTT+IQ) + e, or iWT+iQ. Lastly, P is 
half of this, that is, 

Pkoposition XL VIII. 

To describe the Third System of Pulleys, and find 
what power balances a given weight by means of it. 

This system consists of a set of pulleys, -4, P, 

(7, the uppermost one C being a fixed pulley : the 

weight W is suspended from a piece of wood DEy 

a string fixed to tVvia ^\^^^ ^\. D ^oAses over the 
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pulley A, and hanging vertically is acted on by 
the power P; another string fixed to p^^ jg, 
the piece at E passes over tne pulley 
B, and is attached to the block of A ; 
another string fixed to the piece at P 
passes over the pulley (7, and is attached 
to the block of B. The different strings 
are vertical ; we neglect the weights of 
the pulleys and blocks, but the weight 
of the piece DFis included in W. 

Now P is the tension on each portion 
of the first string, and therefore 2P is 
the force on the block of A ; and this 
is the tension on each portion of the second string: 
wherefore 4P is the force on the block of J9, and 
this is the tension on each portion of the third 
string. But W is supported by the sum of these 
three tensions, that is, 

P + 2P + 4P, or IP. 

Wherefore W=^ 7 P, or P =^ f TT. 

If there were 4 strings we might show that 

p + 2Ph- 4P + 8P = TF, or P = A ;r. 

And so for o, or any other number of strings. 
CoroUary 1. — In general, if there be n strings, 
P+2P + 4P 2^-^P^W; 

.\ p(2«-i)5=Tr. 

Corollary 2. — If Q denote the weight of each 
pulley and block, we may show, as in the former 
Proposition, that the tension on each string is, 
P, 2P + Q, 4P + 3Q; therefore, 

7P + 4$=?F. 
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The following Problem will be found instruc- 
tive^ as showing by an example the reason why 
the tensions on each portion of a string passing 
round a pulley are equals and when this is not 
true. 

Problem XXVIII. 



Fig. 192. 



To find the condition of equilibrium in the second 
system of pulleys, supposing that the ptdleys are not 
circular. 

Let fig. 192 represent 
such a set of pulleys, A B 
and A'B' being movable^ 
and ^''5" fixed. G,G\ 
and (7" show the axes of 
the pulleys; and we shall 
suppose that the lines 
A CBy A'G'B\ A'G"B\ 
are horizontal^ and that 

CJ9=2a4,r7'^=2(?X 

C"B"=2G"A'\ 
Then, by the Tules for the equilibrium ot 
parallel forces, we have the following results : 

tension on i>^ = § TT, tension on BG'^\W. 

In like manner, tension on £'J."= J tension 
onBC'^^W. 

And in like manner, tension on B" P (which 
= P) = ^tension on B'A"^i^W. 

Hence we find P = iV TF. 

If the pulleys were circular we sliould have 
found 

P=W- 
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The reason of the difference is, that, in the 
present case, the tension on AD is not equal to 
that on BC\ nor is that on A' E equal to that on 
5'^", nor that on 5'^" to that on B"P; and 
the reason why these tensions are not respectively 
equal is, because the points (7, (7', G do not 
respectively bisect the lines A By A! B^ A" B'\ as 
they would do if the pulleys were circular. 

Pkoblem XXIX. 

To find the relation of P to W in the system of 
pulleys represented in fig, 193. 

Here Ay By C, and i>, are movable pulleys, 
and E a fixed pulley. The j.»^. i93. 

first string is fixed at Fy passes 
under the pulley Ay over the 
pulley By and is then fixed to 
the block of A. The second 
string is fixed at Gy passes 
under (7, over Dy and is fixed 
to the block of G. The third 
string is fixed to the block of 
Dy and passing over Ey is acted 
on by P. W hangs from the 
block of A. The blocks of 
C and B are united in one 
piece. We neglect the weights 
of pulleys and blocks. 

Then, the pulleys being supposed to be circular, 
the tensions on each of the three vertical portions 
of the first string are equal to each other ; but 
W is supported by these three tensions : wherefore 
each of these tensions is J W. Also, two of these 
tensions act on the block of C ; ^iV^et^W^ ^Jsjl^ 
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force downwards on the block of C is f TF. In 
like manner, the tension on each of the three 
portions of the second string is Jd of f TF, or 
f W; wherefore, the downward force on 2> is J W, 
and this is the tension on each portion of the 
third string. We have, therefore. 



Fig. 194. 



jj 



1 



m 



W 
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Problem XXX. 

To find the conditions of equilibriiim in the system 
of pulleys represented in fig. 194* 

Here A and B are movable, and 
C fixed. The first string is fixed 
at />, passes under A^ over J9, and 
is attached to the bar EF at F ; 
the other extremity E of this bar 
is suspended by a string from the 
block of A^ W is suspended from 
the point G of this bar. The second 
string is fastened to the block of 
J?, passes over (7, and is acted on 
by P. 

The tensions on each of the three 
portions of the first string are equal; 
the point E is held up by two of these tensions, 
and F by one of them. Wherefore W is held up 
by the three tensions, and therefore each tension 
is \ W. Hence P, which is equal to the upward 
force on the block of -B, and therefore equal to 
two of these tensions, is \ W. Also, since the 
force at E is double the force at i^, GF must be 
double GE. Hence the conditions of equilibrium 
are, 

P = % W, anai Ea ^\EE- 
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the inclined plane. 

Proposition XLIX. 

A ffiven weight is placed upon a smooth inclined 
plane; to find what power^ actinff upwards along the 
plane, will balance the weight. 

Let J. -B be the inclined plane, fig. 195, AG a 
horizontal, and B C b, j^^ i95 

vertical line; let W be 
the weight, and P the * 

power; also, let the re- 
action of the plane, arising 

from the pressure of W j, ^^ ^^ \ 

upon it, be jR, which, since 

the plane is smooth, must be a force acting at 

right angles to J.JS. Draw CD at right angles 

Then these three forces, TF, Bs and P, balance 
each other; but the sides of the triangle BCD 
are respectively parallel to the directions of these 
thli^ee forces ; wherefore, by Proposition VIII., the 
three forces are proportional to the sides of the 
triangle, namely, P to DB^ W to BCy and B to 
DO. We have, therefore, 

P : W :: DB : BC. 

Which proportion gives P, when DB and DC 
are known. 

Ex.— K DB is one-fourth of PC, P = i TT. 

Corollary 1. — The triangle BCD is exactly 
similar in shape to the triangle ACB, (Euclid, 
Book VI.) the sides BC, CD, and DB, corre- 
Bponding to AB, AC, and BC, T^^^^^^^N^^. 
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Wherefore, DB : BC :: BC : AB, and there- 
fore, 

P : W:: BC I AB. 

BC is called the heigkt^ and AB the leng^ of 
the plane ; wherefore it follows, that the power is 
to the tcetQht as the height to the length. 

Ex,— If BC^ one-eighth ot AB,P^^W. 

CoroUary 2. — R is found by the proportion. 

B : W V. DC I BC II ACi AB. 

That is, the reaction (which is equal and oppo- 
site to the pressure exercised by W upon the 
plane) is to the tteight as the base {AC) is to the 
lengtii. 

This proposition may be considered somewhat 
differently by resolving the force W^ as follows : 
Tig. 196. Take any vertical line, 

WE, to represent W; 
draw TFJ^at right angles 
to AB, fig. 196, and 
complete the rectangle 
WGEF. THien the force 
WE is equivalent to the 
two forces represented by WF and WG. Of 
these, the force WG, being perpendicular to the 
plane AB^ is destroyed by the reaction of that 
plane, which reaction is equal and opposite to 
WF. \i\ therefore, we destroy the other force 
WG, by making a force P equal and opposite to 
it act on the weight, the weight will be kept at 
rest on the plane. Hence P is represented by 
G TT, and R the reaction by FW. 

In the triangle GWE^ TTjE? represents W, GW 
represents P, and E 6 Te^TeseiiX^ B. \ ^\iRx^€Qre» 
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by constructing and measuring this triangle, we 
may find P and B when W is given. The sides 
of this triangle are proportional to those o( ABd 
and therefore we nnd the same proportions as 
before. 

Proposition L. 



Fig.l97, 



If P does not act along the plane ; to determine 
P and B. 

Let fig. 1 97 represent 
this case, P bemg in- 
clined at an angle to AB. 
Draw BD parSlel to P, 
and DO St right angles 
to the plane, to meet at 
2>. Then, reasoning as 
in the former proposition, 
we have, 

P : W:: BD : BC, 
andB: W:x CD i BC. 

These proportions de- 
termine P and B. 




.ii.^ 



Fig. 198. 




Examples of the Inclined Plane* 

The most familiar example of the use of an 
inclined plane is a road up a hill. If we suppose 
TT to be a load, fig. 195, and P the force exerted 
by a horse drawing it up the hill AB^ we may see 
that, if the slope of the hill be small, the horse 
gains a considerable mechanical advantage; for, 
suppose the horse had to draw a load of 100 cwt. 
directly up BC, which we shall fbu^^o^^ to b^ 



296 



MECHANICAL SCIENCES. 



100 feet ; then the horse must exert a force of 
100 cwt But if the road AB he made at a 
moderate indinatioii, say one foot in ten ; that is, 
every 10 feet of AB gives a rise vertically of 
1 foot ; then, since BC is 100 feet, AB will be 
1,000 feet ; and if the horse pulls the load up this 
road, exerting a force P, we have. 



F : 100 cwt 






100 : 1,000, and therefore 
P=10cwt- 



Hence the horse, by exerting a force of only 
10 cwt., will be able to pull the load up to B. 

Fig. 199. . A flight of Steps 

IS a famuiar in- 
stance of the in- 
clined plane. A 
barrel rolled up 
to a height on two 
long poles, fig. 199, 
is so also. A road 
winding round a 
hill, and so gra- 
dually leading to 
the top without 
any steep ascent, 

may also be mentioned ; and a variety of other 

well-known instances. 

Ex. 1. — P acts along the inclined plane, W is 

100 lbs., and the inclination of the plane to the 

horizon is 30° ; find P. 

Ex. 2. — ^Find P on the same supposition, only 

that the plane is inclined at an angle of 45 "" to 

the horizon. 
Ex* 3« — ^Find the same when the inclination is 
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Ex. 4. — ^At what inclination is the plane, when 
the pressure of the weight upon it is half the 
w^ht ? 

fit. 5. — If P makes an angle of 30° with the 
plane AB^ and ^^B 30° with the horizon; find 
Pwhen Jr=;=100lb8. 

Ex. 6. — On the same supposition, except that 
the plane AB makes an angle of 45° with the 
horizon ; find P and B. 

Ex. 7. — On the same supposition, except that 
AB makes an angle of 60 with the horizon; 
find P and R. 

Ex. 8. — In what direction must a power of 
75 lbs. act, in order to support a weight of 100 lbs. 
on a plane inclined at 60° to the horizon ? 

Ex. 9. — Find the same when the inclination is 
20°. 

Ex. 10. — The reaction, power, and weight, are 
all equal to each other ; find the inclination of the 
plane, and the direction of the power. 

Problem XXXI. 

W and P are two weights resting on two in- 
clined planes A B and 
B D ; a siring passing ^'^* ^^' 

over a pulley at B con-^ 
nects W and P ; find the 
relation between W and 
P. 

Let T be the tension 
on the string; then T 
is the power that supports TF, acting in the 
direction WB/ and T is also the ijo^wet l\ial 
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supports P, acting in the direction PB. Where- 
fore, 

T I W :: BC : AB, or T : BC :: W : AB. 

Also, 
T : P :: BC : DB, or T : BC :: P : DB. 

Wherefore, 

W I AB :: P : DB, or W . P ii AB : DB. 

That is, the weights are proportional to the 
lengths of the planes on which they rest. 



Problem XXXIL 

To determine the same when the pulley over 

which the string passes is 
at a certain height above 
By as is shoum at E in 
fig. 201. 

Take any distance ^f 
on one string, and EG 
equal to it on the other 
string; draw jP5'at right 
angles to AB^ and GK 
at right angles to DB. Then, if T be the tension 
on the stnng, W is balanced by its weight TT 
acting parallel to EH^ the reaction of the plane 
AB parallel to HFy and T parallel (or along) to 
FE. Wherefore, 

T X W :: EF : EHy or T : EF :: W : EH. 

In like manner, we may show that 

T X P w EG : EK, ot T \ EG v, P : EE. 





Fig. 
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Hence, since EF and EG are equal, we find, 
W ! EH :: P : EKy or TT : P :: EH : EK. 

Wherefore, by measuring EH and EK^ we 
may find the proportion of P to W. 

Ex. 1.— If the angles BAG, BBC, WEG, and 
PEC, be respectively 30°, 60% 15°, and 20°; 
find the proportion of P to TT. 

Ex. 2.— If Tr= P, the inclination of ^ P = 30°, 
and that of PP=45°; find the inclination of EP 
to the vertical, supposing that of EH to be 45 °. 

This is done by observing that H and K coin- 
cide because P and TT are equal : also, the angle 
FHE is 30 °, because FH is perpendicular to A B; 
the angle GKE in like manner is 45 ° ; also, the 
angle FEG is given to be 45°. Thus EF is 
known, and the point G is to be found by de- 
scribing a circle with E as centre, and EF bs 
radius. 

Ex. 3. — If Tr= P, show that there is a certain 
simple relation in all cases between the angles 
WEG and PEG. 

Ex. 4. — On same supposition as in Ex. 2, 
except that TF'=2P/ find the inclination of EP 
to the vertical. 

THE WEDGE. 

Proposition LL 

To describe the action of the wedge, and show its, 
mechanical effect. 

Let ABC, fig. 202, be a block in the shape of 
a wedge or triangle, and let B and F be two 
obstacles tending to come together, which it is 
our object to separate, or keep asunder, by driving 
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Fig. 202. 



the wedge in between them by means of a power P. 
Let the resistance or reaction of the obstacle D 

on the side AC of the 
wed^e be Q, and let that 
of i^on JSCbe JB. We 
shall suppose the surfaces 
of the wedge to be per- 
fectly smooth, and there- 
fore Q will be at right 
angles to A C, and B at 
right angles to BO. We 
shall also suppose that 
P acts at right angles 
to AB. 
Then the weJge is kept at rest by the three 
forces P, Qy and Mi which are respectively at right 
angles to the sides of the triangle ABC. Hence, 
by Cor. 1, Prop. VIII., the forces P, Q, and B 
must be proportional to A By AC, and BCy re- 
spectively. We have, therefore, 




Q : P :: AC : AB,anA therefore Q = 



B: P :: BC : ABy and therefore B = 



PxAC 

PxBC 
AB 



In this manner we find Q and By which are the 
reactions of the obstacles against the sides of the 
wedge, or, what is the same thing, the pressures 
which the wedge exerts on the obstacles. 

Draw 2> JT at right angles to J. C to represent 
Qy and FM at right angles to BC to represent 
B ; then these two lines show the forces produced 
immediately on the two obstacles. But we have 
to consider that tYi^ o>a«\^c\fi» «ct^ TkSi\. \sl ^neral 
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free particles, but are constrained to move in 
certain directions (see p. 80) : let HD be the 
direction that D is constrained to move in, and 
LF that in which F is constrained to move; 
draw KH at right angles to HD^ and ML at 
right angles to LF. Then the force DK iq 
equivalent to two forces, one represented by DH 
acting along the line DHy and the other acting at 
right angles to DH and represented by HK. 
The latter force can produce no eflTect on />, 
because D can only move along the line DH, and 
the former force, namely DHy produces its full 
effect. Wherefore DH shows the amount of force 
that is effectively brought into play to move D, 
In like manner, FL shows the amount of force 
that is effectively brought into play to move F. 
Let us represent these two effective forces Z^JST 
and FLy by Q' and R' respectively; then we 
have, 

Q\ : q :: HD : DK, and therefore Q'= ^^r^; 



and 

R' I B \: FL\ FM, and therefore jB'= 



DK 

Ry.FL 
FM 



Hence, putting for Q and R their values already 
found, we have, 

^,_ p ACyiHD 
^ ''^^ABXDK' 

^ ^^"^ ABXFM' 

These are the expressions for the effective forces 
brought into play on the obstacles. 
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Corollary 1, Simplified Construdion. — The lengths 
of DK and FM may be made anything we please ; 
if, therefore, we so draw the figure that Dffy 
FL9 and AB9 are all equal, the formulae for Q' 
and R' become. 

Hence, to find Q' and B' we draw the lines 
DH and FL in the two directions in which the 
obstacles are constrained to move, measuring 
DH^AB, and FL^AB. We then draw HK 
and LM 2X right angles to DHdiSxA FL^ to meet, 
at K and JHf, the perpendiculars to AC and BO 
drawn from D and F. We then measure AC, 
DKj BCy and FM, and we so obtain Q' and B' 
by the formulas just given. 

Corollary 2. — If ^ 67 be equal to B C, and if 
HD and FL be both parallel to AB; then, draw- 
ing PC perpendicular to AB, it is evident that 
the triangle ^PCis similar to HBKsxid FML; 
and therefore we have, 

ED : BK :: PC : AC, 

ACxffD 



and therefore PC = 



DK 



XT r^' 71 AGXED ^ PC 

And in like manner we may show that 
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In this case, therefore, the effective forces 
brought into play in separating the obstacles, 

PC 

are got by multiplying P by the fraction j-^ 

that is, the fraction formed by dividing the per- 
pendicular from the point C of the wedge upon 
the base ABhy that base. 

Examples.— If PC =10, and AB = 5; then 

If P(7=l6, and^JS=l; then Q'=5'=I0P. 

Hence it is evident that the sharper the wedge 
is, the greater is the power it exerts to separate 
the obstacles. 

The wedge is often employed in practice; in some 
cases its efficiency depends upon friction, which 
we do not here take into consideration. A nail 
is a species of wedge ; so also is the edge of any 
cutting instrument, as a knife* We shall refer 
to this subject again when we come to speak of 
friction. 

Ex. 1.— Supposing that ^£7=5(7, that DH 
and FL are parallel to AB^ and that it requires 
a force of 1,000 lbs. to be exerted on each obstacle 
in order to separate them ; find what force P act- 
ing on the wedge will separate the obstacles, when 
the angle of the wedge, that is A CB^ is 60°. 

Ex. 2. — Find, on the same supposition, what 
force will separate the obstacles, when the angle 
of the wedge is 30°. 

Ex. 3.— 3Find the same when the angle of the 
wedge is 10°. 

Ex. 4. — Find the angle of the wedge when the 
force P required to separate the obstacles is 
100 lbs. 
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A ScTMD ie a cylinder, DEGF, fig. 203, round 
which a projecting thread, as it is called, DHKG 
runs, inclining upwards at a constant angle to the 




axis or central line of the cylinder, like a road 
winding up a hill at a constant iaclinatJon to the 
horizon. To get an idea of this, procure a cylin- 
der of wood, a common roller, for inetance, or a 
pencil ; cut a piece of paper into the shape of a 
right-a^led triangle ABC, and blacken the edge 
AB. Then, fastening the aide BC, with gam or 
otherwise, to the cylinder lengthways, ^rn.p the 
piece of paper round and round the cylinder 
tightly. The blackened edge will then form a 
curve running round the cylinder at a constant 
jjiclination to the axia of the cylinder. In fact, 
the blackened edge ABj-w^^e.'o.^'CK^^^TOmdwid 
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round the cylinder, will be an inclined plane run- 
ning round the cylinder. This curve represents 
the thread of the screw. 

The thread of the screw, ADC, is generally 
cut in the manner shown in fig. 204, and it fits 
into a hole GKH, which has a groove cut in it 




exactly corresponding to the thread of the screw; 
so that, when the screw is turned round, as, for 
instance, by the handle AB, the thread works 
accurately in the groove, ao that each point of 
the thread moves down obliq^uely along the groove, 
as if it were an inclined plane. In fact, the 
groove really is a spiral inclined plane, down 
which the thread runs as the screw is tom^ 
round. 
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Proposition LII- 

To show the mechanical effect of the screw. 
lietEFGH, fig. 205, be a strong frame, in the 
Pi,. 205. upper part of which 

IS cut the hole 
with the groove for 
the screw to work 
in. Let A Che the 
screw, which is sup- 
posed to be turned 
by the handle AB, 
and so made to 
move gradually 
downwards, and 
squeeze or crush 
some substance D 
placed at the bottom GH o( the frame. 

Let P be the power exerted horizontally and 
at right angles to AB on the handle at B^ and B 
the upward resistance or reaction of the substance 
2>, against the downward pressure exerted by the 
screw ; then these two forces P and R balance 
each other. 

Let 8y fig. 206, represent any point of the 
thread of the screwy which we may regard as a 
point constrained to move along the inclined plane 
LM^ LM showing the direction in which the 
groove runs at S; in fact, LMNi& the right angled 
triangle which is spoken of above. The horizon- 
tal force P produces a certain amount of horizon- 
tal pressure on 8; let us represent it by P' / also, 
the vertical force M produces a certain amount of 
vertical force on S ; \ftl \3l?» t^y^^^<«!A. \t by B* 
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Then S is kept at rest by the three forces P\ R\ 
and the reaction Q of the groove at right angles 




to LM ; but LMN is a triangle whose sides 
LM, MNy and NLy are respectively at right 
angles to the forces Q, P', and B'. Wherefore 
we have^ by Cor. 1, Prop. VIII. 

P' : B' :: NM : LN, 



and therefore P'= 



B'xNM 
LN 



Now, if we assume r to represent the radius 
of the cylinder, the motnent of P' about the axis 
of the cylinder will be P' x r, for r is evidently 
the arm at which P' acts ; also, if we suppose, 
as we may, that LN is equal to the circumference 
of the cylinder, in which case L and iV^ will 
coincide when LMN is wrapped round the cylin- 
der, and JfiV will evidently be the vertical distance 
between the thrfeads of the screw ; if we make' 
these assumptions, putting for brmty d lot MS;^ 
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and c for LN^ we find that the moment of P' 

is 

P X r, or T- jB'. 

In like manner, if JB", jB"', &c. be the vertical 
effects produced by B upon the other points of 
the thread, the moments of the correspondmg 
horizontal effects produced by P on the same 
points, will be 

C 

And the sum of all these will be 

-(iZ' + iZ" + i2''' + &c.) 

Now this sum must evidently be equal to the 
moment of the force P which produces all these 
horizontal forces ; also, ^' + iB" + jB"'+ &c must 
be equal to B, Wherefore, if we denote AB 
by a, and therefore the moment of JP by Pa, we 
h^ve, 

Pa='^(It'^It'' + B"'+ &c) = - i?, 



and .'. P= — jB. 

ac 

or, P : B :: rd : aCm 

We thus find P in terms of ^, or £ in terms 
of P, when r d a and c are given. 
Corollary. — Tlie mc\mi^x^\iRfc^i^^\t^<^vifQund 
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by multiplying its diameter by the number 3. 14159> 

22 
which is nearly equal to -=- ; hence c =2r x 3. 14159, 

44 
or — r nearly. If, therefore, we put this value 

for c in the expression for P, we find 

a x2rx 3.14159 2ax 3.14159 

r-— R nearly. 
44a -^ 

Hence we have. 

Pi R i: d :2ax 3.14159, or P: R :: 7d : 44a 

nearly. 

That is, the Power is to the Resistance as 7 
times the vertical distance between the threads 
to 44 times the arm at which the Power acts, 
nearly. 

Thus for example, if rf= 1 inch, a = 35 inches, 

then P= 220 -^^ R=220P; that is, P exerts a 

force 220 times greater than itself on the sub- 
stance D by means of the screw. 

The efficiency of the screw, like that of the 
wedge, depends, however, in many cases upon 
friction, as we shall show when we come to speak 
of friction. 

Proposition LIII. 

To explain the action^ and find the mechanical 
advantage of the endless screw. 

The endless screw differs from the comxcksycL %^t^^ 
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Fig. 207. 



I 






[ 
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merely in the manner in which it is fixed, which 

is as follows. 

The axis AD of the cylinder which forms the 

screw, fig. 207, is fixed in a 
frame KFML at A and D; 
so that, when the handle AB 
is turned round, the screw does 
not move upwards or down- 
wards, as in the case of the 
common screw, but siniply 
turns round its axis A D. Bat 
the groove in which the thread 
of the screw works is formed 
in a piece NO^ which is capable 
of moving up and down; 
whereas, in the common screw, 
this piece is fixed, being part 
of the frame. Observe that 

NO \a capable of moving up and down^ but noi 

of turning round. 

We may call the cylinder with the spiral thread 

running round it an outside screWf and the piece 

in which is cut the corresponding groove, for the 

thread to work in, we may call an innde screw. 
Hence the difference between the common screw 

and the endless screw may be thus stated; the 

inside screw is fixed in the former, but in the latter 

it is moveable. 

The resistance B in the endless screw, acts on 

the piece NO, and we may show exactly as 

before that 

P : JB :: rd : ar, or P= — B. 

ac 
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GENERAL OBSERVATIONS RESPECTING THE 
MECHANICAL POWERS. 

We have now explained the nature of the 
Mechanical Powers, as commonly enumerated, 
and calculated the effects which may be produced 
by them. We must observe, however, that, for 
the sake of simplicity, we have left out a very 
important consideration, namely, that the force 
of friction must necessarily interfere with, and 
generally diminish the efficiency of the mechanical 
powers. We shall devote a special Chapter to 
this consideration, in which we shall show how to 
estimate the effects produced by friction. 

We have also supposed in the preceding Pro- 
positions, that the materials which compose the 
various solid parts of the mechanical powers, are 
perfectly rigid, hard, and inflexible; also, that 
the cords, strings, or bands, are perfectly flexible, 
and inextensible. Now, none of these suppositions 
are practically true ; the materials we assumed to 
be rigid, are really to a certain extent not so; 
cords are never perfectly flexible nor inextensible, 
but have always a certain degree of stiffness, and 
are always capable of being stretched more or 
less. Our limits will not allow us to enter upon 
these considerations, though they are of con- 
siderable importance practically; we shall only 
have space to make a few observations on the 
extensibility of strings, and the strength and 
rigidity of materials in a future chapter. 
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Proposition LIV. 




To explain the principle^ that what is gained in 
power, by the Mechanical Powers, is lost in q>eed. 

This is a yer j important principle in Mechanics, 
and is one of universal application. No power 
can be gtuned by any mechanical contrivance 
without a corresponding loss of speed. Let us 

consider the case of 

^^ pi^.208. ^j^^ common lever, 

A By fig. 208, C being 
the fulcrum. Suppose 
the weight TT to be 
elevated to W, by 
turning the lever round 
C into the position 
A'B'; then A'D is 
the space through which the weight W has been 
elevated, and EB' is the space through which 
the power P has had to move downward, in order 
to elevate the weight so much. 

Now, whatever be the proportion of A' C to 
CB\ the same will be that of J.'i> to EB'. Also, 
by the Principle of the Lever, if P balances TT, 
W will be to P in the inverse proportion oi A'G 
to CB\ Wherefore, if W exceeds P any number 
of times, EB' will exceed A' D the same number 
of times ; that is, the greater W is in proportion 
to P, the less will the space W is elevated be, in 
proportion to the space P has to move over to 
elevate W so much. 

Thus, for example, let the arms AC and BO 
of the lever be respectively 1 foot and 4 feet; 
then if -A'D be \ iiic^^ EB' ^'^\i^ ^ vofihes; 
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also, if TF be 100 lbs. P must be at least Jth of 
TFor 25 lbs. in order to elevate W. Here, then, 
we have a gain of power fourfold ; for 25 lbs. is 
made to elevate 100 lbs. ; but there is a propor- 
tional loss of speed; for P must move down 4 
inches for every one inch that W is elevated. 
The advantage, therefore, which F gains in power 
is counterbalanced by an equal disadvantage in 
speed. 

Archimedes said that if he had a firm place 
outside the earth for a fulcrum, he could move 
the earth with a lever ; let us calculate how long 
it would take him to move the earth one inch. 
The weight of the earth is, in round numbers, five 
thousand millions of millions of millions of tons ; 
suppose Archimedes to exert a power of 1 cwt. 
to move this weight ; then, since the weight ex- 
ceeds the power one hundred thousand millions 
of millions of millions of times, the power must 
move through so many inches in order to move 
the weight one inch. Now, this number of inches 
amounts roughly to seventy millions of million 
circumferences of the earth. Therefore the work 
Archimedes would have to do would be the same 
as if he were required to push a body round the 
earth 70,000,000,000,000 times, all the time ex- 
erting a pushing force of 112 lbs. 

The wheel and axle being a kind of lever, the 
same principle may be shown to extend to it. It 
would also be easy to show the same in the case 
of the other mechanical powers ; but, as we shall 
have to explain the principle in a general way 
hereafter, when we come to speak of the Work 
done by Forces^ we shall not delay to show that it 
holds for the other mechanical powei^* 
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Proposition LV. 

To show how to estimate the effect produced by any 
combination of the mechanical powers. 

The mechanical powers may be combined m 
various ways; for example, let ^£ be a lever, 
C its fulcrum, BD b> vertical string passing over 
a fixed pulley 2>, and under a moveable pulley E, 

Fig. 209. 



jB 



',JS 






1 



w 



the block of E being connected by a string with 
the lever GH^ whose fulcrum is G. The power 
P acts at Ay and the weight W at H. It is re- 
quired to find P in terms of TF. 

Let T represent the tension on the string 
DB, and T that on the string EF; then T is 
the resistance which P has to oalance by means 
of the lever AB ; T is also the power which 
balances the resistance T' by means of the pulley ; 
and T' is the power which balances W by means 
of the lever GH. We have, therefore, by the 
preceding propositions, 

P_GB^ T 1 r GH 

T "■ ga! T' ' 



V 



W GF 
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Wherefore, multiplying these together, we 
find, 

P CB \ GH 

or — ^ V - X • 

W CA 2^ (JrF 

Which expresses what fraction P is of W\ for 
instance, if (7-4 = 3(75, and GF^^GH, we 
find, 

W^ Z ^2 ^4"24' '''' ^~24^- 

Thatis, Pis Athof W. 

In this combination we may see that the force 
which is the resistance in the first mechanical 
power, is the power in the second, and the force 
which is the resistance in the second is also the 
power in the third. Now, in general, supposing 
any number, say four mechanical powers, to be 
connected in this manner, let P be the power, 
and JS the resistance in the first, R the power, 
and JB' the resistance in the second, W the power, 
and M" the resistance in the third, U" the power, 
and W the resistance in the fourth. The fractions 

■s* ^^' -577* "mt* ^^® given by the preceding pro- 
R U n rv ^ mm m" ' 

positions; let them be respectively, -> ,5 —77, 
^ tit n n n 

—rr, ; then we have, 
n 



P m E m' R' rn' R" m 



— 9 "z^n !^ — r' "zm — ~ //* 



R n B' »' B" n" W « 
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Therefore, multiplying all these together^ we 
find. 



»'/ 



// 



itt 






tft 



or, "jT^ — X "~7 X 77 X 777* 

tV n n n n 

Hence we have the following Rule for finding 
Mohat fraction the poteer is of the weight or resistance, 
in any machine consisting of a combination of 
the mechanical powers, such as we have con- 
sidered. 

Find what fraction the power is of the weight 
or resistance, in each of the mechanical powers, 
by the preceding propositions ; multiply all the 
fractions together, and the product wDl be the 
fraction required. 

Ewample. — One or two more examples of this 
rule will be useful. Let J. (7, fig. 210, be a 

Fig. 210. 



^i 



V 




horizontal lever, G the fulcrum; A' G' another 
horizontal lever, 0' iUMfix:um\ E ^%3LRftL^\5XiAY; 
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C JP an inclined plane ; W the weight, and P the 
power. A vertic^ string A B' connects the levers, 
^d another vertical string passing over F draws 
W up the inclined plane ; CH is vertical, and 
HK horizontal. Let the tension on ^ jB' = JB, and 
that on5F=JB'. 

Here we have, by the preceding propositions, 

P _ B^ ^ _ :^ :?' -. ^ 
E'^ A'C' B''^ A(f W^ CK' 

-rm. o P B C BG CH 

Wherefore, -=^^^x^x^. 

Thus, it A'C^lOB'G'y A0=l2BCy CK= 
2 CHy we find, 

P _ J. 1 1 j,^l_w 

"TT "" 10 ^ 12 ^ 2' ^"^ ^ "" 240 ^' 

Second Example. — In fig. 211, P acts on a wheel 
at Ay the axle of which is con- j?j«. 211. 
nected with another wheel by a 
string B Cy the axle of the second 
wheel being connected with a pair 
of pulleys E and Fy (formtag the 
second sj/steniy) by the string BE; 
W hanging from the block of F. 
The radius of each wheel is 10, 
and that of each axle 3 ; JB is the 
tension on BCy B' that on DE. 

Jlere we have, by the preceding propositions, 

P__3^ A- i ^ - 1 
^""10' B'^ 10' W^V 
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And therefore, 

P 3 3 1 D 9 nr 

Proposition LVI. 

To show the mechanical advantoffe in a train of 
cop wheels and pinions, 

A coff wheel is a wheel with a set oT projections, 
called teeth or cops, all round its circumference, 

Fig. 212. as shown in fig. 

212. When two 
wheels of this kind, 
as C and C", are 
properly placed 
with respect to 
each other, as is 
shown in the 
figure, if one of 
them be turned 
round, the other 
will be forced to 
turn in the opposite direction. Thus, if the wheel 
C be turned in the direction shown by the arrow A, 
the wheel C will be forced to turn in the direction 
shown by the arrow A\ This action of one wheel 
on the other is cause:! by the pressure of the 
teeth of the one upon those of the other. A tooth 
of C is always in contact with one of G\ 

Let D be the point where the tooth of C and 
that of C\ which are in contact, touch each other ; 
and let E ' be the force or pressure which the tooth 
of C exerts on that of (7', the latter tooth of 
couvQQ exerting an equal and opposite reaction B 
upon the former. iStaN^ C E ^xA C E ^t^xsl- 




STATICS. 



319 



dicular to the line RR'. Then the moment of the 
force exerted by the wheelCon the wheel C'y about 
the centre C, is JB x O'E'^ and the moment of the 
consequent reaction exerted by the wheel C on 
the wheel C, about the centre C, is ^ x GE. 

In general^ CE and C E' are very nearly equal 
to the radii of the wheels C and C respectively, 
and we may assume that CE and C*E' are the radii 
of the wheels, without any error of consequence. 
If, then, R be the force of mutual action and 
reaction between the two wheels, the moment of 
R about the centre of each wheel is obtained by 
multiplying R by the radius of that wheel. 

Now, let (7, C\ G'\ be a set of wheels and axes 
furnished with teeth or cogs on their circum- 
ferences, and acting upon each other, as is shown 
in fig. 213 ; that is, 
the teeth of the 
axle of C act on 
those of the wheel 
C'y and the teeth 
of the axle C act 
on those of the 
wheel C'\ Also, 
the power P acts 
on the wheel (7, 
and the weight W 

on the axle C", Axles with teeth are called 
pinions. 

Let R be the 'force of mutual reaction between 
the pinion C and the wheel C\ and R' that be- 
tween the pinion C and the wheel C" ; also, let 
a and b be the respective radii of the wheel and 
pinion C, a and b' those of the wheel and pinion 
C'y a" and b" those of the wheel Bend ^^\^ C" . 



Fig. 213. 
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Then the moments of P and B, about the centre 
of G are Pa and jB6, and therefore^ by the Prin- 
ciple of the Equality of Moments^ we haye 

Pa = jB6, or — = -• 

u a 

And in like manner we find^ taking the mo^ 
ments of R and R' about the centre of C^, 

iZa' = i2'6',or^, = ^. 

K a 






And in the same way^ 



ii'a"=Tr6 



// 



R' 
or ==,s= 



// 



W a 

Hence^ multiplying all these fractions together, 
we find 

p R_ R^_b y b^ 

R^ R' ^ W^a^ a' ^ a'*' 



or 



P _h h^ b^ 



Fig. 214. 



' W a a a 

Which gives the relation between P and IT, 
and therefore shows the mechanical advantage of 
the combination of toothed wheels and pinions. 

CoroUarv. — K 
the wheels and 
axles were con- 
nected bybands, 
as shown in^fig. 
214, where the 
axle £7 acts upon 
iTT the wheel C\ 
by means of a 
band instead of teet\i, ^iSL^. \Sci<^ %xU C acts upon 




the wheel O" in & aimilar m&nner; then it might 
be shown in exactly the same v&j, that the same 
relation holds between P and JV as that just 
obtained in the caae of wheels and pinions. In 
fact, -H R' would be the tensions on the bands, 
instead of the forces of mutual action and reaction 
between the wheels and pinions. 

Ewample. — In a train of 3 wheels and axles, (or 
pinions,) the radius of each wheel being 10 times 
the radius of its axle, to find the mechanical 
advantage. 

Here we haye, 

fV 10^ 10 '^ 10 °^-^ 1000 
That is, the weight is balanced by a power 
which is only the thousand part of the weight. 
Proposition LVII. 

To show the mechanical advantage of the endlesB 
terete and cog uheel comhined. 

AD, fig, 215, is the endless screw, and its 
thread acts upon the teeth 
of the wheel C; in fact, 
the teeth of the wheel C 
correspond to the imide 
screw in fig. 207, and are 
moved upwards or down- 
wards bytumingthehandle 
AB, exactly in the same 
manner as the piece NO, 
fig. 207. The weight W '' 
hangs from the axle of C, 
and the power P acts on 
the handle A S. 



Fig. ill. 
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Hence, if B be the vertical resistance which 
the screw has to balance by acting on the teeth; 
JB, or rather a force equal and opposite to R^ will 
be also the power which balances W on the wheel 
and axle C. If^ therefore, a, r, Cj and d^ denote 
the same as in Proposition LIL and if a be 
the radius of the wheel, and b' that of the axle; 
we have 

P r.d , B b' 

M a.o W a 

Wherefore, -7^= — ^ x — ,• 

W a.c a 

Example. — If the distance (rf) between the 
threads be one inch, the handle AB {a) one foot, 
and a'= 106' y then, remembering that c is always 

22 

equal to r multiplied by 3.14159, or — nearly, 

we have ' 

P _ 7 X 1 1 p^jLw 

W 12X22 10' ^^^^ 2640 



CHAPTER VII. 

OF THE FORCE OF FRICTION. 

We have already made some general remarks 
on the subject of Friction^ and it only remains to 
state the laws by which the action of this force is 
regulated, and to show how it may be taken into 
account, and allowed for in Statical problems. 



Proposition LVIII. 

To state and explain the laws which regulate the 
action of the Force of Friction. 

These laws have been determined by experiment 
in various w^ays, and they may be stated as 
follows : — 

All bodies are rough more or less, and when 
placed in contact with each other, they exert a 
force of resistance to sliding motion, which is 
called the Force of Friction* 

When two bodies 
A and B are placed 
in contact with each 
other, as shown in 
fig. 216, if a force be 
applied to make A 
sUde upon B in the ^ 
direction A C, then 



Fig. 216. 
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a force of friction F is brought into play, in 
exactly the opposite direction to AC^ whereby 
the sliding motion of A is prevented altogether, 
or partially resisted. 

The amount of this force Fy when A is either 
actually sliding upon B^ or just on the point of 
sliding, depends upon the pressure P, which presses 
A directly, that is, perpendicularly against B ; m 
fact, F is always proportional to P. For example, 
if jP be 1 oz. when P is 1 lb., then F will be 
2 ozs. when P is 2 lbs., 3 ozs. when P is 3 lbs., 
J oz. when P is J lb., and so on. Or we may say 
that F is always the same froMion of P / as for 
instance, in the example just given, F is always 
iVthof P. 

When A is not sliding, nor upon the point of 
sliding, the force of friction is indeterminate^ that 
is, it may be of any magnitude, not, however, 
exceeding a certain limit, that limit being the 
amount of the force when A is just on the point 
of sliding, or actually sliding. In fact, the force 
of friction, when A is neither actually, nor on 
the point of sliding, depends upon the force G 
which pushes A in the direction ACy and not 
upon the pressure P, inasmuch as the force of 
friction is that which prevents the force C from 
taking effect, and therefore the force of friction 
must be just equal and opposite to C. 

It has been found, however, that when two 
bodies with perfectly flat surfaces have been 
some time in contact with each other, they stick 
together more or less, and a greater amount of 
friction than that which is in action when sliding 
is actually taking place, is thus produced. A jar 
or shake, however, imTOieSiaX,^^ ^^"^Xx^-^^ thia 
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tendency to adhere, and then the friction becomes 
a force of the same magnitude as that which acts 
when sliding is taking place. It is on this account 
that the distinction between ^^ friction of motiony^ 
and ^^ friction of resty^ has been made, the former 
denoting the amount of friction in action when the 
surfaces in contact are sliding one over the other, 
the latter the amount of friction when they are 
not sliding. We shall always suppose the friction, 
in all the cases that follow, to be that of motion. 
The friction of rest is a very variable force, 
depending upon the time during which the surfaces 
have been left in contact with each other, and 
other circumstances. When the bodies are suffi- 
ciently tapped or shaken, the friction of rest 
becomes equal to the friction of motion, sup- 
posing of course that there is a sufficient force 
\C) acting to causQ A to be just on the point of 
sliding. 

Coefficient of Friction, — ^When the body A is 
actually, or on the point of sliding, the force of 
friction F is, as we have stated, always a certain 
fraction of the pressure P ; that fraction is called 
the Coefficient of Friction^ because it is the coeffi- 
cient by which the pressure P must be multiplied 
to give the amount of the force of friction F. 
Thus, if F be always iV th of P, F— ^ X P, and 
iV is the coefficient of friction ; or if i^ be always 
J d of P, i^= J X P, and J is the coefficient of 
friction, and so in other cases. 

The coefficient of friction is different for dif- 
ferent substances, depending upon the degree of 
roughness or smoothness of the surfaces in con- 
tact, upon the grain or texture of the substances, 
upon the nature of the unguent ot gc^^^^ >^\sv^ 
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is often interposed between the surfaces to 
diminish the friction, and upon various other 
peculiarities of the substances in contact. The 
following is a Table exhibiting the amount of 
the coeflScient of friction in a few cases* 

Table showing the Coefficient of Friction for 

certain substances^ 

N. B. — The fibres of the substance (if it have fibres), are sup- 
posed to be parallel to the direction of motion. 



Substances. 


Coefficient of 
Friction. 


Oak uDon oak ......... 


.48. or about h 


Wroucrht iron unon oak ..••.* 


.62 .. .. i 


Cast iron upon oak 

Wrought iron upon wrought iron . . . 
Cast iron unon cast iron • 


•^ » w i 

14. » 

.16 .. . ^ 


Brass upon brass 


• •*■*' ff ff T 


Oak upon oak, when surfaces were greasedl 
and wiped » . .j 

Brass upon brass, when surfaces were\ 
greased and wiped j 


*** ft w "S 
.11 ,, „ i 

♦13 „ >, i 



The use of this Table is manifest; thus, if A 
and B be both of cast iron, the coefficient 
of friction is f, and therefore jP is fth of P 
always. Wherefore, if A be pressed against B 
by a pressure of 10 lbs., the force of friction, 
when A is sliding, or on the point of sliding, will 
be If. If the pressure be 30 lbs. the force of 
friction will be 4f. 
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Proposition LIX. 

To show that the amount of the force of friction 
is independent of the extent of the sv/rfaces in contact. 

Suppose the body A to rest upon a plane BD^ 
at three places, jB, C, and 2?^^. 217, 

D; also, suppose that the 
coefficient of friction is any- 
particular fraction, say |, MlllWiilM 
and that the amount of direct BIB 
pressure oful upon the plane w e » 
is Q at jB, ^ at (7, and ;S^ at D, Then the friction 
at B i^ \Q, that at C is \By that at 2> is ^/S; 
wherefore the whole friction is, 

Now, if P be the whole pressure which presses 
A against the plane, it is clear that P= Q + B+ 8; 
whence it appears that the friction is ^ P. 

In like manner, if there were 4 points of support 
instead of 3, and if T were the pressure at the 
fourth, we might show that the whole friction 
would be 

i(Q + ^ + >Sf+r),which = JP. 

Thus, whatever be the number of points of 
support, it is clear that the force of friction is 
always the same, namely, one-half of the whole 
pressure; in other words, the friction does not 
depend upon the extent of the surfaces in contact, 
but is always the same fraction of the pressure. 
The same reasoning would evidently be true if the 
coefficient of friction were J or J, or of any other 
value. 

N.B. — This reasoning must be restricted to 
the case represented in fig. 217, tha.t is, to Criatiaxs^ 
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between flat surfaces pressed together by a force 
which does not depend upon the extent of the 
surfaces in contact : for instance^ it does not apply 
to the case of the friction of the piston in a steam- 
engine cylinder ; or to that of a fluid moving 
through a pipe. 

Laves of Friction briefly stated. 

It may be well to state the laws of friction 
more definitely and briefly as follows : — 

1. The force of friction acts always in the 
opposite direction to that in which the body slides, 
or tends to slide. 

2. The force of friction, when the body is on 
the point of sliding, is always a certain fraction 
of the pressure, which fraction is called the co- 
eflScient of friction. It is usual to denote this 
coeflScient by the letter //. ; and consequently, if 
the pressure be P, the force of friction wiU be 

3. When the force tending to make the body 
slide is less than this fraction of the pressure, the 
body will not slide ; when it is greater, the body 
will slide, provided it be slightly shaken or dis- 
turbed, so as to prevent adhesion, and the increase 
of friction resulting from it. 

4. The force of friction is independent of the 
extent of the surfaces in contact, under the cir- 
cumstances supposed in Prop. LIX. 

5. We may also state, that, if two bodies A and 
B be in contact, A exercises upon B a force of 
friction equal and opposite to that which B exer- 
cises upon A. 

6. Lastly, it is found that friction of motion is 
tie same, whether t\ie iao\Ao\i\i^ ^3^^ ^x ^^<cs^. 



STATICS. 329 



Proposition LX. 




To determine within what limits^ as regards 
direction^ the resistance of a rough surface acts. 

Let A he a body placed upon the surface GF; 
let us suppose the co- Fig. 21s. 

efficient of friction to be 
any particular value, say 
i ; and let BA represent 
a force pressing the body 
A against the plane ob- 
liquely. Draw AG and _ 
BD a,t right angles to * 
GFf and CB through B parallel to GF; make 
CF equal to i ds of CA, draw FF at right angles 
to GF, and join F and A. 

Now, the force BA is equivalent to the two 
forces represented by CA and I) A; in other 
words, the oblique force BA produces a direct 
or perpendicular pressure CAy and a force JDA 
tending to make A slide along the surface. Now 
the force of friction arising from the pressure CA 
would be equal to i CA, if A were on the point 
of sliding; but CF, which was made tds of CA, 
is equal to AF, and AJDia less ihajiAF ; where- 
fore, the force JDA tending to make A slide, is less 
than i ds of the pressure, and therefore the body 
will not slide. 

If the force BA acted along the line FA, in 
which case D and F would coincide, the force DA 
would be just equal to * ds of the pressure, and 
therefore A would be on the point of sliding. 
And i{ BA fell on the other side of FA, D would 
lie heyond F, and then the foic^ D A ^Q>o\.^\k^ 
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greater than Ids of the pressure, and therefore 
A would slide. 

Hence the line EA shows the greatest inclina- 
tion which the force BA may have to the per- 
pendicular CAi without making the body slide; 
if BA be more inclined to the perpendicular than 
EA^ the body will slide, if less inclined, the body 
will not slide. 

It appears, then, that the surface will resist and 
prevent the effect of an oblique pressure, such as 
BAy provided the angle which BA makes with 
the perpendicular does not exceed the angle EA C. 
The angle EAC may therefore be called the angh 
of resistance. In the present case this angle is 
found by making CE^^vCA^ and in general, to 
find the limiting angle of resistance, we must 
make CE=fiX CA, fi being the coefficient of 
friction. Of course, if the surface prevents the 
effect of the force BA^ it must exercise a resist- 
ance equal and opposite to BA. When the body 
is on the point of sliding, therefore, the surface 
exercises a force of resistance which is inclined 
at an angle equal to the angle of resistance to the 
perpendicular. 

The angle of resistance is the angle A of 

a right-angled triangle ACE, in which CE^ 

C E 
fi CA, or -^^ = fi. Those who have begun Trig- 

O A 
onometry will see here that the angle of resist- 
ance is that angle whose tangent is equal to the 
coefficient of friction. 
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Table of the vatues of the angle of resistance in 

xarious cases. 

See the Table in p. 326. 



Substances. 



Oak upon oak 

Wrought iron upon oak 

Cast iron npon oak 

Wrought iron upon wrought iron .... 

Cast iron upon cast iron 

Brass upon brass . . . . » 

Oak upon oak, surfaces greased and wiped . 
Brass upon brass, surfaces greased and wiped 



Angle of 
resistance. 



26** 
82** 
26° 

8° 

6° 
8° 



Proposition LXI. 

A body is placed on a plane which is gradually 
inclined to the horizon; to determine at what in^ 
clination of the plane the body begins to slip. 

Let EG be the Inclined plane^ EF horizontal, 
FG vertical; let A be 
the body placed upon the 
inclined plane, and let 
us suppose it to be just 
on the point of sliding 
down the plane: draw 
BA vertically to repre- 
sent the weight of Ay 
CA and BD at right angles, and CB parallel to 
EG. 

Then the force BA is equivalent to the forces 
represented by CA and JDA, CA at right angles 
to the plane, and DA along the plau^ \ CA bw^^ 
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the direct pressure agfdnst the plane, and DA the 
force tending to make the body slide down the 
pkne. Since the body does not actually move^ 
tJie force of friction must be equal and oppoate 
to DAi and is therefore represented by AD. 
But^ since the body is on the point of sliding, the 
force of friction is equal to the pressare mnlti- 
plioil bv the coefficient of friction ; that is, ^ D 
IS equal to A C multipUed by the coefficient of 
friction* and therefore 

' -^ =: the coefficient of Cnction, or lu 

Nv^v it is cdisy to show that the triai^le ABD 
is siuulor to the triangle EfG,* and therefore 

AD : BD n,or jn :: I^G : EFc 

. Alt FG 

»he^^ __ = _ . 

:i*A5 :::> i>e%i: i^,- is or-iil to* hs^ base JSTFrnnK- 
Vw,^^,;, Vv ibe vW':3:D:rii: cc frimML i3ae Iwdr is on 
;x* >^^^ >^'' soiEzsr, i2>i ;ij««&ine aaay :s:i«iter 

-> ^ia^* ;ic,»,v'ccii^ .-c ibi ^rTrnfC jjlbof^, as a 
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nechanical power, if we take the length of the 
)lane to represent the weight, the height will 
•epresent the power, that is, the force of friction, 
md the base the direct pressure. Wherefore the 
leight must be the same fraction of the base that 
:he friction is of the pressure, supposing the body 
JO be on the point of sliding. 

But the best way to consider this proposition is 
)y reference to the angle of resistance. BA is 
;he whole oblique force which presses the body A 
igainst the plane EG, and CA is perpendicular to 
^G ; wherefore, since A is supposed to be on the 
)oint of sliding, the force AB makes an angle 
irith CA equal to the angle of resistance. But, 
ince CA is at right angles to EG^ and ^^ to EFy 
JA and BA make the same angle with each other 
hat EF and EG do; wherefore, since the angle 
?A G is equal to the angle of resistance, the angle 
^EG is so also. 

It appears, therefore, that when the body is on 
he point of sliding, the angle of inclination of the 
lane to the horizon is equal to the angle of 
esistance. 

This is equivalent to the former result, because, 
rhen the angle PEG is equal to the angle of 
esistance, FG^^^iEFy as we have before stated. 

Experimental method of finding the Coefficient of 

Friction, 

The present proposition affords a simple method 
if determining the coeflScient of friction for any 
>air of substances in contact. We have only to 
nake an inclined plane of one of the substances, 
md place the other upon it, and gradually eiftN^\A 
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the plane until sliding takes place ; we have then 
only to measure the inclination of the plane to the 
horizon, and the result will be the angle of resist- 
ance, from which the coefficient of friction may be 
immediately deduced, as is manifest from what 
has been said above, (Observe, the friction is 
supposed to be that of motion.) 

When a variety of experiments of this kind 
are tried with different substances, of different 
sizes, and subject to different degrees of pressure, 
it is found that the angle of resistance, and there- 
fore the coefficient of friction, determined for any 
pair of substances, is always the same, no matter 
what may be the extent of the surfaces in contact, 
as long as the surfaces have the same degree of 
polish or roughness, and are not affected by any 
interposed matter, such as dust, grease^ water, or 
the like. If, however, the pressure be excessive, 
there appears to be some deviation from the laws 
of friction as above stated. Thus, in launching 
a ship, it is found to slip at a less elevation of the 
inclined plane on which it is placed than it ought 
to do according to the above laws. This, indeed, 
is easily accounted for, inasmuch as the wood must 
be compressed, and made harder than it naturally 
is, by the enormous pressure arising from the 
weight of the ship, and therefore, probably, the 
surfaces in contact are made smoother. 

There are many practical difficulties in deter- 
mining the friction of substances, which we cannot 
delay to mention. There is, consequently, some 
discrepancy in the friction tables given by dif- 
ferent experimenters. 
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iproblems showing the method of taking 
friction into account in various cases, 

Problem XXXIIL 

To find how much a heam^ A B^ fig. 220, which 
rests upon a rough horizontal plane A C^ and against 
a smooth vertical plane CEy may be inclined to the 
vertical without slipping. 

Suppose the extremity A to be just on the 

Eolnt of sliding along the fi^. 220. 

orizontal plane CA; then 
the resistance or reaction of 
this plane acts obliquely in 
the direction AE^ AE being X 

drawn at an inclination to / 

the vertical equal to the d/........^ 

angle of resistance ; the /^^"'"'''^ 

reaction of the smooth plane y^.^y'^^ 

CE acts along BD^ which 
is drawn at right angles to CE, also, the weight 
of the beam acts vertically through its middle 
point G. But these three forces keep the beam 
at rest ; wherefore the vertical through G must 
pass through the point D, as shown in the figure. 
Now, because AG^ GB, and GD is parallel to 
BE9 it follows that AI) = DE, Hence we have 
the following construction. Draw any line AE 
inclined to the vertical at an angle equal to the 
angle of resistance, that is, make CEA equal to 
the angle of resistance ; from i>, the middle point 
of EAy draw DB horizontally to meet the vertical 
plane CE at B, and join A and B^ then AB 
shows the required inclination of the bea.m. ^liQ,rL 
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it IS on the point of sliding. We have, therefore, 
only to measure or calculate the angle BA C^ and 
we so determine the inclination required. If the 
coefficient of friction be given instead of the angle 
of resistance, we draw EA^ by making AV^ 
fiEC. 

Ex. 1. — The angle of resistance is 20% find the 
inclination of the beam. 

Ex. 2. — The angle of resistance is 45 °, find the 
same. 

Ex. 3. — The coefficient of friction is J, find the 
same. 

Ex. 4. — Find the same when the coefficient 
is 2. 

Mathematical Calculation. — Let fi denote the 
coefficient of friction, then the angle of inclina- 
tion of the beam to the horizon may be found in 
terms of fi as follows. Because AD^^DE^ and 
DB\q parallel to AC, \t follows that CB^\GE. 
But, because AEC \^ the angle of resistance, 
AC^fiCE (Prop. LXI.); wherefore, 

which proportion determines the angle BAG; 

C B 

in fact, -jTv is the tangent of the angle BA C. 

Thus, in Example 3, /^ = i, and therefore 
CB : AC :: 1 : 1, or CB — AC, wid therefore 
lBAC=^4:5\ 

C B 

Again, in Example 4, — ^ = i > or tan. BAG 

= I, which gives BAChj the tables. 
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Problem XXXIV. 

If the xertical plane or wall he also rpughy to find 
the inclination of the beam when it is on the point of 
diding. 

We use the same letters and construction as 
before, with this difference, Fig, 221. 

that j?i> is no longer hori- 
zontal, but inclined to the 
horizon at the angle of re- 
sistance, as shown in fig. 221, 
for, the wall being rough, its 
resistance does not act hori- 
zontally, but at the angle of 
resistance to the horizon. 

Observe, BD is inclined 
upwards, not downwards, be- 
cause, as the beam is on the point of sliding, its 
extremity B tends to slide downwards, and there- 
fore the friction of the wall acts upwards ; con- 
sequently, the oblique resistance of the wall, 
which acts in the direction BB, is inclined up- 
wards, not downwards. For the same reason, the 
oblique resistance of the horizontal plane on the 
extremity A, which acts along AE, is inclined 
rightwards, because A tends to slide leftwards^ if 
I may coin the words. 

The construction then Is as follows: — Draw 
EA as before, making CEA equal to the angle of 
resistance of the horizontal plane ; draw A F in- 
clined downwards to the horizon at an angle CA F, 
equal to the angle of resistance of the vertical 
wall, (which may be different from that of the 
horizontal plane,) bisect EA at D^ At^^ DB 

z 
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parallel to A F, and join B and A. Then BAG 
IS the angle of inclination of the beam when it is 
on the point of sliding, and it may be determined 
bj measurement or calculation. 

Ex. 1. — Find the inclination of the beam when 
the angle of resistance is 45 "^ for the horizontal 
plane, and 30'' for the verticaL 

Ex. 2. — Find the same when the coefficient of 
friction is \ for both. 

N. B. — CF is equal to AC multiplied by the 
coefficient of friction. 

Mathematical calculation, — Let fju be the coeffi- 
cient of friction for the horizontal plane, and fk' 
that for the vertical ; then, 

AG^fi.CE, CF=^ti\AC, and BF=\EF, 

Wherefore, since BF^BC+CF, mdEF^ 

EC+ CF, we find, 

BC+fi'AC=i {CE + fi'AC) 

Therefore BC ^ (:^ + ^ -^ fi') AC. 

And therefore tan. BA C— 
BC 



AG 



"(i+i-o-Kj-"')- 



If u'= - > we have tan. BA (7—0, and there- 

fore BAC^=^0\ that is, the beam will rest at any 
angle to the horizon, for it will not be on the pomt 
of slipping till Z.B AC=Q, 
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PaOBLEM XXXV. 

A body is placed on a rough horizontal plane; to 
find whatforcOf acting at a certain angle to the horizon, 
mil just make it slide. 

Let A Cj fig. 222^ be the horizontal plane^ B the 
body, P the force ap- 
plied to make it slide, ^*^* ^^^* . 
P acting at a certain 
angle PBC to the ho- 
rizon. Supposing the 
body to be just on the 
point of sliding, then 
the resistance of the 
plane, which we repre- 
sent by a, is not ver- 
tical, but acts at the 
angle of resistance to 
the vertical. Draw BD vertically to represent the 
weight of the body ; produce the line of direction 
of E backw-ards to F, and draw BE parallel to the 
direction of P, meeting BF Sit E. 

Then B is kept at rest by the forces P, W, and 
J?, to the directions of which the sides of the 
triangle BDE are respectively parallel. Where- 
fore, since BD has been drawn to represent TF", 
DE will represent P. We have, therefore, the 
following construction for determining the force 
P, which, acting at a certain angle to the horizon, 
will just be on the point of moving the body ; 
viz, draw BD to represent Tf, draw BF, making 
the angle DBF equal to the angle of resistance, 
and draiF -©^parallel to the direction oi P v^^"^ 
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DE represents the force P, as required, and may 
be determined by measurement or calculation. 

Ex. 1. — The angle of resistance is 30"*, and the 
weight of the body 100 lbs. ; what force P, acting 
at an inclination of 45 ^ to the horizon, will just 
be on the point of moving the body ? 

Ex, 2. — Find the same when P is inclined at 
an angle of 30° to the horizon. 

Ex. 3. — Find the same when P acts hori- 
zontally. 

Ex. 4. — W being 100 lbs., it is found that a 
force of 50lbs. acting at an angle of 45° to the 
horizon, will just move the body ; find the aiigle 
of resistance. 

Mathematical calculation. — Let /3 be the angle 
of resistance, and a the angle which P makes 
with the horizon. Then LDBE^^, jLBDE 
= 90°— a, and therefore Zi>^P= 180°— (90' 
- a) - )3 = 90 °- (j3 - a) ; therefore, 

P : W II sin.jS : sin. {90°-(/3-. a) }, 

or,P=-^^^TF: 
COS. (p — a) 

Problem XXXVL 

To determine the best angle of draught in the case 
just considered. 

By the best angle of draughty we mean the angle 
at which P must act, so as to move the body with 
the greatest ease ; that is, so that the least force 
may be required. 

Draw BFy former figure, at right angles to BF* 
Then DF is tW TXi^ugrnXxjA^ ^i P, ^Vis^xsl P is 
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parallel to DFy and DE the magnitude of P 
when P is parallel to DE. But DF is less than 
DEy in whatever direction DE may be drawn. 
Therefore, when P acts parallel to DF, P is less 
than in any other case, and therefore the direction 
parallel to DF must be the best angle of draught, 
being that which requires the least amount of force 
to move the body. 

Now, DF being at right angles to BF, and B F 
making an angle equal to the angle of resistance 
with the vertical, it follows that DF makes an 
angle with the horizon equal to the angle of 
resistance. It appears, therefore, that the best 
angle of draught is the angle of resistance. 

Thus, in Examples 2 and 3, previous Problem, 
we find that when P is horizontal, it must be 
greater than when it acts at an angle of 30° 
to the horizon. 

Problem XXXVIL 

To find P when the plane A C is inclined at a 
giten angle to the horizon. Also, to find the best 
angle of draught in the same case. 

The construction and reasoning in this case are 
precisely the same as before, only BF does not 
make an angle equal to the angle of resistance 
with the vertical, but with the perpendicular to 
the plane. 

In other words, if /3 denote the angle of re- 
sistance, and a the angle of inclination of the 
plane to the horizon ; BF must be drawn, making 
the angle i>£^=a + j3. 

The best angle of draught in this case is j3 ; 
that is^ P makes an angle j3 wit\i t\i^ "^V^Ti^ AC^ 
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when the least amount of force id required to 
move the body. 

Ex. 1.— Find P when a = 30% and /3 = 30°. 

Ex. 2.— Find P when a = 30% and ^ = 45°. 



FRICTION OF AN AXIS. 



Proposition LXIL 



When a body hamng a cylindrical axis is acted 
on by given forces^ to estimate the effect of friction in 
retarding the motion of the body about the axis. 

Let GH represent the body, haying a circular 
hole through which the axis^ shown bj the shaded 



Fig. 223. 




circle BCA^ runs, which axis is supposed to be 
fixed. Let B be the point where the circular hole 
rests on the axis. Where this point B is, depends 
upon the manner in which the forces press the 
body against the axia. ^ ^ tqjk^ ^^'s^^sr^^ that the 
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circular hole is supposed to be very nearly equal 
in diameter to the axis, but of course a little 
larger than it, to allow freedom of motion. 

Draw CE through B from G the centre of the 
axis ; take EB to represent the direct pressure of 
the body against the axis ; and therefore BE repre- 
sents the consequent reaction of the axis on the 
body* Draw BF in the contrary direction to 
that in which the point B of the body tends to 
move, which is of course at right angles to CE^ 
and take BF^=^fxBE (fi being the coefficient of 
friction), to represent the friction, B being sup- 
posed to be on the point of sliding. Then, if we 
complete the rectangle BFDEf the diagonal BD 
will be the resultant of the direct reaction BE, 
and the friction BF ; and therefore 52) represents 
the total oblique resistance of the axis to the forces 
which press the body against the axis* 

Hence the force BD, and the forces which press 
the body against the axis, must balance each other ; 
and therefore BD must be equal and opposite to 
the resultant of the forces which press the body 
against the axis; in other words, that resultant 
must be represented by the line DB. 

We may here observe, that we may suppose all 
the forces which keep a body at rest, to act at the 
same point, whether they really do so or not ; see 
Prop. XXVI. Wherefore, in finding the resultant 
of the forces which press the body against the 
axis, we may suppose all these forces to act at j9, 
each of course in, or rather parallel to, its proper 
direction. DB then, as we have shown, is the 
resultant of all the forces which press the body 
against the axis, each force being supposed to act at 
B parallel to its proper direction. 
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We may also observe, that EBD is the angle 
of resistance ; in fact, DB represents the total 
obliqae pressure which presses the body agidnst 
the axis, and BE ib the perpendicular to the 
surfaces in contact at the point B; wherefore, 
^ince the body is on the point of sliiUng, the 
obliqne pressure BB mnst make with the per- 
pencbcular BE a,n angle equal to the angle of 
resistance. 

Hence we have the following simple construc- 
tion for finding the force of friction BEj when 
the total oblique pressure BB, which presses the 
body against the axis, is known, viz. : — 

Draw a line BB to represent the total obliqne 
pressure ; draw also another line BE, making the 
angle EBB equal to the angle of resistance, and 
draw BE at right angles to BE: then BE, which 
is evidently equal to BE, represents the force of 
friction. 

By a construction of this kind we shall find 
that BE is always a certain fraction of BD, 
depending upon the magnitude of the angle 
of resistance. The following Table exhibits 
this : — * 



Angle of 
Resistance. 


Fraction which the Friction is of the Oblique 
Pressure. 


82° ... 
30° . . . 
26° . . . 
11° ... 

9° . , . 

8° . . . 

e"* . . . 


.63 1 
g 1 about i, that ia, DF—^BD nearly. 

.44 „ f 

■19 „ * 
.16 „ ^ 
.14 „ f 

•1 » 1^ 



See t\ie Tla\A«% Va y^. ^"iA ^x\.\^^\. 
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To find the effect of the friction in retarding 
the motion of the body about the axis, we must, 
of course, take the moment of the force of friction 
BEj determined as we have just shown, about the 
centre C of the axis; that is, we must multiply 
BE hj the radius CB. Hence we have the 
following Rule for estimating the moment or effect 
of frictioQ in retarding the motion of the body 
about the axis, namely : — 

Mvitiply the resultant of all the forces which press 
the body against the axis {the forces being supposed to 
a>ct at B, each in its proper direction^ by the fraction 
given in the Tables and by the radius of the axis; and 
the result will be the moment required. 

Mathematical calculation^ — We may by a simple 
calculation, only requiring the 47th Prop, of 
Euclid, Book I., find what fraction the friction is 
of the oblique pressure in terms of the coefficient 
of friction JUL ; for we have, 

DE^BF^liBE, and BE^^DE^^BD\ 
Wherefore, putting fiBE (or I) Ey we have, 

(l+fjL')BE':=^BJ)\ or BE=z -^^=1 
and therefore BF^uBE = -^^ — ^ BD. 

Hence —=!L== is the fraction which the force 

VTHhV 
of friction is of the oblique pressure. 

For brevity we shall denote this fraction by the 

letter X. The values of X then are given in the 

table^ which, compared with \\ie l«iiV^ Vql ^'^'^ 
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331, will show what X is for substances of dif- 
ferent kinds. 

Hence, if JR denote the resultant of all the 
forces which press the body against the axis, and 
r the radius of the axis, the reta/rding moment of 
the force of friction is 



Xtll.Tg or — y — 



• M •T» 



Fig. 224. 



This is a most important rule in Practical 
Mechanics, and we shall now apply it to one of 
the mechanical powers, namely, the wheel and 
axle. 

Proposition LXIII. 

To find the effect of friction in the case of the 
wheel and axle. 

Fig. 224 represents the wheel and axle with 

the power P and the weight 
W ; AB being the wheel, 
CD the a^xUy the inner 
shaded circle representing 
the aods. Observe, we make 
a distinction between axU 
and axisy the former being 
that round which the cord 
D TTis coiled, while the latter 
is the little cylindrical pivot 
round which the wheel and 
axle as one body revolve. 

Let a be the radius of the wheel, b that of the 

axle, and r that of the axis. 
In this case P and W are the forces which press 

the body against tVie oxAa^ Vi n^VvvJcl^^ wm^i tA 
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add the weight of the wheel and axle itself, which 
call U ; but, for simplicity, we shall not take U 
into account at first. The resultant of P and W^ 
supposed to act at one point, is P + W ; where- 
fore the moment of the force of friction is 

\{P'\'W)r. 

We shall suppose the wheel and axle to be just 
on the point of moving bv the preponderance of 
P, that is, P is just on the point of pulling up 
W ; then, by the Principle of the Equality of 
Moments, we have, 

Pa=Tr6 + X(P+ Tr)r; 

obsefVing that, since the friction is always a 
retarding force, its moment in this case must be 
contrary to that of P. Hence, 

P(a-.Xr) = Tr(6 + Xr)/ 

J + Xr T^ 

or P= r- TFi 

a — Xr 

Which shows what fraction P must be of W 
in order to be just on the point of drawing up TT. 

CoroUary 1. — If the axis were perfectly smooth, 
X would be zero, and we should nave, 

p= - ?r. 

a 

Corollary 2. — The greater r is, the greater will 

be the fraction > ; for, as r increases, the 

a — Ar 

numerator increases, and the denominator dimi- 

mshes. Hence, the larger the wyfliYVX^ ot \!cl^ ^'xk^ 
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is, the greater will be the power required tc 
a given weight ; that is, the greater will be 
loss of power arising from friction. 

Thus, if a =10, 6=1, Xs=J, and ra=^; 
find P = A?r. But, if r = ^, P=^»^. 
X = 0, that is, if there be no friction, P=s A i 

Corollary 3. — The loss of power from fricti( 

a — Ar a a{a — Xr) 

Ex,l.— If a = 20,J = 2,r= 1,0 = 1; find^ 
fraction P is of W. 

Ex. 2.— If a = 10, 6 = 2, r = 1 ; find the p 
which will raise 100 lbs., the value of fi beiijj 

Ex. 3.— If a = 5, 6 = 2, r=l, and if the 
of power arising from friction be A W; fi 
and fu 

Proposition LXIV, 

To find the effect of friction when the potce 
the preceding cases pulls vertically upwards, or 
zontaUy. 

If P pulls vertically upwards, 
represented in fig. 225, the resu 
of the forces which press the 
against the axis will be W — P, ini 
of W+P; we have, therefore, 

Pa^Wb-\-\{W-P)r. 

And therefore P = ^ W 

a-\- Kr 

We may best compare this with the resu 
the previous proposvtiow^ \>^ Taftacfts^ <i^ \«ql ^-xjw 
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Let 7f^==399lbs., (7 = 10, J = 2, X = i, r=l; 
then^ when P pulls downwards, we have, 

^=^i^=f9 3^^ = 21 lbs. 
But If P pulls upwards, we have. 

Hence we see that a smaller power is required 
when it acts upwards than when it acts down- 
wards. 

The reason of this is obvious, because the friction 
depends upon, and is proportional to the force 
which presses the body against the axis, and this 
force must be less when P and W act in opposite 
directions, than when they act in the same direc- 
tions. 

Hence it should be always borne in mind, in 
devising machinery in which there is rotation 
about axes, that the forces which press each body 
against its axis should be made to oppose each 
other as much as possible, so that the total pres- 
sure they produce should be as small as possible, 
and therefore the friction also. This rule is well 
known to good practical mechanics. 

If P puffs horizontally, as is repre- Fig. 226. 
sented in fig. 226, the question be- 
comes a little more complicated ; for 
then the force which presses the body 
acrainst the axis is the resultant of 
two forces acting at right angles to 
each other, namely, P and W ; aivd 
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by Prop. Xin. this resultant is l/p«+ ^«; we 
have, therefore. 

Pa = Wb + iir VP^+ W\ 

And from this, by the solation of a quadratic 
equation, we may find P in terms of TF*. But 
a simpler solution may be obtained, which answers 
perfectly well in all practical cases, by considering 
that r is always small, and so is /x ; for the axis 
about which the body turns is always made as 
small and as smooth as possible in order to diminish 
the effect of friction; the amount of friction brought 
into play being proportional to fi and r jointly* 

Hence we may regard firVp^ ^W^ as small 
compared with Wb^ and therefore we need not be 

very accurate in finding the value of ju r \^P * + Tf. 
Now, since this quantity is small compared with 
Wb^ it follows that Pa^Wb nearly, and there- 
fore P r=i -^ W nearly. Let us put this vfllue of 

P in the quantity ixrVp^-i^ fy»^ which, as we 
have said, we need not determine very accurately; 
and then the above equation becomes, 



Pa= Wb + fir \/-, W'^W^; 

orp=(^+^y*[7o^. 

^a a ^ or ^ 
^VTiich is a tolerably simple expression for P. 

If hich is a qiiadiatic iot ^li^iis P. 



STATICS* 35 1 

Corollary 1. — To jmA uihat additional power ii 
required in consequence of the friction. 

If the axis was perfectly smooth^ that is^ If [i 

was zero, the value of P would be - W: call this 

a 

P\ Now, by the formula for P, we find that the 

power actually required when ju is not zero, is. 



4-1. 



*^+ ;r^ V^^:+ 1, or P' + P'.^^I/^J 
a a y a b ' a 

Hence the additional power required in con- 
sequence of the friction is, 

^ a 
Thus, if a = 100, J = 10, r = 1, ;u = i, we find, 

Hence the power required in this case is ^ th 
more than the power that would be required if 
the axis were perfectly smooth. 

Corollary 2. — We may see, from the formula 
just obtained for the additional power required in 
consequence of friction, that the smaller r is, the 
less that additional power will be in proportion. 
Hence the importance of making axles as small 
as possible is manifest. 

Proposition LXV. 

To obtain a simple practical rule for estimating 
the additional pofcer required in consequence o/ jrictxou 
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in the case of the wheel and axle, whatever way the 
power may act* 

The greatest pressure will be experienced by 
the axis when P acts vertically downwards, and 
the least when P acts vertically upwards ; in the 
former case, 

Pa^Wb + iir{W-vPy 

Or, putting - W for P in the small quantity 
• a 

;ur(^+P), wefind, 

a a \a / 

Or, using P' as before, 

p=p'+'f(^^ + i)p'. 

Hence the additional' power required is 



o \ ay 



Again, in the latter case, where P acts upwards, 
Nve find, in the same way, that the additional 

power required is -j- (l j P\ Hence we 

have the following rule : — 

If P' be the power required on the supposition 
that the axis is perfectly smooth, then the addi- 
tional power required in consequence of friction 
will be 

not \ea^ ^^i^Ii '^ (> - "ol ^'' 
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ind not srreater than ^ f 1 + - ^ P . 



to 



? (' + 1) 



example, if a = 100, J = 10, r = 1, ju = J ; 
d that the additional power required is not 
lan 7*7 P', and not greater than ^P\ 
s is a very useful way of simplifying a rule, 
y, by finding not the exact quantity required, 
rtain limits, which give a tolerably fair idea 
magnitude. 

Proposition LXVI. 

estimate the effect of Friction in the case of the 
Moveable Pulley. 

A By fig. 227, be the pulley, P the power, 
B weight; and suppose F%g. 227. 

^ is just so great as to . 

the point of overcoming 
I the Motion, so that the 
iddition to P will pro- 
ipward motion. Now, 
ction takes place at the 
• axis (7, round which 
lley turns ; W is mani- 
the total force which 
I this pin against the 
, and therefore of course 
I reacts on the pulley with the same pres- 
The friction is therefore X TF, (see p. 346,) 
le moment of it about the centre of the 
as fulcrum, is A TTr, r being the radius of 
s. Now the forces which prevent the motion 
pulley about its axis are the friction, the 
f^ and the tension of the string A D^^^VasJoL 

A A 
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call T.) P and T act contrary ways^ botl 
arm a, a being the radius of the pnlle; 
the friction acts against P> because it t< 
resist the motion which is about to take j 
the direction of P. We have, therefore, 
Principle of the Lever, the following equal 

Pa=:Ta + XWr (1.) 

Also, if we suppose, as we may do by 
III. (page 85,) that the pulley and block 
rigidly connected together, we have 

P+T=-W (2.) 

Hence, multiplying (2) by a, adding it 
and cancelling Ta, we find, 

2Pa=^aW+XrW. 
otP = ^W+I^W . . (3.) 

This gives P in terms of W, or, in other 
it determines the power (P) just suffic 
begin elevating the weight W. 

Corollary 1. — The power required, if th( 
no friction, would be JTT, (see page 282,) • 
the additional power required in consequ 
friction is, 

2a 
This additional power is diminished 

* This may be easily seen by putting \ = in the foi 
which amounts to svxp^o&ing Uiat there is no fnctic 
remark is wortli atteiiom^ \>q. 
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diminish r, or Increase a, as is manifest from the 
formula. Hence it is important to make the 
pulley as large^ and the pin or axis as small as 
convenience and due strength permit. 

CoToUary 2. — ^From (1), by substituting P + T 
for TFi we find, 

Pa=Ta4-X(P-f T)r. 

And .-. P= ^^^ T . . . (4.) 

This is an important formula, for it gives a 
rule for finding how much ^eater the tension on 
one side of the string passing over a pulley is, 
than the tension on the other side ; for the friction 
of the axis will always cause one tension to exceed 
the other. 

Corollary 3. — If we suppose that P is only just 
sufficient to hold up fT, that is, that W is on the 
point of moving downwards, the friction will tend 
the opposite way to that supposed in the above 
investigation. Instead of (1), therefore, we shall 
have, 

Va^-XWr^Ta. 

This will make, 

P = JTr-~ ^. 
2a 

Hence the condition of equilibrium in the case 
of the single moveable pulley, taking friction into 
account, may be thus stated, viz. : — K the power 

is not less than \ W^ ;r- Tf, or not greater than 

\r ^^ 

\W ^- ^ TT, it will balance the weight W. 
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For example, if ?r=200, X = i, a=10r, the 

Xr 
value of TT- W 18 5; therefore, 105 lbs. wiU just 

begin to elevate 200 lbs., and 95 lbs will be just 
sufficient to hold up the 200 lbs. and prevent it. 
from going down. 

If a = 2r, the elevating force will be as much 
as 125 lbs. and the holding force only 75 lbs. We 
may see from this what a difference the size of 
the axis in proportion to that of the pulley 
makes. 

Proposition LXVIL 

To estimate the effect hf friction in the ease of 
the system of Pulleys represented in 
the annsxed figure. 

The figure needs no description, 
the system of pulleys it represents 
having been treated of in the pre- 
ceding Chapter. The radius of 
each pulley is supposed to be a, 
and tiiat of each axis r. Then, 
by Corollary2y Proposition LXVI., 
the tension on the string ^C?^ (sup- 
posing P to be on the point of 
drawing up W^) is 



^ 




a-'Xr 



a-^Xr 



— — Y- P, or cPi putting — --y- = Cy for brevity. 
a + Xr ^ °a-f Ar ' 

For the same reason^ the tension on DG is o times 
that on BCy which makes tension on DG^=^c^P» 
But the tension on the string^ C is equal to the 
sum of the tensions on GB and D G; therefore, 

tension on EC=cP-Vc^P^V^^AP. 
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Again, as before, the tension on FH is c times 
that on EC ; therefore, 

tension on FH^ (c' 4- c') P. 

Lastly, W^=^ tension on EC -H tension on FH^ 

We have therefore, 

Which determines the power necessary to begin 
elevating W. 

Example. — Suppose that X=J, a = 3r, and 
therefore c = A = *. Then, 



W 



P = 



W 



10 -I) 



324 ^' 



Proposition LXVIII. 

To egtimate the effect of friction in the case of 
carriage wheeb. 

Fig. 229 represents the carriage ; W is its total 

Fig. 229. 




weight, and P the horizontal power just sufficient 
to be^n moYiDg it; AB and CD ai^ \3afe^\i^^^^ 
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E and F their axles. The wheels are supposed 
to be equal, and their axles also ; the radii of the 
former equal to a, and those of the latter to r. 
The ground AG i& assumed to be perfectly flat 
and horizontal. 

The force which presses the carriage against 
the two axles E and F, is evidently the resultant 
of P and W; but P is always small compared 
with W^ as we know by experience; therefore, 
the resultant of P and W\& very nearly the same 
thing as TF", and consequently TF may be practically 
regarded as the force which presses the carriage 
against its axles. Let W denote the pressure 
exerted on E, and W" that on F; then, 

W -^-W'^W . . . (1.)* 

Now, the friction arising from W is \W\ and 

this is a force acting on the wheel J.j8 at an arm 

r, tending to prevent its turning round. The 

horizontal resistance of the ground at ^ is the 

only other force tending to turn AB round E; 

call this force B^ then, since B acts at an arm a, 

and just balances \W' acting at an arm r, we 

have, 

\W' r 

Ba-^XW'r^ and .*. jB= • 

a 

And, in like manner, if B* denote the horizontal 
resistance of the ground at (7, we shall find, 

a 

^ W \ W" migMbfe moick greater than TT in a shaky ill- 
constructed carnage, a caae 'SRViiOa. Sa xuiX* ^Ti\»su^\aj(Al here. 
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And therefore, 



a a a 

Now suppose, as we may, that the wheels be- 
come rigidly united to their axes, so that the 
carriage and wheels become one rigid body ; then, 
since By B! and P are the only horizontal forces 
acting; and since P is just on the point of over- 
coming these two forces, we have, 

\ W r 

R^E'^P, and .-. P= - — -^ 

a 

Hence it appears that the force just necessary 
to begin moving the carriage is, 



a 

T 

Corollary. — This force is greater the greater - 

is, and therefore, in order to make a carriage as 
free to move as possible, the wheels should be 
as large as convenience and stability will allow, 
and the axles as small as is consistent with due 
strength. 

Proposition LXIX. 

To estimate the effect of friction in the case of the 
inclined plane. 

Let A By fig. 230, be the inclined plane, W 
the weight resting on it, P the power supporting 
Wy fi uie coefficient of friction, A C horizontal. 
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Fig. 230. 




and BC vertical. Draw WD vertically down- 
wards to represent W^ WF at 
right angles to AB^ and com- 
plete the rectangle WEDF. 
Then WF is the force which 
presses W perpendicularly 
against the plane, and there- 
fore filVF is the friction. 
Also, P acts along the plane 
upwards, and the force represented by tibe line WE 
acts in the contrary direction. Hence, if TTis 
on the point of being moved up the inclined plane, 
in which case the friction will act datcfh we 
have, 

F^FW+fiFW. 

Now, the triangle ABC is evidently similar to 
the triangles WBF and WFB; therefore, 

FW: WD :: BC : AB, 



and.-. EW^WDx 
Also, FW : WD 

and . 






BO 
AB 

AC ; 



AB, 



A C 



AB 
BC ACs 



BG 
AB 



AG 
AB 



This is the power necessary just to begin moinng 
W up the plane. 

If, however, W be on the point of moving down 
the plane, the friction will act in the opposite 
direction, and therefore we find. 
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And therefore, as before, 

BC ACy 



\AB ^ AB) 



This is the power just necessary to hold Tf, 
md prevent its moving down the plane. 

The former value of P may be called the mating 
H>wer^ and the latter the holdina power. Anj 
K)wer between the two values wiU produce equi- 
ibrium. 

Corollary, — To find the proportion of P to W in 
he case represented by fi^. 231. 

The figure represents W and P connected by 
bstring, passing over ^t^. 231. 

\ pulley B^ (sup- 
)osed to be perfectly 
smooths) W rests on 
;he inclined plane 
ABf P on the in- 
dined plane DB, AD is horizontal, and BC 
vertical. 

Let P be a moving power, that Is, suppose that 
P is just on the point of drawing W up the in- 
clined plane AB ; let T be the tension of the 
string, which will be the same on TF as on P. 
Then T is a moving power on TT, and a holding 
power on P, and therefore, by the Proposition, 
we have, 

^^^KAB-^^ABr 
\DB ^ DBI 
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Equating tbese two values of T, we find, 
P_OB BC + ,tAC 
W AB^ BO-fiDC' 
which gives tlie required proportion. 

PROPosrnoK LXX. 

To ettimate the effect of friction in the caw of the 
Krew. 

Suppose that a power P is em|JoTed to turn 
the handle GF (fig. 
'"' 232) of the screw, 

and that it just be- 
^ns to raJse a we^ht, 
or overcome a re- 
eistance, which we 
shall represent hj 
Tf. Let A be any 
' point of the thread 
of the screw ; let w 
be the portion of W 
supported at A, and 
p tne force acting 
norizontally in the 
direction A E, jnst 
sufficient to support 
WT, and overcome the 
friction resulting from the pressure of w. In 
fact, we maj concave w to be a weight placed oq 
an inclined plane at A, (see page 304,) and p to 
be the corresponding morznr/ power acting horizon- 
tally. AB is drawn vertically downwards to 
represent w, AC is at right angles to the inclined 
plane, A E representa p, D AH Auwi&'OMidiiection 
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of the inclined plane, BD and EH are perpen- 
dicular to DAH. 

The perpendicular pressure on the inclined 
plane anses partly from w and partly from p ; 
DB represents the part due to .«?, EH the part 
iue to p; therefore, the pressure is altogether 
DB + EH, and consequently the friction is 
u{DB +EH). AH is the force tending to 
make A move up the plane, and A D that tending 
to make A move down; alsO) since A is on the 
point of moving up the plane, the friction acts 
lown. Hence we have, 

AH^AD^-ii{DB'\'EH). 

Now, let i, hy and /, represent respectively the 
base, height, and length of the inclined plane, 
[see page ^07); then, since BAD and EAH are 
similar to the inclined plane, we have, 

AH : AE (or p) :: b : I; .\ AH^py 

AD : AB (or tr) :: A : I ; .'. AD^w j • 

DB : AB{pTw) :: b : I; .'. DB=wr' 

EH : AE (oTp) :: h : I; .-. EH=:py 
Hence, in the equation just obtained, we find, 

and therefore p = 7 1 «^« 
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Now, let w?', «?", «?'", &C. be the several portions 
of W^ supported at the other points of the thread 
of the screw, and let p', p"y »'", &c. be the cor- 
responding moving powers. We may show then, 
by the process just gone through, that, 

, h-hfibf ,f h + fib „ Q Q 
p = I ^ «(?,«= ^ to &C. &c. 

h'-nh o — fin 

Hence, by addition, we find, 

P + P' +P'' + &C' = r L (w + w' + w" + &c.) 
'^ o — iih 

Now here we have, evidently, «!? + «>' + ««>" + 
&c. = Tr. Also, /), p', p", &c. are forces act- 
ing horizontally at different points of the screw, 
but all at the same perpendicular distance from 
the vertical axis, about which the screw turns; 
that distance is equal to the radius of the screw, 
which call r; therefore, {p+p*+p" + &c.) r is 
the moment of the whole moving power, which sup- 
ports «? + «?' + 1(?" + &c or W. But P, acting 
at the end of the arm GFy produces all this 
moving power, consequently the moment of P, 
ue, Pc (if we put c to denote GP), must be 
equivalent to the former moment. 

We have, therefore, 

P(j= (/? + /?' +p" + &c.)r = 
r ' — ^ (w + w +w + &c.) 

And ... P- ?: . i±4 ^- 

c b — fih 

This formula gives \\ie ^^^x ^^\>TL^^^^!SAS^ to 
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begin elevating the weight W. Observe, that k 
is the vertical interval between the threads of 
the screw, and b the circumference of the cylinder 
round which the threads run, (see page 307.) 

Corollary. — To find the holding power, that is, 
the power just sufficient to prevent W from 
descending, we may proceed in the same way 
exactly, only, instead of the equation, 

AH^AD + ii{pB + EH), 

we shall have, 

AH=AD-fi(DB + EH). 

The final result will therefore be, 

6 + fl/l 

A conclusion, very important practically, follows 
from this formula; it is this: — As the difference 
h — fib diminishes, P diminishes, and when h^^fib, 
Ps=0; hence, supposing jx and b given, it follows 
that the smaller h is, the smaller the power re- 
quired to hold W becomes, and when A becomes 
as small as fib, no holding power is required, no 
matter how large W may oe. 

Thus, if 6 = 3 inches, and )u = J, no power will 
be required to hold Tf, provided A be as small as, 
(or smaller than,) 1 inch, 



CHAPTER VIII. 



EXAMPLES OF ROOFS. 



Problem XXXIX. 

To determine the strain produced by the wet 
a roof upon the tie-beam. 

Let AB and BC^ fig. 233, be the two bea 

the roof, resti 
the walls at j. 
Gy and jointe 
gether at the ^ 
B ; the weig 
these beams, toj 
with that oi 
slates, laths, &c 
ing on them 
tend to depre 
point By and 
out the points 
C, To prevent the effect of these outward tl 
a beam A C, called the tie-beam^ is fastened 
extremities A and G of the two beams of th 
so as to tie them together as it were, and 
the name. Sometimes the tie-beam is fa 
at intermediate points oi BA and BC^ and 
beams, called tue fcing-po«< and queen-posi 
added to give add\t\ou«A. «\xeoL^ ^sA^>aS6 
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the roof. A great variety of other forms of roof 
are also very commonly adopted; but we have 
space only to consider the simplest form here, 
namely, that shown in fig. 233, The beams AB 
and BG are almost always of equal length, and 
the tie-beam horizontal; but this is not assumed 
to be the case here, for the sake of generality. 

Fig. 234 represents the lines of the same roof 
as that in fig. 233, A^ By and (7, being the same 
points in both figures. Let If and V be the 
middle points o( AB and B (7, and let the arrows 

Fig. 234. 




at U and V represent the weights which rest on 
AB and BC respectively, namely, the weights of 
the beams themselves, and the weights of the 
slates, &c. which are supported by them. These 
slates, &c. are supposed to be uniformly distributed 
over the beams, and the beams themselves are also 
supposed to be uniform in weight and thickness ; 
and hence it is that we place the arrows at the 
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middle points U and F. We shall denote the 
weights represented by these arrows by U and V 
respectively. 

Now, U is equivalent to two vertical forces, viz. 
\ U acting at By and ^ U acting at Ay and V is 
equivalent, similarly, to ^ F at By and J F at C ; 
U and F together, therefore, are equivalent to the 
three vertical forces \{U-\-V) at ^, J Z7 at -4, 
and i F at (7. Of these, the latter two, acting 
immediately on the top of the walls, and vertically 
downwards, manifestly produce no outward thrust, 
but are transmitted down the walls to the founda- 
tion. These forces, therefore, we may leave out 
of account, and we have thien only to consider the 
force i ( ?7 + F) acting at B. 

Let the arrow BF represent this force at B, 
and complete the parallelogram^ Gi^^Zr. Then 
the force BF is equivalent to the two forces BG 
and BIT; and these two forces are transmitted 
directly along the beams BA and B G respectively, 
to the points A and C. They are shown in the 
figure by the arrows AL and CPy which are 
drawn in the directions of the beams produced, 
and equal in length to BG and BlI respectively. 
Lastly, the tie-beam AC is produced on both sides 
to K and Ny A M and CQ are drawn vertically, 
and the paraJlelograms AKLM and CNPQ are 
completed. 

Now here the force AL\& equivalent to the two 
forces A K and A My the latter of which acts ver- 
tically on the top of the wall at Ay and therefore pro- 
duces no outward thrust. In like manner, the force 
GP is equivalent to the two forces GN and GQy 
of which the latter produces no outward thrust. 
Thus finally thete toti^Joi \.c> \i^ ^ssyos^AsKod only 
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the forces A K and CN^ and as these pull directly 
on the tie-beam In opposite directions, thej are 
the very strains which it is the object of the 
Problem to determine. Which tccis to be done. 

Simplified ConstructioTU — Draw GG^ and JIJI' 
both parallel to AC; then. In the triangles GBG' 
and A KL we have A L and B G equal by con- 
struction, and the sides of the two triangles 
respectively parallel to each other; wherefore 
they are equal triangles, and consequently GG' 
and AK are equal lines. Hence, by measuring 
GG' we shall know the strain on the tie-beam at 
A; and, similarly, by measuring HW we shall 
know the opposite strain on the tie-beam at G. 
It is easy to see that GG' and HH' must always 
be equal lines, and consequently the strains are 
not only opposite but equal ; which, indeed, might 
be asserted beforehand as a necessary condition of 
equilibrium. 

Thus, we have the following rule for finding the 
strains on the tie-beam, viz. :— Draw from B a 
vertical line BF of the proper length to represent 
i (?7-h F), i,e, half the whole weight of the two 
beams BA and BC^ and the slates, &c. resting 
on them ; then draw from F towards one of the 
beams AB^ the line FG parallel to the other beam 
CB ; lastly, draw GG' from G parallel to the 
tie-beam, to meet BF 2X G\ measure (?(?', and 
the result will be one of the strains required, the 
other strain being an equal and opposite force. 

Cm^ollary. — In fig. 233 draw AD parallel to 
iBC, and BD vertically meeting AC ViX E ; then 
it is evident, from what has been just said, that 
we have the following proportion: — 

Strain on tie-beam : \ (t/'+ F) ;; AE \ BD *, 

BB 
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from which proportion the strain may be very 
easily found, when AE and BD are measured, 
and i ( P" + F) given. 

Mathematical Formula* — Let a, j3, and 0, be 
respectively the angles which the two beams and 
the tie-beam make with the vertical BDy as is 
shown in fig. 233. AD being parallel to 5 C, it 
is clear that the angle ADB is equal to the angle 
DBC. N0W5 by Trigonometry, we have, 

AB : BD :: sin.)3 : sin.ra + /3) 
AE ; AB :: sin. a : sin. r. 

Wherefore, 

All • ^-^ •• ^°? " ^^^* ^ • ^^' ^ ^^^* (" +J3)» 
Hence, by the Corollary we have, 

strain on tie-beam = i (?7 + F) -. — '? , />x • 

^ sm. sm. (a -f- /3) 

Problem XXXIX. 

The ti6'heam being fastened at the intermediate 
points A' and C\ fig. 235, it is required to find the 
strains upon it. 

From A and G draw 44" and CO" to meet 

A' G'j produced 
each way, at the 
points A" and 
C" respectively, 
and join J.", By 
o' andC'",^. Con- 
ceive, as we may 
do, * that the 
^ points" is rigid- 
ly connected with 
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the beam AB ; in short, that AA^' and BA" are 
rigid rods, (without weight of course,) connected 
firmly together at A", and fastened to J. ^ at 
A and j5, so that ABA'* may be considered as 
a rigid triangle. In like manner, conceive CBG" 
to be a rigid triangle. Draw BD vertically, from 
A' draw Al'D parallel to BC'\ to meet BD at 
i>, and draw i>J?' parallel to BA!' ; produce A A'* 
and draw BG parallel to EAl' ^ to meet the pro- 
duced line at G. 

Take BD^ as we may do, to represent half the 
sum of the weights of the beams AB and BG^ 
together with that of the slates, &c. resting on 
them, (we neglect at present the weight of A C) ; 
then BD is the force, the straining tendency of 
which it is our object to determine. To do so, 
we have only to observe that the force BD may 
be resolved into the two forces BA!' and BF^ 
and these forces may be conceived to act at A" 
and C" respectively, because A" and C" are sup- 
posed to be points rigidly connected with B. Now 
the force BA", acting at A, may be resolved into 
two* forces, represented by the lines EA" and 
GA" ; the latter of which, G^", acts vertically 
on the wall, being transmitted from A!' to A, 
while the former, EA!\ acts directly along the 
tie-beam. In like manner, we might show that 
BF'\ supposed to act at C'\ is equivalent to two 
forces, one acting vertically downwards on the 
wall C^ and the other directly along the tie-beam. 
Thus we have the two forces which act directly 
on the tie-beam, which must be equal and opposite 
forces, since the tie-beam is in equilibrium. It 
will be suflScient, therefore, to find one of them, 
and that we have done. 
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Hence the following rule for finding the stnun 
on the tie-beam bj construction. Ebving drawQ 
the beams AB, BCy and A!C'9 in theur proper 
positions^ produce AC to meet the verticals drawn 
from A and C at A" and C"; draw BD vertically 
cutting A!C' at Ey draw also A"D parallel to the 
line, joining B and (?" to meet BD ntD. Then, 
having measured EA' and BD^ we have the 
following proportion : — 

strain on tie-beam : i (J7+ V) :: EA" : BB, 

V and V denoting the same as before. 

CoroUary \.- — If W denote the tceight of A' C\ 
it is required to take it into account. — We may 
suppose i ^ to act at A\ and ^ Tf^ at C, instead 
of W acting at the middle point of A' C\ Also, 
we may res(3ve ^ ^ at ^' into two parallel forces, 
one acting at By and the other at A. By Cor. 2, 
p. 168, these forces will be, 

A A' HA' 

iW^atBy andiTT^atA 
AB AB 

Similarly, the force \W ^i C may be resolved 
into 

\ W ^^'at B, and iTT ^'at C. 

The two forces at A and C produce no strain- 
ing effect, while those at B are to be added to 
\ XjJ-^ Vy Hence we have, 

strain on tie-beam : 
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TT, AA\ CC\ ^5, and CB being given, we 
may easily find the strain by this proportion. 

Corollary 2. — If TF' denote any additional 

weight acting on one of the beams, AB suppose, 

at a given intermediate point P, we may find its 

effect in a similar manner. For it may be resolved 

into two parallel forces, one acting at B, and the 

AP 
other at A ; the former being TT' -r-u > which 

must be included among the forces represented by 
BD. 

Corollary 3. — If W' denote another additional 
weight acting at any point Q of A' B\ we may 
find its effect thus. W" 2X Q is equivalent to 

W" ^, at A\ together with W" ^ at C\ 
AC AC 

Again, the force at A' may be resolved into two, 

one at A and the other at 5, the latter being 

JT" ^, . 44-'- Similarly, the force at C is 
A C AB 

equivalent to a force at C, and another at P, the 

OA' CC 
latter being W" ^jrpi • j^* Hence the total 

force at B arising from W" is, 

VA'ff AB ^ A'G' CbJ' 

and this must be included among the forces re- 
presented by BB. 
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Example* of the preeeHiig Prebbwu. 
Ex. l.—Io%. 233 ^C is horizontal, JS = £C, 
tr=F=«1000lb3., and i5J(7=45'; find the 
stnun on the tie-beam. 

Ex. 2.— Same case, except that £.BAC=60'; 
find the etrain. 

Ex. 3. — Same case, except that lBAC= 15°; 
find the str^n. 

Ex, 4. — Same case, except that ^C= 50 feet, 
and BE=± I foot ; find the atrain. 

Ex. 5.— In each of these cases what is the total 
Tertical presaure on each wall ? 

Ex, 6. — Same case as in Ex. 1, except that 
A C=40 feet, ^5 = 30 feet, and B(7=20 feet; 
find the str^n. 

Ex. 7.— The angles which AB, BC, vaA AC 
make respectirely with the vertical, are 30°, 20°, 
15°; P"+ F=10001b8.; find strain. 

Ex. 8. — Same case as in Ex. 1, except that AB 
and BO are each 30 feet, and weight each lOlbs. 
per foot. Also, the whole 
Fis. !s». fQQf jg composed of 5 equi- 

distant sets of beams, such 
as ABC, as is shown in 
fig. 236 ; there is a beam 
MN also at the top, weigh- 
/ ing ISlbs. per foot, and 

I 40 feet long, and the slates, 

laths, &C. weigh 3 lbs. per 
~ square foot; find the stmn 

on each tie-beam. 
Here it is easy to see, that we may suppose ^th 
of the weight of MN to be supported at M, Jth 
at N, and \ th a,t eaaV oi xloa ■uma^ '-oiSKsiTOs^iate 
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points, Bii B^ Bi. And the weight of the slates, 
&c. may be distributed similarly. Strictly speak- 
ing, however, the distribution of these weights 
upon the supporting beams, will depend in some 
degree upon the relative stiffiiess and strength of 
the different beams and joinings. 

As a good practical rule, it would be well to 
assume uiat each set of beams must be strong 
enough to bear all the weights between it and the 
two adjacent sets on each side ; that is, for example, 
that ABC (fig. 236) has to support all the slates 
between A\BiCm and A2B2C29 together with the 
portion B\Bi of MN. This will generally over- 
rate the actual strain on each tie-beam, though 
not the strain that miffht be thrown upon it in 
<^nsequence of any accidental weakness of the 
adjacent beams^ 

The pressure of the wind on a roof is often a 
serious force, and ought to be taken into account ; 
but it is a point we cannot discuss here. The 
pressure of the wind is dangerous, not only from 
its magnitude as a force, but also because it 
generally acts only on one side of the roof. 

Ex. 9. — In fig. 235, A and C are in the same 
horizontal line, A'C also is horizontal, and AB^ 
BG;i{ J7+F= 1000 lbs., AA'^BA' = A'C\ 
find the strain on ^' (7'. (N.B. Tr=0.) 

Ex. 10. — Same case, if Tr=100lbs.; find 
strain. 

Ex. 11. — Same case, except that AA' =^2BA\ 
Z B A'C ^45 °, and fr= lOOlbs. ; find the strain. 

Ex. 12. — Same case as in Ex. 9, except that 
A A' is so fixed that A' coincides with J., and C 
is half way between B and C; also, LABG^ 
90% andAB^BC; find sttam* 
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Problem XL. 

To find the inward puil of inverted roof beams on 
the walk. 

Let AB and JSC be Inverted roof beams, t.e. 
two beams fastened to the walls at A and Oy in- 
Fig» 237. clming downwards 

instead of upwards, 
and jointed together 
at B. It is required 
to find the tendency 
they produce to pufi 
the walls inwiurds. 
We suppose that the 
two beams are equal 
^ in length andweight, 

and that A and C are in the same horizontal 
line. 

Let U denote the weight of each beam, half 
of which we may suppose to act at each ex- 
tremity, i.e. i ?7 at J., \U at (7, and \ U+^U 
(or U) at B ; the forces at A and (7, as in the 
former Problems, produce no effect that we are 
concerned with, and we have therefore only the 
force J7 at 5 to consider. Take BF to repre- 
sent it, and complete the parallelogram BffFGt 
the two sides BIT and B 6 being in the direction? 
of the beams produced. Take A L and CB equal 
to BH and BG respectively, and complete the 
rectangles AKLM and CNPQ. Then we may 
show, exactly as in the previous Problems, that 
the force BF is equivalent to the forces BH and 
B Gi which again are equivalent to CP and A i, 
and finally, to the four forces AM^ AKy CNy CQf 
of which A M aixd C Q xl^^Sl t\o\. \i^ fiAT>&\^^WL 
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Thus A K and CN alone are left, and these are 
the forces which tend to pull the walls inwards. 
Which was to be done» 

Simplified Construction* — If we draw HH^ hori- 
zontally, it is clear that HH'^AK^ CN. Hence 
the following construction ; — Draw BF vertically 
of proper length to represei^t U ; draw BH in 
the direction of CB produced, and FH parallel 
to AB ; lastly, draw HH' horizontally; then 
Hff being measured, gives the inward pull re- 
quired. 

Corollary. — Draw 
.42>andCZ>,%.238, 
parallel to BG and 
BA respectively, and 
draw BD and AC 
meeting in E; then 
we have, as in Cor. 
page 369, 

Inward pull 



Fig. 238. 




U :i AE : BD. 



Problem XLI. 

To find the horizontal effect upon the walls of the 
beams AB, CB, AB\ and CB\fig. 239, the former 
being ordinary roof beams, and the latter inverted. 
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Here we suppose that A and C are in tlie same 
horizontal line, AB=^ CB, and A £'= GB\ Let 
the weights of J. 5 arid CB be each U, and those 
of ^5^ and CB' each W. Also, let T be the 
outward thrust at A (or C), arising from AB and 
BC; and 7" the inward pull at J. (or C) arising 
from AB' and CB\ Then, by the former Prob- 
lems, we have, 

T : U :: AE : 2BE, whence r= ^- ^; 

and, 

r : ?7' :: AE : 2B'E, whence T'= %- • ^U* 

Now T— r' is evidently the horizontal force 
on the wall at A (or at C); hence the effect re- 
quired is, 

AEfU U' 



. b'e) 



2 \BE . ^'jE' 

which may be easily calculated, when AEy BE, 
and B' E are determined by measurement, or 
given. 

Corollary. — Hence, if, 

be'' We' """^ ^ ' ^' '• ^^ '' ^^'' 

there is no horizontal effect on the walls. 

Problem XLII. 

The same being supposed as in the preceding Prob- 
lem, only that BB' is a bar of given weight F, con- 
necting B and B\ it is required to find the crushing 
farce on this bar. 
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It IS ctear that there will be a stiffiiess produced 
by the bar BB', which will prevent any thrust or 
pull on the walls, unless BR yields^ and suffers 
the points B and B' to approach each other. 
There is, therefore, a tendency to crush BB'. 
Let the force on BB', which acts at B (down- 
wards) be Y ; then that which acts at B' (up- 
wards of course) must be Y-\'Vy for it has to 
support not only the downward force Y, but also 
the weight of BB\ u e. F. We shall suppose^ 
as in the former Problems, that half the weight 
of each of the four beams, AB^ GB^ AB'j and 
CB' y acts at its extremities. Thus, we shall have 
at B the total force i7— F, * and at B' the force 
U' '\-Y-\''V. Hence the outward thrust on the 
wall arising from the force at B is, by the former 
Problem, 

And the inward pull at A arising from the force 
at B' is, 

i(£r' + F+F)^- 

Now the outward thrust and the inward pull 
must be equal, because the effect of the bar BB* 
is to prevent any pressure on the walls one way 
or the other. We have, therefore, 

or, {U- Y) BE'= {U' + Y-^- V) BE. 

* Y here is upward, because it is the resistance which BB* 
exerts agaiBBt the downward thru&t Y on B B' « 



sao 

From which equation Y may be easHy found 
when BE, BE\ U, and U\ and F, are given. 
For example^ let tbeae given quantities be re- 
epectivelj 10 feet, 5 feet, 1000 Ibs.^ 200 lb&, 
100 lbs. ; then the equation becomes, 

(1000 - r) 5 = (SOO + F) 10. 

And .-. F== 133 \ Ibe. 

Ex. 2. — Same case, only that BE* = 1 foot. 
Here we find, 

1000 - F= (300 + F) la 
And .% F=:-181A. 

The negative sign here indicates, as usual, that 
the direction of F is the reverse of what we 
originally supposed ; that is, that the force exerted 
on BB' at B is upwards, not downwards. This 
shows that the point B tends to rise, which ten- 
dency is prevented by the bar BB\ 

CONCLUDIXO REMARKS. 

We have thus finished all that we can at present 
say regarding the subject of Statics. Many other 
applications of the principles of this branch of 
Natural Philosophy are of great importance, some 
of which are not suitable to this work, and others 
we must reserve for a future part of it. We now 
proceed to the subject of Dynamics. 



PART III.— DYNAMICS- 



CHAPTER I. 

THE LAWS OF MOTION. 

The object of the science called Dynamics^ and 
the meaniDg of the name, have been explained in 
Part I. page 73. We shall commence it by a full 
statement of the Laws of Motion^ defining, in the 
first instance, the important term Velocity^ and 
explaining the method of compounding and re- 
solving velocities. In what follows, except where 
the contrary is specified, we shall confine our 
attention to the motion of a particle^ or very- 
minute portion of matter; and wherever we speak 
of a body moving, we shall suppose it to be so 
small, that it may be regarded as sl particle. (See 
page 3, Part I.) 

The motion of a body consists in its going over 
or describing space — (that is, linear or curvilinear 
space, not superficial or solid space.) The rate at 
which the body moves is an important element of 
investigation in almost all cases; and this intro- 
duces the consideration of time. When equal 
spaces are described in equal times, the motion is 



382 MECHANICAL SCIENCES, 

said to be uniform; otherwise, it is said to be 
variable. Thus, if a body moves, so that 100 feet 
are described each minute, the motion is uniform; 
but if during one minute the space described is 
100, during the next minute 110, during the next 
120, and so on, the motion is variable. 

Velocity. — ^When a body moves uniformly, the 
number of feet it goes over in every second is 
called its velocity. Velocity and rate of motion are 
identical terms. Thus, if a body describes 10 
feet in every second, its velocity is said to be 10; 
or it is said to move at the rate of 10 feet per 
second. 

Proposition I. 

To show that the velocity of a body^ tchich mom 
uniformly y is equal to the q>ace described in any tim 
divided by that time* 

Let s denote the space described in any time U 
(i. e., 8 is the number of feet the body goes over m 
t seconds j) and let v denote the velocity. Then, 
V is the space gone over in 1*/ therefore, be- 
cause the motion is uniform, 2^ is the space gone 
over in 2*, 3^ the space gone over in 3% 4 1? in 4'; 
and, generally, tv i^ the space gone over in t 
seconds ; that is, s. Hence we have 

8 =s vt; and, therefore, « = -, 

V 

which was to be proved. 

Hence we may say that the velocity of a body, 
which moves uniformly, is the space it describes 
in any time divided by that time ; and this is true, 
no matter hovr sm-aJl \5ci^ ^iSrcL^ \3a».^ \^^-^ which is 
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an important consideration to be borne in mind, 
as will appear when we come to speak of variable 
motion. 

Composition and Resolution of Velocities, — That 
Tclocities may be resolved and compounded in the 
same manner, and by the very same rules as forces, 
we shall now prove. 

Proposition II. 

To find the motion of a body which has two diffe-* 
rent velocities communicated to it at the same time. 

Let AB and Fig.2\o, 

BCy Fig. 240, be 
two fixed lines, 
making any angle 
with each other, 
MN a moveable 
rod, which alwavs 
continues parallel 
to A By while the 
extremity M moves along A Ci occupying succes- 
sively the positions My M\ M'\ &c. £et P be 
^ body capable of moving along this rod; and 
suppose that, while the extremity M is moving 
along ACy P moves along the rod, starting from 
its extremity, occupying successively the positions 
P,P',P", &c. 

This being the case, it is clear that the body P 
has two different velocities communicated to it at 
the same time ; for all the points of the rod, and 
therefore P, have the same motion as M ; also P 
has, in addition to this, a motion along the rod. 
P, then, has, at the same time, two distinct 
velocities, namely, its own velocity along the rod. 
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m 

and a velocity parallel and equal to tbat o^ M 
along AC; tnat is, P has a velocity parallel to ^ jS, 
and a velocity parallel to A C, communicated to it 
at the same time. 

N0W9 the actual motion of P is evidently aloi^ 
the oblique line APP' P'\ which may be either 
a straight line or a curve, according to circasH 
stances. If the motions of M along A C> and of 
P alon^ the rod, be uniform, MP will be always 
proportional to A M; that is, we shall have 

MP : AM II MP' : AM :: M"P" : AM" &c. 

For instance, if MP = 2AM, then will M'P' = 
2AM\ M"P" = 2AM'\ &c.; or, if MP^ 
^AM, then will ifP' = J^if', M" P" =: 
^AM'\ &c.; and so for any other number. 

In this case, APP' P^' &lq. will be a straight 
line ; for it is the peculiar property of a straight 
line, as we know by Euclid, Book VI., that the 
paraUel lines MP, M' F, M'P", &c. increase 
proportionally to the distances -4 if, AM'^ AM'\ 
&c It is manifest, also, that the actual motion of 
P along the distances APP' P" i& uniform, since 
the distances AP,A P\ AP'\ are proporticmal to 
A My AM\ AM'\ &c., or the distances JfP, 
MPi MP'\ &c. respectively. 

If we suppose that M moves from -4 to Jf" in 
one second of time, A M' ' will be, by^ definition, 
the velocity of M; and since, in the same time, -P 
moves along the rod as far as P", M" P' ' will be 
the velocity of P along the rod. Furthermore, 
A P" being the space actually described by P in a 
second, the actual velocity of P will be A P'\ 

Hence we have the following rule for finding 
the actual veVodt^ ot P «f^s«i% ^tel tiie two 
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velocities parallel to AC and A B. Measure along 
AC 2k space AM'\ equal to the velocity which P 
has parallel to AG ; draw M** N" parallel \jo AB^ 
and measure along it a space M" P*\ equal to 
the velocity which P has parallel to AB ; then 
join A and P", and the line AP" will represent 
the actual velocity of P in magnitude and direc- 
tion ; that is, P really moves in the direction of 
the line A P' ', and describes a space equal to ^ P" 
every second. 

CoroUa/ry 1.— We may ^^s- 241. 

state this rule in the fol- 
lowing manner also:— 
Measure a space AM" 
along A C (fig. 241) equal 
to the velocity of P 
parallel to AC ; also 
measure a space A L 
along AB equal to the velocity of P parallel to 
AB; draw M''P" parallel to A By and LP'' 
parallel to A Cy so forming a parallelogram, 
ALP"M'' ; then, drawing the diagonal AP'\ 
AP" will be the actual velocity of P in magni- 
tude and direction. This is manifestly equivalent 
to the former rule, inasmuch as i>/"P' is here 
drawn parallel to A By and equal to the velocity of 
P parallel to -^1 P. 

CoroUarv 2, — It appears, then, ,that the actual 
velocity of P is found in exactly the same way as 
the resultant of two forces, in Statics, by the 
Parallelogi'am of Forces. We may call A P" the 
resultant of the two velocities AM'' and AL; 
we may call AM" and AL the components of the 
velocity AP" ; and we may speak of the compo" 
sition of the two velocities AM" and Ah vtvlo ^ 

c c 
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Single resultant yelodtj AP",<Hr al tlie re$olutm 
of the velocitT AP" into the two component 
velocities A P ' and A L. 

Thus it follows that velocities may be resolved 
and compounded in exactly the same way as forces 
in Staticsy and by the very same rules and for- 
mulae. It is, therefore, tmnecessary to pursue 
this subject farther, inasmuch as the rules for 
the composition and resolution of forces already 
given in Statics, may be transferred to the com- 
position and resolution of velocities in Dynamta, 
without the least alteration, except the substi- 
tution of the word velocity for the word force* 

Examples. 

Ex. 1. — A particle has a horizontal velodty of 
10 feet per second, and at the same time a vertical 
velocity of 10 feet per second; find its actual 
motion. 

Draw A By fig. 242, horizontally equal to 10, 
Fig. 2i2. and BO vertically equd 

to 5 ; join A and C; and 
AG will be the actual 
velocity in magnitude 
and direction. A Cy and 
the inclination CABy may be calculated or 
measured. 

Ex. 2. — ^What is the actual velocity when the 
horizontal velocity is 20, and the vertical 50? 

Ex. 3. — A body moves along a plane inclined 
at 30° to the horizon with a velocity 10 ; what are 
its horizontal and vertical velocities ? 

Draw A C eqwal to 10, making ACAB = 30, 
and draw CB pexijeii^icvxV^ \a AB ^ NJaRsi AB 
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and BC will be the required horizontal and 
vertical velocities. 

Ex. 4. — The vertical velocity of a body is 5 
times its horizontal velocity ; at what angle to the 
horizon does it actually move ? 

Ex. 5. — A body has three velocities communi- 
cated to it at the same time; one a horizontal 
velocity 30, the second an upward vertical velocity 
10, the third a velocity 20 inclined upwards at 
45° to the horizon; what is the actual velocity? 

This must be found in the same manner as the 
resultant of three forces, by the Polygon of Forces 
in Statics (see p. 145); that mg.2\z. 

is, draw AB^ fig. 243, hori-^ 
zontally equal to 30, BG 
vertically equal to 10, and 
CD at 45° to the horizon 
equal to 20; then, joining^, 
A and Dy AD will be the 
actual velocity in magnitude and direction. 




OF THE THREE LAWS OF MOTIOI^. 

The Lam of Motion are certain statements 
respecting the effect of forcie in producing motion, 
upon which all the subsequent reasoning in 
Dynamics depends. We shall now enumerate 
and explain these laws, and the manner in which 
they have been proved. 

FIRST LAW OP MOTION. 

When a body is not acted upon by any forces if at 
restf it remains at rest; and ifinmotiony it continues 
to move uniformly in the same direction* 
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We have little difficulty in receiviog the first 
part of the statement made in this law, namely, 
that if a body at rest is not acted upon by any 
force, it remains at rest. Not so, however, as 
regards the second part of the law ; for our common 
notion is, that a body cannot continue to move 
without the help of some force to keep it in 
motion, and that it must immediately stop if the 
force ceases to act upon it. Now this is quite an 
erroneous idea, and the first law of motion, with- 
out the last sentence, (^^ and, if in motion^ continues 
to move uniformly in the same direction^) woxdd be 
only half the truth. The fact is, that a body once 
put in motion will persevere in that motion with- 
out the help of any force, and it is as natural for 
a body to be in motion as to be at rest. If a 
body is at rest, its natural condition is rest, and 
it will not move without the action of some force 
to disturb it. If a body be in motion, its natural 
condition is motion, and it will not come to rest 
without the action of some force to stop it. 

But it may be said, that all bodies appear to 
have a tendency to come to rest. Thus, if we 
put a train in motion along a level railroad, it 
will soon stop, except the force of the engine 
keep it in motion. This tendency to come to 
rest, is not, however, anything inherent in the 
body, but is the effect of certain retarding forces, 
which we overlook. In the case of the train 
there are two retarding forces, one arising from 
the resistance of the air, the other from the friction 
of the axles. These together produce a serious 
amount of resistance, and a consequent tendency 
in the train to stop. The force of the steam is 
required to overcome ^e«>^ x^^^^^axLcea^; when it is 
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just sufficient to do this the train moves uniformly, 
when it is more than sufficient the motion becomes 
continually quicker, and when it is not sufficient 
the motion becomes continually slower, and at 
length ceases. 

When the causes of resistance are diminished, 
it is found that less force is required to keep up 
the motion; thus, if the friction of the axles be 
diminished, by making them smaller and harder, 
and rendering them smoother by the application 
of an unguent or grease, the force of steam re- 
quired to keep up the motion of the train is 
diminished in proportion; so much so, that we 
are justified in concluding, that, if we could 
destroy altogether the friction, and the resistance 
of the air, the train, once put in motion, would 
continue to move with an undiminished velocity, 
without any steam force to keep up the motion. 

We conclude, then, that bodies once put in 
motion have no inherent tendency to come to 
rest, such tendency being the effect, in all cases, 
of certain resisting forces, of which we do not 
take notice at first sight. The first law of motion, 
as above stated, is therefore, to a certain extent, 
proved by these considerations. It is, however, 
to other considerations connected with Physical 
Astronomy, which we shall presently mention, 
that we must look for a complete proof of this 
law. 

Inertia. — The word inertia is often used in 
Mechanics to denote the property of matter, 
asserted in the first law of motion. Matter is 
said to be inert^ which word, in its proper signifi- 
cation, means, devoid of any power of moving 
without the action of some ex\.^iXiA ^ot^^* v\. 
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must be taken, however, in a larger sense than 
this, for matter has also the property of coDtinniDg 
in motion when once put in motion. By inertia, 
therefore, we mean, not simply nor properly, a 
tendency to remain at rest, but a tendency to 
remain at rest or in motion, as the case may be. 
Inertia, therefore, means not any sluggishness or 
tendency to stop, but a power of resisting change, 
whether it be from rest to motion, from motion 
to rest, or from one motion to another. If a body 
be at rest, it has a tendency to remain at rest, and 
a power to resist any moving force ; if it be in 
motion, in a certain direction, and with a certain 
velocity, it has a tendency to persevere in that 
motion, as regards both the direction and velocity, 
and a power to resist any force tending to change 
that direction or velocity. 

Vis inertice. — This power of resisting change, 
from rest to motion, from motion to rest, or from 
one motion to another, is usually called the m 
inerticsy or the power of inertia. It is found by 
experiment, that the vis inertias of any body is 
proportional to its weight ; but of this we shall 
say more presently. 

From what has been said, it is clear that 
" inertia " is not exactly the proper word for 
denoting the peculiar tendency of matter described 
in the first law of motion. Inertia means laziness, 
and seems to imply, therefore, the necessity of 
some force to keep up motion. But, if I may so 
express myself, the first law of motion does not 
charge matter with laziness, but with obstinacy; 
it asserts that matter persists in motion or rest 
indifferently ; t\vat \t W^ Tva dcvoia^^ ao to speak, 
but simply a tendency \.o ccya&oKXfc ydl *Cwa^ ^Xsb^fc 
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in which it is. Hence the word pertinaciay or 
pertinacity^ would be more suitable than inertia. 
The term ms inertice is sanctioned by use, but it 
appears to be a highly objectionable expression, 
and I could mention several cases in which it has 
led to error. 



SECOND LAW OF MOTION. 

When a hody^ moving in a certain direction^ is 
acted on by a force oblique to that direction, the 
deflection produced in any time is equal to the space 
which the body would have described in that time, if 
it had been originally at rest* 

Let MA By fig. 244, be the direction in which 
the body P was ^.^244. 

originally moving; 
suppose the force F 
to begin to act upon 
P at Ay always 
parallel to the line 
ACy and to deflect ^^ 
or divert P out of 
its rectilineal course, so as to make it describe the 
path APD. Draw DB parallel to A (7, and DC 
parallel to AB. Let t denote the time the body 
takes to move from A to i>. 

As we have shown above, we may consider the 
motion APD to be the resultant of the two 
motions AB and AC, of which ^jS is in the 
direction of the original velocity, and AC in the 
direction of the force F. BD is said to be the 
defection produced in the time t by the force, and 
AC IB equal to BD. Now th^ sec^OTad Wk c^t 




392 MECHANICAL SCIENCES. 

motion amounts to this, that A C, or BB, is equal 
to the space the body would have described in the 
time t by the action of the force, if there had 
been no previous velocity in the direction MAB. 

We may state the law more distinctly as 
follows t — 

Question. — To find where the body P will be at 
the end of any time t f 

Answer.-^MakQ A B equal to the space that P 
would describe in the time t^ if F did not act, and 
A C equal to the space that F would make P 
describe, if P had no previous velocity ; then, if 
we draw BD and CD parallel respectively to iO 
and A By to meet at 2), 2) will be the place where 
P is at the end of the time U 

In other words, the actual motion of P is the 
remltant of two motions^ one, that dtie to the pre- 
vious velocity simply^ the other, that dtie to the action 
of F simply. 

Ea^erimental proof of the second law of motion. 

The following simple experiment forms a good 
proof of the second law of motion : — 

Fix a piece of board, HK^ fig. 245, vertically 
to a table, pillar, wall, or otherwise; fix two 
small projecting pieces of wood, E and jF, to 
HK ; hang another piece of wood (72>, by a 
weak spring or wire G (7, from a nail or projection 
Gy fixed in HK; place two balls A and B resting 
partly on the projections E and Fy and partly 
against the piece CDy as is shown in the figure. 

The balls being thus placed, strike CD smartly 

with anything hard, in the direction represented 

hy the arrow. The effie^ct of the blow will be to 

throw the ball B ioiN^SiX^'a, «»xA Tcuak^ "V^ ^^'y«\\iQ 



DYNAMICS. 



393 



a curve BBS, striking the floor at 8; but the 
ball A will be let drop vertically downwards in 
the direction ALMy striking the floor at M. 



Fig. 240. 




Now, if the floor be horizontal, and the apparatus 
properly adjusted so as to make CD strike B 
horizontally, it will be perceived by the ear, that 
the two balls strike tne^ ground exactly at the 
same instant, and this will be true at whatever 
height above the floor the apparatus may be fixed. 

If the ball B were not drawn downwards by 
the force of gravity, it would describe a horizontal 
line BTy because it is struck in a horizontal direc- 
tion, as we have stated ; but the force of gravity 
acting downwards, gradually deflects it out of the 
horizontal direction, and makes it describe the 
curve BBS. If we draw 8T vertically, ST \^ 
the defection produced by the force of gravity. 

Now ST \^ manifestly equal to A My and AM 
is the space which the force of gravity makes a 
bodj having no previous velocity describe in the 
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same time that the ball B moves horn B to 8, 
It appears, therefore, that the dePection T8y pro- 
duced by the force of gravity in a body having 
a previous horizontal velocity, is equal to the 
space BMy which a body, without a previous 
velocity, describes by the action of the same force 
in the same time. This is the second law of 
motion. 

As we have observed before, experiments of 
this kind can only be adduced as rough proofs, 
or rather, instances of the laws of motion ; the 
general and accurate proof we shall presently 
state. In the present case, we have not takea 
anv account of the force arisinor from the resist- 
ance of the air, because the experiment is not 
capable of very great nicety. 

Extended statement of the second law of motion. 

We may extend the statement of the second 
law of motion, as follows ; — Suppose ul to be a 
body moving with a certain given velocity, and 
acted on by several given forces ; it is required to 
find where A will be at the end of any time U 
Fig. 246. To determine this, let AB, fig. 

cr 246, be the space the body 

would describe in the time tj 
^^s» in consequence of the given 
velocity, supposing no force to 
act on it; also, let AC^ AD, 
AE, be the respective spaces 
which each force by itself, and 
without a previous velocity, 
would make the body describe 
Va tVk^ \\\!ftft t ^ ^^\sl \Jcia Qx^tual 
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motion of the body will be the resultant of the 
combined motions J. 5, AG^ AD, ktA AE ; and 
therefore, if we draw BC parallel and equal to 
AG, CD' parallel and equal to A D, D'E' parallel 
and equal to AE, E' will be the actual position 
of the body at the end of the time t. 

Observe, we find the point E' as if we were 
finding the resultant of a set of forces, by the rule 
given in Statics. See Dynamics, page 386. 

This general and extended enunciation of the 
second law of motion, is very important and 
useful. It may be summed up in the following 
words : — 

A Bet of motions which take place simultaneously^ 
may he supposed to take place successively. 

For AB^ AG, AD, AE, are a set of motions, 
which take place all at the same time, or simtU* 
taneously; AB, BC\ G'D\ D' E\ are the same 
motions supposed to take place one after the other^ 
or successively ; and E' is the actual place of the 
particle at the end of the combined motions, 
whether they be simultaneous or successive. 

THIRD LAW OF MOTION. 

The velocity produced by a force acting on a given 
body, during a, given time, is proportional to the 
force. 

Let P be the force, W the body on which it 
acts for a certain time, and v the velocity it pro- 
duces in that time ; then the third law of motion 
is, that V is proportional to P. Thus, suppose 
that a force of 6 lbs. produces a velocity of 12 in 
a second ; then 12 lbs. will produce a velocity 24, 
ISlhs. a, velocity 36, Slbs, ^ xdodt^ 6> lib. a. 
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Telocity 2, &c. &c. And in general, if « and v 
are the velocities produced in the same time by 
the forces P and P', acting on the same body, 
we have, 

P : P\ 






Velocity produced by Gramty. — It is found by 
experiment, that the force of gravity produces in 
a given time, the same velocity in every body 
allowed to fall fireely, whether small or lai^e, 
light or heavy. This is not true when bodies 
are allowed to fall in the air, because the air has 
the power of resisting motion to a certain extent, 
and this resistance, for obvious reasons, tells more 
upon a light body than upon a heavy. But if 
bodies however different, as for example, a feather 
and a piece of gold, in tJie well-known experiment 
of the air pump, be allowed to fall in vacuum, it 
is found that they move downwards with exactly 
the same degree of rapidity. 

That this ought to be the case may be easily 
Fig. 2i7. shown as follows: — Let the dots in 

• fig. 247 represent a set of particles of 
equal size and weight, not connected 

* . * . * with each other. If they be allowed 

• • ^ • to fall, they will move downwards all 

• at the same rate, and therefore keep 
always at the same distance from each other. 
This being the case, it is no matter whether we 
suppose them to be rigidly connected with each 
other or not ; we may therefore assume that they 
are rigidly connected with each other, and so con- 
stitute a rigid body. It appears, then, that a 
rigid body falls down at the same rate its particles 
would fail, if they y? et^ dL\%Q.oiiX!L^^\.^^^si.^ ^^^"^xsi^^^ 
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and this is manifestly true, whether the particles 
be close together or far apart, i.e. whether the 
body be condensed, and therefore heavy, or ex- 
panded, and therefore light. 

"When a body is allowed to fall in vacuum, it 
is found that at the end of 1 second it has a 
velocity of about 32.2, at the end of 2 seconds it 
has a velocity of 64.4, at the end of 3 seconds a 
velocity of 128.8, and so on. That is, the body 
is moving at the rate of 32.2 feet per second 
at the end of the 1st second, with a velocity of 
64.4 feet per second at the end of the 2d second, 
and so on. In half a second the velocity acquired 
is 16.1, in a quarter of a second 8.05, and so 
on. 

At the same time it is found, that the space the 
body falls down in 1 second is 16.1 feet, in 2 
seconds the space is 4 times as much, in 3 seconds 
9 times as much, in 4 seconds 16 times as much, 
and so on; the space being always proportional 
to the square of the time. 

To express this algebraically, suppose the body 
is allowed to fall from -4, fig. 248, that it ^,-248. 
reaches Bint seconds, and that the space \ 
AB ia 8 feet; then, 

^ = 32.2 X^, « = 16.1x t\ 

The truth of this formula may be proved 
by experiment, though not directly, for the 
motion of a falling oody is so quick, that V - 
it is difficult to observe it with accuracy. 
An apparatus, called Atwood's Machine, 
is often employed to show the truth of these for- 
mulas. It consists of a wheel, or fixed pulley -4, 
fig. 249^ made so as to turn very amootW.^ \ ^^^^ 
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this a string paeses, to ends of which are attached 

Pii.u». *"^° ^1"*^ weights P and Q. 

A third weight fF, of an oblong 

fform, with a hole in the middle 
B through which the string passes 

freely, is placed on the top of 
fV, BD JB a, vertical scale, 
divided into feet and inches. 
At the side there is a stage C, 
capable of being fixed at any 
elevation along the scale. In 
this stage ia a hole lai^ enough 
to let the weight Q pass, but 
sufiBciently small to stop W. 
At the Bide is a pendulum £ 
beating seconds. 

This apparatus is used in the 
following manner, to determine 
the motion produced by a force 
putting a certun c[uantity of 
matter in motion. Q, with W resting on the top 
of it, is drawn up to the top of the scale B, and 
allowed to fall. The number of seconds occuped 
in moving from B io C, is observed by means of 
the pendulum ; also, how far Q moves in one 
second after passing through the hole at C is 

Now it is evident that P + Q + W ia the 
quantity of matter moved in this case, supposing 
we take no account of the motion of the wheel 
A ; also, since P and Q, being equal, balance each 
other, W is the force which puts this matter in 
motion. Agiun, if CD be the space Q moves 
down in 1 second, after passing through the hole, 
CD ia the 76100117 att^vaifti. aimaiing from B to 
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G ; for, while Q is moving from G io Dj W is 
stopped by the stage, and there is no moving 
force ; consequently, the motion from (7 to i) is 
uniform (first law of motion), and therefore CD, 
being the space described in one second, is the 
velocity of Q at the instant when W is stopped 
by the hole. A certain allowance, however, must 
be made for the motion of the matter composing 
the wheel A, By making W sufficiently small, 
we may make the motion as slow as we please, 
and so observe it more accurately ; this is, in fact, 
the peculiar advantage gained by the apparatus. 
But as far as accuracy is concerned, this fiaachine 
is a mere philosophical toy, with the disadvantage 
of requiring a considerable knowledge of Dynamics, 
to understand the motion properly ; for the motion 
of A must be allowed for in a manner which a 
beginner cannot understand, especially if there 
be the addition of what are called friction wheeh, 
to lessen the retarding power of the friction of 
the pivot, about which A turns. 

The results that would be obtained by means 
of this machine, if the wheel A had no weight, 
and its axle were perfectly smooth, are as fol- 
lows : — 

t being the time of moving from B to C, 

and . = (7i? = 32.2 -^^^fc 

Whence it appears, that the motion produced 
by a moving force W is directly proportional to 
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TT, and inversely proportional to the total weight 
movedi namely, P + Q + TT. 

From these results we may conclude, that if 
the moving force were equal to the total weight 
moved, as is the case with a body falling freely in 
vacuum, we should have. 

But the accurate method of proving these for- 
mulae for falling bodies, is by experiments with 
])endulums, as we shall show hereafter, when we 
come to speak of the pendulum. The number 
32.2 is that usually given, but it is not quite 
exact, being slightly different at different places 
on the cartas surface, and at different elevations 
above the level of the ocean. 

Proposition III. 

To determiney by the third law of motion^ vihai 
velocity is produced in a second by a given fofce^ 
expressed in pounds^ acting on a given weighty eX' 
pressed in potmds liketcise* 

Let P be the number of pounds in the force, 
W the weight, in pounds, of the body on whidi it 
acts, and / be the velocity produced in 1 second. 
Then, if W were allowed to fall freely by the 
action of its own weight, the velocity produced 
in a second would be 32.2, as appears by experi- 
ment; that is, a force W acting upon a body 
whose weight is Wy produces a velocity 32.2 in 
1 second. Hence,/ and 32.2 being the velocities 
produced in the same time by the forces P and W 
respectively, acting on the same body, we have, by 
the third law o£ motion, 
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P 

Whence /= ^ 32.2, which is the required 
velocity. 

It appears from this that the velocity which a 
force produces in a second, is found by multiplying 
the force by 32.2, and dividing it by the weight 
of the body it acts upon. 

Corollary. — By the proportion just obtained, we 
find also, that, 

^" 32:2-^- 

That is, the force necessary to produce a certain 
velocity in a unit of time, is found by multiplying 
the weight of the body on which it acts by the 
velocity, and dividing by 32.2. 

Meaning of the letter g in Dynamics. — We have 
stated above that there is some degree of difference 
in the force of gravity at different places, and at 
different elevations ; the number 32.2 employed 
in the above formula is not therefore quite correct 
in all cases. On this account it will be better to 
use some letter instead of 32.2, and the letter 
always employed is g. We define a therefore to 
be the velocity which is produced by the attrac- 
tion of gravity at a given place on the earth's 
surface in one second. The exact value of g in 
the latitude of Greenwich is 32.1908, which is 
nearly the same thing as 32.2. 

Hence the force, which, acting on a body 
weighing W lbs., produces a velocity / in a 
second, is, 

and the velocity which is produced in a second 

D D 
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by a force P, acting on a body weighing 
W lbs. is, 

P 

These formulas are of great importance in 
Dynamics. 

EXAMPLES OP THE APPLICATION OF PROPOSITION III. 

Ex. 1. — A body weighing 100 lbs. ( W) is drawn 
along a perfectly smooth horizontal plane by a 
horizontal force of 10 lbs. (P)y find the velocity 
generated per second. 

Here P= 10, TF=100. 

Ex. 2. — In the same case find /, supposing the 
horizontal plane to be rough, and the coeflScient 

of friction — (fi). 

Here P= 10- ^ ^=5. 

•••/=T^ X 32.2 = 1.61. 
•' 100 

Ex. 3. — In the same case as Example I, only 
that P is unknown; find what P must be to 
make the body move twice as fast as a falling 
body moves. 

Ex. 4. — In the same case as Example 2, only 
that /u is unknown*) find fi, supposing that a falling 
body moves 100 livnea ??ia\,^t xJasca.'W. 
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Ex. 5. — A body (TF) is drawn up a smooth 

inclined plane^ whose gradient* is ypj^ * by a force 

F acting along the plane ; if i^' is the tenth part 
of Wy find how much slower the body moves than 
a falling body. 

Here resolve W into two forces, one along the 
plane, and the other perpendicular to it; the 
former must be subtracted from P, and the latter 
produces no effect as regards the motion. Thus 
we find, 

1 9 

^ 100 '^ 100 ^' 

••/- f^9- 100^* 

Hence the body moves slower than a falling 
body in the proportion of 9 to 100. 

Ex. 6. — In the same case as Example 5, sup- 
posing the body to move slower than a falling 
body in the proportion of 3 to 5 ; find F. 

Ex. 7. — The gradient in Example 5 being i, 
and P=10TF/ find how much faster the body 
moves than a falling body. 

Ex. 8. — The length, height, and base of a smooth 
inclined plane are respectively 5, 4, and 3, and a 
body is allowed to run down it freely ; find how 
much slower it moves than a falling body. 

Ex. 9. — Find the same supposing the plane to 
be rough, and the coefficient of friction J. 

* The gradient of a slope is the rate of vertical ascent, and 
may be expressed by saying, that a body rises vertically a certain 
fraction of a foot for every foot it travels up the plane. In the 
Example the body rises the hundredth part of a foot for every 
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Ex. 10. — A man holds a weight ^T by a string 
Fig. 250. ^C^> fig- 250 ; if he relaxes 

the string so as to let 
the body move downwards 
slower than a falling body 
in the proportion of 1 to 
3y find the tension on tbe 
string CW. 

Here let T be the tension 
on the string ; then W— T 
is the force acting downwards on the body. 

.-. Tr-r=p = ir/ = jTr(v/==j<7). 

if 

... 3?r-3r=TF, and .-. 7=1 ?r. 

Ex. 11. — Suppose that the man draws the string 
so as to make the body move up as fast as a body 
falls down naturally ; find T. 

Here T- TF=P= TF^= PF (•.• /=:^). 

•f 

Ex. 12. — The weight W draws up the weight 
Fig. 251. W, as in fig. 251, the pulley CC bemg 
of^a supposed to be perfectly smooth, so that 
whatever tension is exerted on one portion 
C W^ of the string is transmitted mi- 
altered to the other portion CW^ and 
^^ mceversd. If TF' = 1001bs. ?r=50lbs. 
^ it is required to find the tension on the 

M string. 

Here let T oe t\ift tension on WC^ and there- 
fore on TF'0\and «v3L^^o^e\)a»X,W ^^»f^\^^mth 
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X times the speed of a faUing body. It is clear 
that W must ascend just as fast as W descends ; 
also, the force that urges W upward is T —Wy 
and that which urges W' downward is W — T 
Hence we have, 

T- Tr= W^ ^Wx (v f^xg), 

And W— T=W'i >= W'x : 

9 

. ,. . . T-W W T—50 1 
•'• by division, ^/_y = -pp . or ^qq_j, = g * 

.-. 2 y- 100 = 100 - T, 
... r=H^ = 66.6. 

Ex. 13.— Find x in Example 12, W and W 
being any weights. 

We have, T- Tr= Wx^ 

And, W'-T^fV'x. 

.-. by addition, W --W^ {W -\'W)x. 



a»s= 



Tr'+ TF 



50 
Thus, when Pr'= 100, and W- 50> ^ = 150 = *• 

When it appears that W descends with one- 
third of the speed of a falling body. 

Ex. 14.— Find T in Example 13. 

By division, ^,^y = ^, ^ 
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... W'T-WW'^WW'-W'T; 

2 WW 



• • 



r= 



fF+ w 



Ex. 15. — The tension on the string is equal to 
i W; find in what proportion W exceeds W, 

Ex. 16. — Show that the tension can never be 
greater than double the lighter weight. 

Ex. 17. — Find in what proportion ' the total 
pressure on the pulley CC is less than the sum 
of the weights, when W'ss5 W, 

Ex. 18. — When W is extremely large com- 
pared with JFf show that T is very nearly twice 
W. 

GENERAL REMARKS ON THE LAWS. OF MOTION. 

Action and Reaction, — The laws of motion above 
enunciated are not exactly those given by New- 
ton, to whom chiefly we owe all our knowledge 
on this subject. It is customary with many writers 
to divide the laws of motion as above, and perhaps 
it is on the whole a better division. Kewton's 
second law virtually includes the second and third 
laws as we have stated them, and his third law is 
this : — Action and Reaction are equal and opposite. 
That is, if one body A exerts a force upon another 
body By by contact, by tension or thrust, by 
attraction or repulsion, or otherwise ; then B 
exerts the very same force on A in the opposite 
direction ; in other words, the return pressure or 
reaction (see Part I, page 32) of ^ on ^ is equal 
and opposite to the original pressure^ or action of 
A on B. This is a most important mechanical 
iaw, but it belongs aaxxi\\sJa.\.o ^Xa.XlvR&'^Ii^uamics, 
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and 18 not properly therefore to be regarded as a 
special law of motion. As an example of this 
law, we may quote the case of the mutual attrac- 
tions of the sun and planets ; thus the actual force 
of attraction which the sun exercises on the earth, 
is equal to that which the earth exercises on the 
sun. This may appear strange, considering how 
much smaller the earth is than the sun, but it is 
nevertheless the fact. 

Proof of the Laws of Motion. — The proof of 
the laws of motion is of that kind which is called 
inAucthe. By the term induction is meant the 
verification of conjectured laws, by numerous par- 
ticular instances of their truth ; or to speak more 
fully, I conjecture from certain appearances that 
a certain law is true, and I set about establishing 
that truth, by investigating the consequences that 
must follow from the law in particular cases, and 
observing whether these consequences are really 
matters of fact. If so, and if I have tested the 
law by a sufficient number and variety of particular 
cases to prevent the risk of mistake, I feel satis- 
fied that it is true. This is reasoning by induction. 
This, however, is not the sense in which the word 
induction was used in ancient times. We owe the 
term, as it is generally used at present, to the great 
philosopher Lord Bacon. 

Inductive reasoning is the grand basis of all 
true science, and were it not for the instinctive 
confidence which we feel in it, we should know 
nothing worth knowing. It is by induction that 
we come to the conclusion that the earth is a 
sphere revolving about the sun, that the planets 
revolve about the sun, that there is a force called 
the attraction of gravitation, &c% ^wx.^ oC tW.^ 



408 BfECHANICAL SCIENCES. 

things can be proved by demonstration like a 
proposition of Euclid ; but we believe them all 
most impUcitly. Now we cannot avoid remarking 
here, that the evidence we have of the existence 
of God, of his righteous government, and of the 
Kevelation he has made m the Holy Scriptures, 
is precisely of the same inductive nature ; and we 
have the same grounds for receiving the great 
truths of Christianity, that we have for admitting 
the laws of motion. Those who contrast the truths 
of Religion and Science, as if the latter were 
based upon higher evidence than the former, only 
betray their utter ignorance of the nature of 
human intellect, and the true foundation of 
science. 

The proof of the laws of motion consists chiefly 
in the exact coincidence between the deductions of 
Physical Astronomy, and the observed phenomena 
of the heavens. Physical Astronomy is that 
science which, assuming the laws of motion as 
true, determines from them the motions of the 
heavenly bodies ; and this it has done, as regards 
the solar system, with a most wonderful degree of 
minuteness. Having thus determined the motions 
of the planets and their satellites, it predicts their 
relative positions at future times, their eclipses, 
transits, occultations, &c. Now, the practicid 
astronomer with his telescope finds these predic- 
tions marvellously exact ; and hence we infer the 
tinith of the laws of motion, for it is upon them 
that Physical Astronomy bases all its calculations. 

But, the reader may ask, are the predictions we 
speak of never wrong ? are they always exactly 
fulfilled? Our answer is, they are sometimes 
wrong. Why, t\ieii5 ^o ^^ «*i Vm^VksdtlY receive. 
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them as evidence to prove the laws of motion ? 
Because, for one case in which they are wrong, 
they are right in a thousand cases, and the true 
philosopher knows well that the errors may, and 
are likely to arise from imperfections in his own 
knowledge or means of investigation. To quote 
an instance : — Not many years since the predic- 
tions of Physical Astronomy, in regard to the 
motion of the planet TJranus, were found to be 
failures ; the planet was not apparently obedient 
to the laws of motion. Did astronomers then 
reject the laws of motion ? Far from it ; but they 
came to the conclusion that there was some un- 
known force interfering with TJranus. And, with 
the utmost confidence in the laws of motion, they 
employed them to discover what that unknown 
force was, and where it resided. It is unnecessary 
to dwell on the result of this confidence in these 
fundamental laws; a new planet was discovered 
by the mind's eye alone, and the telescope con- 
firmed the great discovery. 



CHAPTER II. 

CONSEQUENCES AND PRINCIPLES IMBiEDIATELY DE- 
DUCIBLE FROM THE LAWS OF MOTION* 



Proposition IV, 

To find the 'edodty which a giten force^ acting on 
a body of given weighty produces in a given time* 

Let P be the given force, W the given weight 
of the body, and t the given time expressed in 
seconds ; let / bo the velocity produced in one 
second, that is, 

This velocity is produced in a body previously at 
rest ; but, by the second law of motion, the velocity 
produced by the force, if the body had a previous 
motion, would be just the same ; so that, if the 
body started with a velocity «?, the force would 
produce in a second an additional velocity f, and 
the total velocity at the end of the second would 
be V +/ 

Hence it is clear that the velocities at the end 
of the first, second, third, and fourth seconds will 
be respectively f,S\j. f-vJ^J, f^f^f-4-/; 
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on. If, therefore, id be the velocity at the 
t seconds, it is clear that 

'o^ft, or «?= ^^^. 

ppears, then, that the velocity produced in 
ne t is found by multiplying the velocity 
jed in one second by t, 
derating Force, — It is usual, in Mechanical 
ses, to designate the velocity produced in a 
. by the term ^^Accelerating Force ; " but we 
er this to be a very bad term for the purpose, 
generally misleads the student as to the 
ature of the quantity denoted, We shall 
use this term, but speak of / simply as the 
Ity generated per secondy^ or " rate of accele^ 

w. — The term mass is used to denote the 
ty of matter in a body, as indicated by its 
t. It is generally measured with reference 
jculiar unit in Mechanical Treatises, for the 
le of making the above expression for / as 
as possible. The unit of mass is considered 
I body weighing 32.2 lbs., or more correctly, 
g, as we have stated, being (at Greenwich) 
18. The quantity of matter in a body 
ng (7 lbs. is therefore assumed to be 1, in 
' weighing 2 g lbs. it is assumed to be 2, 
, 3, and so on ; and in general, the mass 
ody whose weight is ilf ^^Ibs. is assumed to 
If, then, WhQ the weight of a body, and 
mass, we have, 

W^Mg. 
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P 

Now, in the formula, /= to-^» P^^ ^^ value 
of If, and we obtain, 

/=^> and .-. P^fM. 

That is, the velocity per second is found by 
dividing the force by the mass, and the force is 
found by multiplying the velocity per second by 
the mass. 

Why the unit of mass is assumed to be gibs. — 
There is a twofold reason for choosing tlus par- 
ticular weight as the unit of mass. First, because 

TV 
it simplifies the expression — r, and certidn other 

formulae, which frequently occur in Dynamics, 

inasmuch as it represents the fraction — by the 

single letter M. And secondly, because it gives 
an estimation of the mass of a body which answers 
equally well for all places in the universe, as far 
at least as the laws of motion extend. On this 
second reason it may be well to speak more ex- 
plicitly. The weight of a body is not an invariable 
quantity, inasmuch as it depends upon the force 
of attraction of the planet in the immediate 
vicinity of which the Dody may happen to be, 
and its distance from the centre and axis of rota- 
tion of that planet. Thus a body is heavier at the 
pole of this earth than at the equator, heavier 
also at the level of the sea than at the top of a 
mountain. An ordinary man transported to the 
sun, would weigh some two tons, but if placed on 
one of the small planets, his weight would not 
exceed one Btone. ^o'^ o\vt\v^^\^\x.^S.\!afc\aaLtter 
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body is, that it is the same in amount 

ever the body may be. Hence it follows that 

weight may vary though the quantity of 

,er remains the same. We cannot therefore 

nate quantity of matter bv weight unless all 

ies be supposed to be weighed at the same 

ie. The simplest way to get over this difficulty, 

to vary the unit of mass, that it shall always 

rease or diminish in the same proportion that 

i weight of a body does in consequence of a 

ange of locality. Now, by choosing ^Ibs. to 

{ the unit of mass, we effect this object. For, 

t W be the weight of a certain body in one 

Kjality, say the earth's equator, and p the velocity 

cquired per second there by falling bodies ; also, 

et W be the weight of the same body in another 

part of the universe, say at the sun's equator, and 

^' the velocity acquired per second by bodies 

falling there. Then p is the effect per second 

produced by the force TF", acting on tne body in 

question, and p' the corresponding effect produced 

by the force fF' acting on the same body. Hence, 

by the third law of motion, we have, 

p : / :: W : W. 

A J WW 

And .'. — = — 7— 
9 9 

Hence it appears, that, though W and g both 

W 
vary with the locality, — does not, and therefore 

the above estimation of the mass of a body by the 

W , 
formula — is not subject to the difficulty we are 

considering. 
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It is to be remembered, however, that we have 
no real need to consider any besides the common 
unit of weight in estimating mass, because we 
may conceive all the matter we are concerned 
with to be weighed in one particular locality, say 
at the earth's equator. 

Of the Dynamical Effect of Farce. — By the Dtf 
namical Effect of a force, we mean the effect with 
reference to its time of action ; thus a force act- 
ing for one second produces a certain dynamical 
efiect, the same force acting for 2 seconds produces 
twice as great a dynamic^ effect, for 3 seconds 
3 times as great, and so on ; so that, in general, 
we find the dynamical effect produced in t seconds, 
by multiplying the dynamical effect produced in 
one second by t. 

The greater the force is, the greater of course 
is the dynamical effect in proportion. If, then, 
we assume the dynamical effect produced in a 
second, by a force of 1 lb., to be unity, the dynam- 
ical effect produced in a second by a force of 
Plbs. will be P ; and therefore, by what was 
stated before, the dynamical effect produced by a 
force of P lbs. in t seconds, will be t times as much, 
that is, P t 

Assuming, then, the unit of dynamical effect 
to be the effect produced by a force of 1 lb. in 
1 second, it follows that the dynamical effect pro- 
duced by a force of P lbs. in t seconds, will be the 
force multiplied by the time, or Pt. 

Momentum* — The word Momentum is used in 

exactly the same sense, in the Mechatlical Treatises, 

as the term Dynamical Effect, just explained ; the 

momentum produced by the force P in the time 

t, is therefore P U 
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Proposition V. 

To find the Dynamical Effect or Momentum^ in 
terms of the velocity. 

Let P be the force, t the time during which it 
acts, W the weight of the body it acts upon, and 
« the velocity it produces in the time t ; then, by 
the preceding proposition, we have, 

P W 

W^ g 

But P ty as we have shown, is the dynamical 
eflTect or momentum ; hence, 

TV 
the momentum = — -p, or Mv, M being the mass. 

It appears, then, that the dynamical effect or 
momentum produced by a force, acting on a body, 
is found by multiplying the mass of the body 

iW\ 

{ — 1 by the velocity produced by the force ; and 

this 18 always true, whatever may be the time 
during which the force acts. 

Corollary 1. — «, which here*denotes the velocity 
produced by theforce^ may or may not be the actual 
velocity with which the body is moving, because 
the body may or may not have had a motion 
previous to the action of the force. If we suppose 
that the body had a velocity t before the force 
began to act upon it, and that this velocity is 
changed into id' by the action of the force, then 
the velocity produced by the force is not «?, but 
tj' — «. This follows from the first and second 
laws of motion. 
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If therefore the force, by its action on the body, 
changes the velocity from v to v', the dynamical 
effect is, 

W . , . 

— (f? — V). 

9 
We must, therefore, enunciate our rule by 
saying, that the dynamical effect produced by a 
force acting on a body, is found by multiplying 
the alteration of velocity produced by the force, 
by the mass of the body. 

Corollary 2. — In all that we have just said, the 
force and the velocities are supposed to have the 
same directions, that is, the motion is in all cases 
rectilineaL If this be not the case, we must 
define more accurately what we mean by the term 
alteration of velocity* 

Suppose that A By fig. 252, represents in mag- 
Fig. 252. uitudc and direction the velocity 

which the body had before the 
action of the force, and that A C 
represents the velocity after the 
action of the force, an alteration 
having been produced by the 
force in the direction, as well as 
in the magnitude of the velocity. 
Complete the parallelogram A BCD. Then the 
velocity AC is equivalent to the two velocities 
AB and AD together, by the Parallelogram of 
Velocities. It appears, therefore, that, in addition 
to the original velocity A J5, the force has produced 
the velocity AB ; for, by the first law of motion, 
the body would always move with the same velocity 
A By if the force did not act ; but, by the action 
o( the force, t\ie NeXocvX.^ \^ ^Wv^^d from ^^ to 
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ACy or, what Is the same thing, the velocity is 
changed from AB to AB and AD together; the 
force, therefore, produces the velocity ^2> in 
addition to the original velocity AB. 

A D is, therefore, the alteration produced in the 
velocity by the force; and, therefore, the dyna- 
mical effect of the force is 

W 

— X velocity represented by A D. 



Proposition VI. 

To find the Dynamical Effect or Momentum pro- 
dticed by a variable force. 

In the preceding proposition, we have supposed 
jp to be a constant force of so many lbs., neither 
increasing nor diminishing during its action on the 
body ; we shall now consider the case of a force 
which varies during its action, either increasing or 
diminishing. Let the original velocity of the body 
be t?, and suppose a varying force to change this 
velocity to «? in the following manner : — 

Let the force be at first Pi, then Pj* then P3, 
then P4, thus varying from one magnitude to 
another; let Pi alter the velocity from v to «i, 
Ps from Vi to «25 Ps from i^jto «?3, and finally, let 
P4 alter the velocity from v^ to t?'/ then, by 
Corollary 1 of the preceding Proposition, 

W 
the momentum produced by Pi = — (t?i — ^), 

if 

w 

the momentum produced by Pa = — («?2 — 'C\)i 

££ 
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W 

the momentum produced by P, = — (t?3 — tij, 

if 

w 

the momentum produced by P* = — («?'— ^3). 

if 

If we add all these momenta together, we shall 
find the total momentum produced by the varying 
force ; hence, the total momentum produced is, 

W , W , 

— («i — « + «i— «i + «3 — «?2 + «?'— ^Js) or — [^ -—id)* 

9 9 

It appears, therefore, that the dynamical effect, 
or momentum, produced by a varying force, is 
found by the same rule as that produced by a 
constant force ; namely, multiply the total altera- 
tion of velocity produced by the force, which is 

W 

'0 — 1>, by the mass of the body — , und the result 

will be the total dynamical effect. 

This is an important conclusion, for it follows 
from it that, in finding the dynamical effect pro- 
duced by a force, we need not inquire whether 
the force is variable or constant ; all we have to 
do being to find the difference of the velocities 
which the body has before and after the action of 
the force. Observe, however, that we suppose 
the motion to be rectilineal here. If not, we must 
proceed as in Corollary 2. 

Proposition VIL 

The alteration of 'velocity produced in a ffiven time 
being known^ to find the force which acts on the body. 

Let « be the Ndodty oS. ^ V^^ ^t any time ty 
and V its velocity at »om^ ^\iJci^^^^\^\.^\Sifc t . "S^j^ 
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speakiBg thus, we mean to indicate instants of 
time as defined by reference to some Zero ; — thus, 
suppose 12 o'clock to-day to be taken as the Zero 
from which we reckon time, and assuming seconds 
as our units, we may say, that a certain event 
happened at the time 600, meaning thereby that 
it nappened at 600 seconds, or 10 minutes, past 
12 o'clock. In the particular case we are consi^ 
dering, when we say that v is the velocity at the 
time ty we mean, that the body is moving with the 

velocity « at ^ seconds (or /^l minutes) past 12 

o'clock ; and that afterwards, when it is t' seconds 
past 12 o'clock, (^' being greater than t,) the body 
is moving with the velocity «'. 

Now, if the velocity changes from t? to ^' in the' 
interval of time t'—t, as we suppose it to do, 
there must be some force acting to produce such 
a change ; let P be that force ; then, by the third 
law of motion, 

W 
P = — X velocity produced by P in 1 sscond. 

Now, «' — I? is the velocity produced by P in 
t'^t seconds, for in that time P changes the 

velocity from «? to i?'; therefore, — — - will be the 

velocity produced in 1 second."^ 
Hence we have, 

jj W «'-^ 

Jr = 77 7 • 

9 t —t 

* For, vel. produced in t'—t seconds : vel. produced in 

1 second \\ t'—t : \, 

vel. produced mt' — t seconds 
. •. vel produced m 1 second = r, — ; ' 
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In thi5 reasoning we evidently assume that P 
is a constant force during the time t' — t; of 
this, however, we cannot be sure in general ; but 
if we suppose t' — t to be a very small interval of 
time, we may always suppose, without material 
error, that P is constant during it; for however 
P may vary in an interval of time which is not 
spaall, it is manifest that its variation, must be 
very small in a very small interval. If, therefore, 
we assume ^' — ^ to be an extremely small interval 
of time, (say the millionth part of a second, or if 
necessary, the millionth part of the millionth 
jiart of the millionth part of a second,) we commit 
no error worth taking account of when we assume 
that P is a constant force, neither increasing nor 
diminishing, during the interval t' — t. 

On this supposition, then, the force is found by 
the formula, 

P — ~P 1 ' 

g t —t 

which may be stated as a Eule in the following 
manner. 

To determine what force is acting upon a body 
at any time ty find the velocity of the body at the 
time ty and the velocity at a subsequent time t\ 
the interval between t and t' being extremely 
small ; then, if we multiply the mass of the body 

\~ ) by the fraction -7 , we shall obtain the 

force required. 

Obse9*vation, — The most rapidly changing motion 
mathematicians have to deal with is that of the 
vibrations wViida. cotv^NaWV^ \\^\.. In this case, 
by assuming t' — t \.q \i^ \!tv^ tcSK\wv^^'w\. ^\ ^^ 
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millionth part of a second, we should commit 
serious error, inasmuch as the forces which produce 
these vibrations increase and diminish 500 times 
(in round numbers) during that inconceivably 
minute interval. If, however, we assume t'-^t 
to be the millionth part of the millionth part of 
the millionth part of a second, no perceptible 
error will result from the above formula for P. 

In the case of falling bodies we need not assume 
t' — t to be smaller than the thousandth part of a 
second. In the case of the motion of the planets 
round the sun, we might assume t' ^t to be so 
great as an hour, without any error. 

Thus, the requisite degree of smallness of ^' — ^ 
depends upon the nature of the motion we are 
considering; the quicker the forces vary, the 
smaller must ^' — ^ be assumed, t^ — t^ and v — v, 
are technically called little differences or diffe- 
rentials ; but on this point we shall say nothing, 
as it would lead us into the mysteries of the 
Differential Calculus. 



Proposition VIII. 

To find an analogous formula for the velocity of a 
body. 

Let s be the space the body describes in the 
time #, s' that described 
in the time t\ By this * ^'^- ^''' 

we mean, that, \i AB A ^iS- ^ 

(fig. 253) be the line 

along which the body moves, and if J. P = ^, and 
AP =^s ; then P is the point the body has 
arrived at, at the time *, and P\ at the time t' ; 



422 mech^lmical sciences* 

80 that PP\ or s — «, is the space the body moves 
over in the interval t' — t. 

We cannot know whether the velocity of the 
body is constant or variable; but, however this 
may be, we may, as in the preceding proposition, 
assume the interval t' — t to be so small, that we 
mav regai4 the velocity as invariable while the 
body moves from P to P'. This being the case, 
if v denote the velocity, we find it (by Prop. I.) by 
dividing the space («'— $) by the time of describing 

it (^' — t). We have, therefore, 

f 

8 8 

which is the formula required. 

Proposition IX. 

To explain how the space described in a given time 
may be found geometricaUyy when the velocity varies 
according to a given law. 

Let fig. 254 represent the line along which the 

body moves, and let P, P', P", &c. represent its 

Fig,2H. successive positions at 

j» -pf jjt -P0 the end of the times ^, 

' ■ ' ' t'y t'\ &c, 80 that it 

describes the spaces PP\ P' P'\ P"P"\ &c. in 
the intervals, t* — U ^" — f'\ t'"—t'\ &c. respec- 
tively. Let »,%«', v"i &c. be the velocities with 
which the body describes the spaces PP' ^ P'P*\ 
P"P"', &c. respectively; then, by Prop. L we 
have, 

PP'^%{f!—t\P'P"^v{t"^t'), 

P"p'" «'D'\t;" -.t;%%L^. 
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Now, in fi^, 255, let us draw a line A C, and 



Fig. 265. 



^ 



^"r 



JB( 



± J. j:\^ 



take every unit of that 
line to represent a unit 
of time. This is per- 
fectly allowable ; for all 
that we do is to repre- 
sent one quantity by 
another, so far as mere 
numerical magnitude is concerned, and no further ; 
it is, in fact, as legitimate a representation as that 
of forces by lines in Statics. This being underr 
stood, let us take AA\ A[A'\ A"A"'y .&c. re- 
spectively, to represent the intervals *' — ^, t" — t', 
t " — ^", &c. Also, let us draw the perpendiculars 
ABi A' B\ A" B"y &cand make them of proper 
lengths to represent the velocities ^, «?', «? ', &C; 
respectively; and complete the rectangles BA\ 
B'A'',B"A''\&c. 

Then the following equations are true nume'r 
ricaUy^ viz.: — 

*rect.J?ui'= AB X AA' = i?(^'-0 ^PP\ 

reci.B'A"^A'B' x A'A"^t\t"^t')^P'P". 

rect. B''A"'^A"S' x A"A"'==v"{r^f)^P'P'\ 
&c. &c. &c. 

Hence, by addition, we find that the sum of 
these rectangles is equal to the sum of the spaces 
described in the intervals t' — t^ ^" — 1\ &c. 
From this it follows, that, if we take on a line A G 

. • By the expresBion, rect. BA\YfQ mean the number of units 
of Buiface, i.e. square units, in the rectangular surface BA\ 
By a well-known theorem, this number is found by multiplying 
the nnmber of units in ^ ^ ' by the number in A B, 
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the portions^ J.', A'A''yA''A''\ &c- to repre- 
sent successive intervals of time during which, 
respectively, a body is moving with velocities 
represented by the perpendicular lines AB, A'B\ 
A ' B'\ &c., the space described in any time, say 
A G, will be represented by the sum of the rec- 
tangles formed, as in the figure, upon A G. 

The reader will understand that this mode of 
representation is purely numerical; thus, for 
example, suppose that we agree that every inch 
of AC shall represent a second of time, and every 
perpendicular inch a foot per second of velocity; 
then, all that we mean by saying that A C repre- 
sents the time, AB, A' B\ A"B'\ &c. the suc- 
cessive velocities? and the sum of the rectangles 
the space described, is this, — that there are as 
many seconds in the time as there are inches in A Gy 
as many feet per second in the successive velocities 
as there are inches in AB, A' B\ A" B'\ &c., and 
as many feet in the space described as there are 
square inches in the sum of the rectangles, 

Gorollary.—U \\iQ intervals A A!, AA'% A''A"'y 
&c. be extremely small, the points By B\ B'\ &c. 

j'«a.256. ^'^ ^^® ®^ close together, 

that the broken line form- 
ing the upper boundary of 
the rectangles will become 
a continuous curve, as is 
shown in fig. 256. In the 
case represented by this 
figure, there is a gradual 
instead of an a Jrt^jp^ change of velocity as the body 
moves on, and the curve BD shows the law 
according to w\iic\v t\v^ Nda^ssXi^ ^^xvaa; Le. if the 
perpendicular line A' B' \i^ ^t^^\jL \Rk ^^ ^\a^^ 
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from any point A' of A Cy it shows the velocity 
with which the body is moving at the end of the 
time represented by AA\ The sum of the rect- 
angles on A A' in this case is the surface included 
between AB^ A' B\ AA\ and the curve BB'. 

Hence the following rule. When the velocity 
varies gradually, draw a curve jB2>, such that the 
perpendicular A' B' drawn to the curve from any 
point A! of A Cy shall always represent the velocity 
with which the body is moving at the end of the 
time AA' ; then the number of square units in 
the curvilinear area ABB' A' will be the number 
of feet the body has described in that time along 
its line of motion, fig. 254. 

This method of construction is due to Newton. 

EXAMPLES OF THE PRECEDING PROPOSITIONS^ 

Ex. 1. — A train weighing 100 tons, moving at 
the rate of 30 miles'^ per hour, is brought to rest 
in one minute by the action of a force P; find P* 

Ex. 2. — If the train be brought to rest in one 
second, what is P? 

Ex. 3. — A train weighing 100 tons is set in 
motion by a pressure P, and 10 minutes after 
starting it is moving at the rate of 40 miles per 
hour; what is P? 

Ex. 4. — Same case, supposing that P is 1 ton ; 
find with what velocity the train is moving half- 
an-hour after starting, 

Ex. 5. — What is the rate of acceleration pro- 
duced by a force of 10 lbs. acting on a weight of 
1 ounce? 

• Observe, in all these examples, tbat ^imcmust be reduced to 
seconds, and space to feet. 
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Ex. 6.— What is the Mur of 1610 lbs.? 

Ex. 7« — ^What is the dvmamueal ^ptet of m fcntx 
of 1 too, scdv for 1 hour? 

£z. 8. — ^A bodj wdgiumg 1 cwt. is moYing at 
the rate of 30 yards per mmntp, what is its wm- 
wientmmf 

Ex. 9. — The Tdocitj of a body weighing 100 lbs. 
is diaiiged from 10 feet per second to 12 feet per 
second* What is the dynamical effect produced? 

Ejl 10. — The same body has its velocity changed 
from 10 feet per second northward, to 10 feet per 
second eastwm; what is the dynamical effect pro- 
duced? 

N.B. See Cor. 2, Prop. V. 

Ex. 11. — The same body has its velocuty dianged 
from 10 feet per second northward, to 10 feet per 
second southward ; find the dynamical effect. 

Ex. 12. — If the change be from northward to 
north-eastward, find the dynamical effect. 

Ex. 13. — In Ex. 10 the change is produced by 
the action of a force P in 10 seconds ; find P in 
magnitude and direction. 

N.B, See Second Law of Motion. 

Ex. 14. — Do the same in Ex. 12. 



CHAPTER III. 



UNIFORMLY VARIED MOTION. 

The motion produced by the action of an inva- 
riable force,^ acting always in the same direction, 
is not a uniform motion, because, by the " First 
Law^ the velocity continues constant only when 
there is no force in action. The motion in ques- 
tion is of that kind which is called ^^ uniformly 
accelerated^^ because, by the ^^ Second Law^^ the 
force will increase the velocity uniformly, that is, 
it will add, in each second, the same amount of 
velocity, to the previous velocity. If, however, 
the force acts in the opposite direction to that in 
which the body is moving, it will diminish the velo- 
city uniformly, by continually subtracting the same 
amount each second. In this case, the motion is 
said to be ^^ uniformly retarded^'* There is, how- 
ever, no essentiid difference between the two kinds 
of motion, M>nd they may be both described as 
^^ uniformly varied motion,^' This kind of motion, 
therefore, is that which results from the action of 
an invariable force acting always in the same direc- 
tion. Next to ^^ uniform motion/' it is the most 
important to be considered, and we now proceed 
to investigate the formulas by which it is deter- 
mined. 
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Proposition X. 

To prove the formuUe for Uniformly Varied Mo- 
tion, by means of NewlofC$ Construction* 

Let W be the weight of the body moving, and 
P the force acting on it, in the direction A By fig. 
257 ; let ^ (7 be the distance the body describes 



Fig. 257. 
C 



C 



• m J 3 



Fig. 268. 



by the action of the force in any time t, and let s 
denote AC; also, let v be the velocity the body 
has at C We suppose the motion to begin at A, 
the body being at rest previous to the action of the 
force. 

Take QR to represent t graphically, (see Prop. 

IX.) and let perpen- 
^ diculars to Q It repre- 
sent the velocities at 
*^ different times, which, 
since they increase 
uniformly, will be 
bounded by a straight 
line Q8,R8 representing t?, (see Prop. IX.) Now, 
by the Proposition just quoted, the area of the 
triangle Q8B will represent «; but this area is 
iQR X R8, or l^t xv; hence we find, 

s = ^vt (1) 

Now, if / deuoVe \ke t^i^^^ qC acceleration, we 
have (see Props. 111. wxSlY? .\ 




DYNAMICS. 429 

P P 

and V =ft (3) 

Hence (1) becomes, substituting for v, 

« = i/<' (4) 

Again, by (3) we have, 

or by (4), 

^'=2/. (5) 

(3), (4),* and (5), are the formulae employed in 
determining cases of uniformly varied motion. 

Corollary 1. — The equation (1) shows that the 
space 8 is half what it would have been had the 
velocity continued equal to v during the whole 
motion from A to C. This is sometimes expressed 
by saying, that the space described from rest, in 
uniformly accelerated motion, is always half the 
space due to the last acquired velocity. 

CoroUary 2.— For falling bodies f=g, (32.2), 
and therefore, 

7) =32.2^ 

s = le.u^ 

t' = 64.4 8, 

Proposition XI. 

To prove the formulce (4) for uniformly taried 
motion^ by the method explained in Prop. VII. 

Let C'y fig. 257, be the place of the body 
at any time t' subsequent to the time t; then 
CC =^8 —8, and the time of describing CO* is 
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t' — t; also, V and «' being the velocities at C and 
C respectively, we have, 

f)=/^, «'=/<' (1) 

Now, let us assume, as in Prop. YII., that the 
interval ^'— ^ is extremely small, so small, in fact, 
that « and «' do not sensibly differ from each other. 
On this supposition, we may say that CO' is de- 
scribed uniformly with either the velocity « or «', 
or, what is nearer the truth, with the hcdf-icay 
or mean* velocity i (« + v'). CC therefore being 
described in the time t'-^ty uniformly, with the 
velocity i (« + «?')> w® have, by Prop. I., 

= i/(^' + (*' - by (1) above, 
or CC'^\f{t"'-t% 

In like manner, if t"y t"\ &c. be the times 
when the body gets to (7", C", &c (fig. 257,) 
and if we suppose the intervals <" — ^', r" — <", 
&c. extremely small, we may show that 

and so on for any number of intervals. 
Hence, l)y addition, observing that 

CC + C' C" + C" C" = CC'"y 
and ^'«-^' + ^'»-«'« + r"-r' = r'«-^% 

we find, CC"' = \f{j,"'^^f). 

* 4 (^ ' + «^) exceeds v just as much as it falls short of v', as is 
manifest by simple subtraction ; in other words, 4 (i/ -j. t;) lies 
hcUf-way, in magnil\xde,\ie\.^e«ii'o wA-W \\\.SA,\Jaatftfore, called 
tht mean, or hcdf -way ve\Qd\.^ \«X.^^«q.tb ^^^V . 
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This must manifestly be the result whatever 
the number of intervals be ; in other words, we 
shall always find^ that the space described in any 
interval of time, small or great, is equal to 

^/ { (time at which interval commences)* — 
(time at which it ends) ^} . 

Now B is the space described in the interval 
commencing with the time 0, and ending with the 
time t ; wherefore we have 

or, 8=^^ft\ 
which is the formula to be proved. 

Observation. — The proof here given is an exem- 
plication of a process of reasoning, which is of 
very great importance in Natural Philosophy; 
and it is chiefly on this account that it is given. 
It may be objected, however, that it is only 
an approximate proof, and subject to error. This 
objection leads us to the following explanation. 

Degree of accuracy of the proof jmt given. — We 
have assumed that the body describes CC with 
the mean velocity between v and «' ; in so doing 
we may possibly commit some error in finding 
CC'9 but, by taidng t^—t sufficiently small, we 
may obviously make that error less than any speci- 
fied fraction of CC\ Suppose, then, that the error 
is less than TinriTJinr C^^'* *^d that the same is true 
also as regards Cv", C" G"\ &c. If so, the error 
committed in finding CC" + C C" + C" C" + &c., 
is less than ivj>hi5iiii(0G'-^ ^'0"-^ C" C" + &c.), 
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and this is true, no matter what the number of 
intervals be. Wherefore, when we assert that, 

the error is less than Tdnii^'Gii *• 

Now we might, if we pleased, have assumed the 
intervals so small, that the error should have been 
less than ioooonivii^isjns h ^r ^.ny other minute 
fraction of 8 however small. It follows, therefore, 
that the equation 

is subject to an error less than tne smallest fraction 
of 8 than can be specified. But this can be said 
only of an error Zero ; wherefore the error is Zero. 
Thus it appears that the above proof, so far from 
being a mere approximation, is rigidly accurate. 

Proposition XII. 

To determine the formulw for uniformly varied 
motion, when the body ha8 an initial Telocity, 

Let us suppose that the body, instead of start- 
ing from rest, has a velocity u to begin with, or, 
as it is said, an initial Yelocitj u. Then the force 
will generate velocity at the rate of/ per second, 
as before, and thus in any number of seconds {t\ 
there will be a velocity ft added to u, if the force 
act the same way as u, or subtracted^ if the contrary 
way. We have, therefore, 

'Dzszu +ft ... (1) on former supposition, 
OTf v^^u — /t ... (2) on latter. 
Again, in vixlu^ oi \Iti^ m\<\^ ^^^^\\7i u^ the 
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body will describe a space ut in the tiling t, and, 
in virtue of the action of the force, a space i^ft \ 
Wherefore, by the Second Law of Motion, th^ 
space actually described will be the sum of these 
two spaces, when the force acts the same waves 
«, and the difference when the contrary way. Wq 
have, therefore, 

a^ut + ^ft^ ... (3) on former supposition, 
8^ut — i^ft^ ... (4) on latter. 

Lastly, squaring (I), we find, 

^u' + 2/{ut + ^ft') 
= u' + 2/8,hy{3). 

Or, if we proceed similarly with regard to (2), 
we find, 

=:e^--2/^, by(4). 

Thus we have, 

u'=t^'4- 2/j? . . (5), force acting same way as «/ 
t;*=: w'— 2/8 . . (6), force acting the contrary way. 

These are the formulae for uniformly varied 
motion, when there is an initial velocity. They 
may be regarded as all included in the three equa- 
tions (1), (3), and (5), by giving proper signs to 
ff u, and 8. Thus, (4) is the same thing as (3), 
only the sign of/ is changed, because the direc- 
tion of/ is reversed. 

Corollary. — For falling bodies the formulae be- 
come, 

v=zu + 32.2xt, 

8 = ut-\' 16.1 X t, 

«?.' = ^*^+ 64.4x5. 

F F 



AM 

Bot it if to be femoBbered dnt m mai w hoe 
sre tapposed to be drntrnwrnrd in dil fr ik i ii ; % 
therefore^ u or she mpward in £reetion, tfe proper 
ehaoge of sign must be made. This wiQ be nn- 
dentood better bjr the <nr«nplr8i ninck fiAow, 
than bjr an jr general atatinncnt, 

EXAMPLES CXr imFIMOILT TABIED XOTHH. 

Ex« I. — A stone is let £dl; how far does it M 
in 10 seconds, and what Telocitj does it acquire 
in 10 seconds? 

Here use the formulas $ =: 16. 1 x ^ % and 
V » 32,2 X U putting ^== 10. 

Ex. 2. — The stone, instead of being let faD 
simply, is projected (or thrown) downwards with a 
velocity 20 ; how far does it fall, and what velodty 
docs it ac^juire, in 10 seconds? 

Here use the formulas «stt^ + 16.1 x ^% and 
9 8 1^ + 32.2 X ^ putting u = 20, and t = 10. 

Ex. 3. — In Ex. 2, suppose that the stone is 
projected upwards^ instead of downwards ; find the 
space and velocity. 

Hero u will be againtt gravity, and therefore, 
in estimating the space descended by the stone in 
any time, we must mbtract ut^ instead of adding. 
We have, therefore, 

$= '^ut + 16.1 y.t^, and « = -«*-[- 32.2 x^, 

in which, put u s= 20, and ^ s= 10. 

Ex. 4. — In Ex. 3, how high will the stone have 
gone in 1 second ? 

Here, putting ^ r= 1 in the formula, « = — « f + 
16.1 x t\ (and tt«20,) we find, 
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Wherefore, the space described is 20 upwards, 
and 16.1 downtcards, i.e. 3.9 upwards. 

N.B, The answer ia this case is, «=s — 3.9; 
and here the meaning of the negative sign should 
be particularly note<L Originally s was regarded 
as a downward space ; but here we find s to be an 
upward space, and this is indicated algebraically 
by the negative idign. The fact is, the negative 
sign always indicates reversed direction^ or direction 
measured contrary to what we originally sup* 
posed. 

Ex. 5. — How long will the stone continue to 
ascend, if it be thrown upwards with a velocity of 
100? 

Here i? = — 100 4- 16.1 x t; and it is clear that 
the stone will continue its upward motion as long 
as the velocity due to gravity (16.1 x t) is less 
than the velodty of projection "'^ (100); but as t 
increases, the former velocity will increase, and (by 
the formula) at last become equal to 100 ; in which 
case V will be reduced to zero, that is, the stone 
will cease moving ; only for an instant, however, 
for gravity will immediately begin to produce a 
downward motion. Hence we shall find the time 
during which the stone continues to ascend, by 
putting 

16.1 X ^=100, 

or ^ = Ya~\ — "T ' iiearly, = 6 J seconds. 

Ex. 6. — In the same case, how high will the 
stone ascend? 

• The velocity of projection means the velocity comxnnnicated 
to the body at Btarting, whether by the hand, or by a blow, or by 
the force ofgunpawder, or otherwise. 
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In 6^ seconds the stone will ascend a space 
given by the formula «=s — 100 1 + 16.1 x ^', put- 
ting ^ = 6^; but the proper formula for this 
case iS) 

f,» = tt»-l-64.4x*. 

Here put u ss lOO, anfl we shall find the velocity 
V corresponding to any space s ; but « = 0, when 
the stone is at its highest elevation, as e:(plained 
in Ex. 4 ; wherefore, 

= (100) ' + 64.4 X * = 10,000 + 64.4 x s ; 

whence « = — ^\ ^ = — 156 feet nearly. 

64.4 ^ 

Here the negative sign, as before, means that s 
is an upward space. 

Ex. 7. — How high will a stone, thrown upwards 
with a velocity 10, ascend ? 

Ex. 8, — ^With what velocity must a stone be 
thrown upwards, that it may ascend a quarter of 
a mile ? 

Ex. 9.-— Where will the stone be (Ex. 8) at the 
end of one minute ? 

Ex. 10.— A stone is let fall from the top of a 
pillar, and it is observed to strike the ground in a 
second and a half; how high is the pillar? 

Ex. 11. — A stone is let fall from a cliff 128 feet 
high ; in what time will it reach the bottom ? 

Ex. 12. — If (in Ex* 11) the stone be projected 
downwards with a velocity 32, in what time will 
it reach the bottom ? 

Here we have 
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Or, very nearly, omitting decimals, and dividing 
by 16, 

Whence, «» + 2^^-1 = 9 

/-hl=/±3 
t^2, or —4. 

Here we obtain two answers, which often hap^ 
pens in problems of this kind. Of course, ^=ss2 
seconds is the answer we are seeking for; the 
other answer, <=»— 4, corresponds to a previous 
motion of the stone ascending; for it will be found, 
that, if the stone were projected upwards from 
the bottom 4 seconds before the instant zero, {i,e. 
t=iOy) with a velocity 96 f omitting decimals), it 
would arrive at the top of tne cliff, m its descend- 
ing motion, at the instant zero, and with a velocity 
32. Now this corresponds to the data of the 
problem ; for all that is therein given amounts to 
this, that the stone leaves the top of the cliff at the 
instant zero with a descending velocity 32 ; and 
the thing sought is, the time, i,e. the value of ty 
when the stone mil be^ or was at the bottom; 
positive values of t corresponding to future^ and 
negative to past time. So the answer given by the 
equation is necessarily double, giving a fiiture and 
a past time. 

N.B. "When any difficulty occurs about double 
answers, the simplest method is to test each 
answer by substitution, and so determine whether 
it agrees with the suppositions of the problem. 

Ex. 13. — A stone is let fall from the top of a 
cliffy and the interval that elapaeft\)«£ot^\!Qfc ^^nxcA, 
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of its striking the bottom is heard, is 5^ seconds; 
to find the height of the cliff. 

Let 9 be the height, and t the time the stone 
takes to fall down; then 5J — ^ will be the time 
the sound takes to come up. Sound, in ordinary 
weather, and in opA air, travels uniformly at 
about 11 20 feet per second. We have, therefore, 

«= 16.1 il*=: 16 <*, omitting decimal; 

also, for the ascending sound, 

« = 1120(5i-0- 
Wherefore, 

^' = 70(5i-<) 

<* 4-70 ^4-1225 = 1610. 

Whence, extracting the square root, and omit- 
ting decimals, we find, 

^ + 35 = ±40 nearly, 
^ = 5, or — 75, 

The negative answer may be explained as in the 
former example ; the positive answer, ^ = 5, is that 
which we are seeking; and since « = 16^% the 
height required is 16 x 25, or 400 feet.^ 

If we had omitted the consideration of the 
velocity of sound, the answer would have been, 

,= 16 (5i)' = 16 X 30 nearly, 
. Ex. 14. — A etoixe i^ igto^^^\.^ ^5.Y««s^a. ^x^^. 
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velocity 64; find when it is 48 feet above the 
ground. 

Here « = 48 feet upwards = — 48, 

t^ = 64 feet uptcards = — 64. 

Wherefore, the equati^i, « = w^+16.1^', be- 
comes, omitting decimals, 

-48= -64^ + 16^*. 

Whence, ^2 — 4^=— 3 

^'-4^ + 4 = 1 

t = S, or !• 

The double answer here has an obvious mean^ 
ing ; for the stone rises 48 feet in 1 second, and, 
in its descent, it is 48 feet above the ground again 
at the time ^ = 3. This may be verified easily by 
substitution. 

Ex. 15. — A stone let fall from a pillar, is ob- 
served to fall down the last half of the pillar in 
1 second ; find the height of the pillar. 

Let 8 be the height required, and t the time of 
falling down it ; then 

«=16.1 xt\ 

Also, since ^ — 1 is the time of falling down the 

height - 9 we have, 

| = 16.Ix (^-1)^ 

Wherefore, t'=^2{t-l)\ 
which gives t, and thence $« 
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Ex. 16. — Show that a stone thrown up comes 
down again to the ground with the velocity of 
projection, and that tne time of ascent is equal to 
that of descent. 



Fig. 259. 



PROPOfflh'ION XIII. 

To determine the motion of a body down a smooth 
inclined plane. 

Let ABh^ the inclined plane, fig. 259, ^ (7 its 

base (horizontal), J9 C its 
height (vertical), and let us, 
for brevity, put ^ C = 6, 
J9(7=A, AB=zl Let W 
be the weight of the body 
moving down AB^ which re- 
present by the vertical arrow 
FW\ and resolve FW into 
the two forces, E W along the plane,- and i> PT at 
right angles to it. Thus, as in Statics, (p. 294,) 




we have. 



EW : FW :: h t I. 



Wherefore, 



EW^FWy 
h 



or, force EW== TT -^ • 

Now the force D TF, being at right angles to the 

direction along which W moves, cannot produce 

any moving or retarding effect, since the plane is 

supposed to be perfectly smooth. Wherefore, the 

force JSW alon^ pioSwce^ \x\^^\wv. It follows, 

therefore, that the mo^Iioii o^ W ^wi^ ABSa.*^ 
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effect produced by the action of the force E W, 
or^ as has been shown, 

the force W j • 

Let / be the rate of acceleration which this 
force produces ; then, by Dynamics, Prop. III., 
putting for P the force just obtained, we find, 

/=' ^^= ; 5^ • • • • (1; 

The rate of acceleration being thus obtained, it 
is clear that the motion of W down the plane is 
determined, by the formulse in the preceding pro- 
positions. 

Ex. — ^If h^ -zlyto find the rate of acceleration 

4 

of W down the plane. 

Here /= ^ ^ = ^ nearly. 

Wherefore TF, in moving down AB, gains ve- 
locity at the rate of 4 per second nearly. 

Observation, -% is the sine of the angle of incli- 
nation of the plane ^^ to the horizon, i.e, the 
angle BA C. Wherefore, 

f=ff sin. BA C, 

Cordhry 1. — To find the 'ddodty of W when it 
has descended down the plane^ and the time occupied 
in the motion. 

Let t be the time of motion from B to -4, sup- 
posing that WiB simply let go «iX B ; ^sA Vx "tX^^ 



442 



ICECHANICAL SCIENCES, 



the velocity at A^ Then, by the former propo- 
sitions, we have, 

t,. = 2/f = 2//, 

or, by (IJ present proposition, «*=5 2^A • • . (2) 
This gives the velocity required. 
To find ty we have, by the former propositions, 

5 = i/^», 



2V 



Wherefore, ^* = — - 



(3) 



This gives the time of motion required. 

Corollary 2. — Interpretation of formula (2) ju^ 
obtained. 

The formula (2) is thus interpreted. If W^ 
instead of moving down B Ay were allowed to 
fall freely from B to (7, the velocity at G would 
be given by the formula, 

«>' = 2^^, 
as has been shown in the preceding proposi- 
tions. Wherefore it appears by the formula (2) 
that the velocity acquired in gomg down from B 

to A along the plane, is just the 
same as that acquired in falling freely 
from B to C In other words, the 
velocity acquired in going down an 
inclined plane is that due to the 
vertical height of the plane. 

Corollary 3. — Interpretation of for- 
mvla {S)ju8t obtained. 

In % 260, A, B, C denote the 
^ same aa m 4v^* *^^^% ^^i AB is 
drawn at right ang\ea lo A B^ \.^ xs^a^x. B Ci ^gt^ 
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duced at 7t. Wherefore ABB and ABC are 
similar triangles ; and consequently we haye> 

BB : BA :: BA : BC 

BA^ _ P 
BC "V 



RB^ 



Hence, by formula (3) above, we have, 



t^^ 



2BB 



Now this formula, by the preceding proposi- 
tions, indicates that t is the time in which a body 
falling freely descends from B to -B. Hence, 
since t is the time a body takes to move down 
from B io A,it follows that the time a body takes 
to go down the inclined plane B Ay is the same as 
the time of falling freely from B to R. 

This may be further interpreted, constructively^ 
by describing a circle Fig,2%\, 

about the triangle ABB, 
as in fig. 261. Of course, 
since BAB is a right 
angle, BR will be the 
diameter of that circle: 
wherefore, we may state 
the result just obtained, by 
saying that the time a body 
takes to go down a chord 
J? J. of a vertical circle, 
supposing that chord to be 
an inclined plane, is the same as the time a body 
takes to fall freely down the vertical diameter. 

Since B A may be any chord drawn from By it 
follows from this, that the time ^Q^\v ^k^ ^>iw5x 
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chord B A' IB the same as the time down BA ; 
and, generally, that the times down all chords 
drawn firom B are eqnaL Observe, that B is the 
highest point of the circle. 

CcroUary 4. — To find the plane of shortest descent 
from a given point B^to a given line E F,fi>g. 262. 

Draw JS /S^Tcrtical, and describe a circle, passing 
Fig. 262. throogh By touching E F^ and 

having its centre on J? )K (How 
this is to be done will be ex- 
plained.) Let A be the point 
of contact, and draw BA. 
Then BA is the plane of 
shortest descent required. For 
draw any other planes, BE 
and B G, cutting the circle at 
^" and A\ Then the time 
down BA IB equal to the time down BA'y by 
what has been proved; but the time down BA' 
is shorter of course than the time down BG: 
wherefore the time down i? ^ is shorter than that 
down B G. The same may be shown with re- 
ference to Bffy or any other plane. It follows, 
Fig. 268. consequently, that BAh the plane 
of shortest descent. 
\ To describe the circle here em- 
j ployed, draw BB fit right angles to 
/ EFf fig. 263, and then draw BA 
bisecting the angle BBS; which 
being done, draw AP parallel to 
BB, and therefore at right angles 
^ txyER Then P is the centre of 
the required c\Tc\e\ «^ Taa.-jVi^ ^'aaily shown by 
the Third Book oi Ya\x^^ 
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Obsercation. — A great variety of problems may 
be solved respecting planes of quickest descent 
after the manner of construction here given ; but 
they are neither of practical importance, nor illus- 
trative of mechanical principles, and therefore we 
pass them over. 

Proposition XIV. 

To find the effect of friction in retarding the 
motion of a body down an inclined plane. 

Recurring to page 440, and fig. 259, we have^ 
DW I FW V. AC : AB r. b : h 

and .-. DW^FW^ = W^^ 

But D W being the perpendicular pressure 
against the plane, we have, by Statics, chap, vii., 

force of friction =/A2)TF=^Fr-^. 

Wherefore, since friction is a retarding force 
acting opposite to E TF, the actual force on W 
urging it down the plane is, 

EW-fiDW, 
or, WrL-^fiWj^P suppose. 

Wherefore, if / denote the rate of acceleration, 
we have, by Dynamics, Prop. III., 

^ P h^fib /,v 
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Henoe, If t denote the time the body takes to 
descend from B to A, and v the velocity it has 
acquired when at A, we have, by Prop. X«, 



/ = J/'»=J*-^y*', 



2P 

Also, i>* = 2// = 2(A-|i6)^ . • . (3) 

(2) and (3) determine t and v. 

Corollary. — If the motion be up the plane, the 
friction and gravity are both retarding forces, and 
therefore we have 

and .*. /= — J—. 
Here /is a retardation. 

EXAMPLES OF MOTION ON AN INCLINED PLANE. 

In these examples, the formulas given in Propo- 
sitions X. and XII. Dynamics, are to be used, 
together with the values of /* just obtained in 
Propositions XIII. and XI V. Fig. 259 is the 
one referred to. 

Ex. 1. — A body takes 10 seconds to descend 
from B to A, and requires a velocity equal to 5g ; 
what is the gradient, i.e. what fraction is A of /^ 

We have generally, by Prop. X., 
but « ^ 5 g, and t = 10, 
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But by Prop. XIIL f^jff; 

wherefore, J = c, or A == J/. 

Ex. 2. — If the body be projected (started) from 
B with a velocity 4 down the plane^ and if A =: ^/, 
find the velocity at A^ supposing / = 10. 

Here / =: J^, and, by Prop. XII., 

«?» = 4« + 2/^ 

= 16 + 10^ = 338; 

.-. «? = 18 nearly, 

Ex. 3. — A body is projected from / with a 
velocity 8 up the plane; how high will it ascend 
along the plane ? 

By equation (6), Prop. XII,, we have, 

Now here, t« = 8, and/= J^^ = 16 nearly. 

Wherefore, «?* = 64 — 32 « nearly. 

If in this equation we put 

64— 32» = 0, or« = 2, 

we find «? = 0, whenever the velocity becomes zero, 
when the body has gone 2 feet up the plane, and 
therefore it will go 2 feet, and no more, up the 
plane. 

Ex. 4. — ^With what velocity must the body be 
started up the plane from A, in order to arrive at 
B with a velocity 9 ? 



448 BfECHANICAL SCIENCES* 

Here, if we put a =* 10, and u =» 9, and/sss J^, 
in equation 6, Prop. XII., we find, 

81=«'-322, 
/. tt * = 403, and .'. « = 20 nearly. 

Wherefore 20 is the required velocity nearly. 

Ex. 5. — ^Find the time the motion up the plane 
occupies in Ex. 3 and Ex. 4. 

In Ex. 3, we have, by formula 2, Prop.XII. , 

v=^u—ft = 8 -let. 
Now, here, u = when 8 — 16 ^ = 0, or ^ = J. 

Wherefore i second is the time required. 
In Ex. 4, we have, similarly, 

^ = u —ft = 20 — 16 1. 

But « = 9 at 5/ wherefore, 

9 = 20-16^, or t= r^- 

16 

Ex. 6. — If the plane be rough, /* = J, ; = 5, 
^ = 4, and, therefore, i = 3, find what time the 
body takes to go down from ^ to -4. 

Here, by (1) Prop. XIV., we have, 

4 — 1 
5 
Wherefore, by the same Proposition, 
l^\ft\ or 5 = 9.6 x^', nearly; 
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. Ex. 7. — Supposing that the body is set going 
up the plane from A^ with a velocity 10, and 
arrives at J? in 4 seconds, find /l6, (Aas4, /=:6, 
* = 3). 

Here we have, by (4) Prop. XII., 

Whence, putting « = 5, « = 10, ^ = 4, we find, 
5=40-8/, and.-./=^. 

O 

But, by (1) Prop. XIV. Cor. we have, 
J. h + fib 4 + 3fi 

^=~T-^—5 — 

Wherefore, -^ = '■ — r-^ ; 

o o 

/. 175 = 32 + 24^. 
Whence, /Lt= -^ = 6 nearly. 

Ex. 8. — Supposing I = 10, and h ^ 6, find 
what value of /x wm make /= 4 for motion up 
the plane. 

By calculation or measurement, we shall find 
J = 8. Wherefore, for motion up the plane, we 
have. Prop. XIV. Cor., 

. _ -__ A + /a6 __ 6 + 8^ 

/. /A =4 J. 

Ex. 9» — If a body is projected up the plane 
from A with a velocity 3, supposing /= 10, 6 = 6, 

G G 
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h=sS, and fi^^, finff how high the body will 
aficend up the plane, and how long it will taker 
before it comes back to A. 
For the ascent we have, 

._ h-^-^b _ 8 + 2 _ 
'^'^ I "" 10 "" ^' 
and «» = «*• — 2/« = 9 — 2«. 
Wherefore, putting «j = 0, to find «, we have. 

This shows how high the body will ascend. 
. We have also, 

v = u —ft = 3—1^, 
or, putting «? = 0, ^ = 3, 

whence 3 seconds is the time occupied by the 
ascent. 
For the descent we have, 

A — /i6 8 — 2 3 



/= 



/ "" 10 ""5' 



and measuring a downwards from the highest point 
attained by the body, we have, 

Now, when the body comes to A 9 « is 4^, since 
the whole ascent is 4^. Wherefore, if t be the 
whole time of descent, we find 

H--^t\ OTt'^15; 
and ;. t=^ Tvssfi^i. 
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Thus the whole time of ascent and descent 
together is 3 + 4, or 7 seconds nearly. 

Ex. 10. — Find the time of descent down the 
plane (smooth), when A = 10, i = 100. 

Ex. 11. — Find the same when plane is rough, 

and,i=2^. 

Ex. 12. — Find, or try to find, the same when 
^ = 1, and explain the reason of the failure. 

Ex. 13. — Same case as in Ex. 10. Find the 
time of descent when the body is projected from 
B down AB with a velocity 4. 

Ex. 14. — Find the same if plane be rough, and 

_ J^ 

^^""20* 

Ex. 15. — Same case as in Ex. 12. Find what 
velocity of projection will be sufficient to make 
the body just reach the bottom without stopping. 

Ex. 16. — Same case. If the velocity of pro- 
jection be only half what it ought to be for the 
purpose, how far will the body go down the 
plane ? 

Ex. 17. — The body (same case) is projected up 
the plane from A with a velocity 4 ; how high will 
it ascend ? 

Ex. 18. — Find the smooth plane of shortest 
descent from a given point to a given circle. 

Ex. 19. — Find the smooth plane of shortest 
descent from a straight line 'to a circle. 

Ex. 20. — Give a geometrical construction for 
showing the time of descent down a given rough 
plane. 



CHAPTER IV. 



SOBIE CASES OF CURVILINEAL MOTION CONSIDERED — 
.CENTRIFUGAL FORCE — ^MOTION DOWN A CURVE. 

CuRViLiNEAL MoTiON may be investigated by 
the aid of the second law of motion ; but cases 
of this species of movement, sufficiently simple 
for a treatise like the present, are very few. The 
following, however, may be easily managed: — 

UNIFORM CIRCULAR MOTION. 

This kind of motion takes place when a body 
describes the circumference of a circle, always 
with the same unchanging velocity. It is a very 
important and fundamental case of curvilineal 
motion, and deserves special attention. 

Proposition XV. 

Fig. 264. A body describes a circle 

{radius r), mth a uniform ve- 
locity («), to find the force {F) 
which produces this motion. 

It IS clear that there must 
be a force in action, in this 
case, for, if not, the body would 
describe a straight line, not a 
circle, by the first law of mo- 
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of the circle, and suppose that the body moves 
from P to ^ in a second. Draw PS and 8Q, 
tangents at P and Q ; complete the parallelogram 
PSQ T, and draw its diagonal 8T9 which, produced, 
will manifestly pass through (7.* The body when 
at P, is moving with a velocity «, in the direction 
P89 and when at Q, with the same velocity in the 
direction SQ. Wherefore, since PT is parallel to 
SQ, and equal to P8y we may take P8 and PT 
to represent the velocity («) of the body, at P 
and Q respectively. Now, by Prop. V. Cor. 2, 
the force {F) which has produced this change of 
velocity is, 

W 

JP= — ' X (velocity represented by /ST) . * (1). 

But the triangles P8T and PQG are mani- 
festly similar; wherefore, 

ST : PS :: PQ : PCy 

or, velocity ST : v :: PQ : r* 

.•• velocity ST= ^^ (2). 

Now I shall suppose that the movement is slow 
enough to allow our assuming the arc PQy which 
is described in a second, to be, practically, of the 
same length as the chord PQ. This gives chord 
PQ = Vf and therefore (2) becomes 

velocity /Sr= — 

* This follows from the fact that the two tangents SQmdSP 
are, as is weii lnown, always equa^l. 
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And therefore, by (1), we find 

F^^t' (3). 

If, howeyer, the motion is quick, so that PQ 
is an arc of some length, and therefore chord 
P Q is decidedly less than arc PQ; we haye only 
to take the milUonth part of a second as our time- 
unit, instead of a second, and suppose that FQ is 
described in this unit. 

But it is dear that, if we diminish our time- 
unit, we must diminish «, y, and P,* in the same 

pro^rtion; U. we must put j^^^, ^^g^. 

1000 000 * "^*®^ ^^ ^* ^' ^^ ^' ^^^» making 
these substitutions in (3), we find 

F ^=^ ^ m • • • ( 3)« 

9 T 

So the formula for F is not affected by this 
change, and therefore the result is true for all 
motions, howeyer quick* 

Oi«^r«?a^«(W.— This yalue for P is a yery im- 
portant result. It shows that the force which 
produces imiform circular motion is got by mfAti" 

W 

plying — (i.e. the moM of the moying body) ty 

the square of the velomtyt and dividing by the radius. 
Also, since S T produced goes through C^ it appears 
that this force always acts directly towards the 
centre. 

* Because v Is tlie spaft^ ^^scnfe^d, g the velocity acquired (by 
falling body), and P tl^e wawaxX. (illw«ife\st^^"^N»\a*« ^lay, ♦» o 
. unit of time. 
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Corollary. — Given the number of revolutions per 
second, to find F. 

Suppose that W goes round the circle n times 
in a second. The space described in one revolu- 

tion by the moving body is ^r, or, more exactly, 

27rr, where ir is simply used, for brevity, to denote 
the number 3.14159 (see p. 225) : wherefore, the 
space described in w revolutions is 27rnr. This, 
then, is the velocity (by definition, p. 382), where- 
fore T f=27rnr in (3) ; and thus we find, 

^ W4:7r'n'r' 
ff r 

Or, F=^—4:7r'n'r .... (4). 

The number n, i.e. the numbet of revolutions 
pel* second, I shall call the circtdar mlocity. 



OF CENTRIFUGAL FORCE. 

If the body be caused to move in a circle, by 
fastening it to one end P of a string, the other 
eiid being fixed to the centre C, and giving it an 
initial impulse ; the tension of the string tending to 
pull the body in towards the centre, will be the 
force F found in the proposition ; i.e. the tension 
of the string will be a force 

1^ ^\ 
9 ^ 
Now, if there is this tension on the string, there 
must of ne^jessity be all equal and opposite re- 
action on the point (7, to which the string is fixed ; 
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W r* 
ue. an outward force tending always to pnll 

if 

C towards the numna body. 

This outward pall on the centre is caUed a evn- 
trifuaal, or centre-flying force. 

The inward poll on W exercised by the tension 
of the string, is called a eentripetal^or centre-seek- 
ing force. 

Observe, the centrifugal force does not act on the 
body, but on the centre. The centrifogal force is 
the outward reaction on the centre, or on the 
string, or whatever it be that forces the body to 
move in a circle ; but it is not a force acting on 
the body itself. 

N.B. — A large amount of error has been put in 
circulation on the subject of centriftigal force by 
popular writers, and others who ought to know 
better. Hegel's celebrated attack on the Theory 
of Gravitation, and his method of showing that 
the Planets do not move as Newton asserted, but 
rather, that they **go along like blessed Grods," is 
based principally on the error I allude to, which 
Hegel, not having a '^judicious and distinctive 
head," greedily swallowed* 

Here is the common notion of the planetary 
motions actually received by the bulk of educated 
men at the present day. A planet has a circular 
motion about the sun : therefore, a centrifugal force 
acts upon it tending to drive it outwards n*om the 
sun. But the sun attracts the planet, and so pro- 
duces an equal and opposite inward or centripetal 
force. Wherefore the two forces, the centripetal 
and centrifugal, ex^yctly destroy each other ; and 
the consequence la Circular Motxou 1 1 

But circular mot\cm. \^ tioX* ^^ ^\iafc^^^^ ^ 
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no force acting on a body. "What says the ^rst 

law of motion f When a body in motion is acted 

on by no forces, it moves in a straight line^ not 

in a circle. Thus, according to these Qrroneous 

notions, the effect of the circular motion of the 

planet is fo produce centrifugal force; and the 

effect of the centrifugal force is to destroy the 

centripetal force ; and then no force acts on the 

body ; and then the body moves in a straight line. 

Thus the result which follows from the circtdar 

motions of the planets about the sun is, that they 

all move in straight lines ! ! 

The real state of the case is simply this. A 

body will not move in a circle unless there be a 

force always acting upon it directly towards the 

W v' 
centre, namely the force — — found above. The 

g r 

sun by its attraction exerts this force on each 
planet, and so produces its circular motion. It 
must be remembered, however, that the motions 
of the planets about the sun are not exactly cir- 
cular, and therefore the force exercised is not 

exactly — — • 
g r 

Examples of Proposition XV. 

Ex. 1. — A body, weighing 1 lb., held by a string 
10 feet long, is whirled round uniformly at the rate 
of three revolutions per second ; find the tension 
on the string. 

The circtdar 'Velocity (i.e* the Aumber of revolu- 
tions per second) is, here, 3; wherefore, by the 
Cor., Prop. XV. 
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w 

9 

32.2 "«*^^J^- 

3= 112 nearly. 

Hence the puU on die string is 112lbs.5 or 
Icwt. 

Ex. 2. — If the number of revolutions be only 
1 per second, find F. 

Here n = 1, and ^=12 lbs. nearly. 

Ex. 3. — ^If the number of revolutions be 5 per 
minute, find F. 

Here the circular velocity is 5 per 60 seconds, 
or ^ th of a revolution per second ; t.«. n = -j^. 

.'. i^ = Tj lb. nearly. 

Ex. 4. — ^If, in Ex. 1, the string is only 1 foot 
long, find F. 

Here w = 3, r = 1, and .*. JP=s 11 nearly. 

Ex. 5. — How fast is the body vhirled round if 
the tension on the string is equal to W (^^^^ 10)? 

Ex. 6. — How long is the string if the tension is 
equal to 10 TF, (n = 3)? 

MOTION OiF A PROJ£}CTILB. 

Another (5ase of cutvilineal tnotioii that liiay be 
easily solved, is that of a body projected with a 
given velocity in a given direction; the resistance 
oi the air being u^^^Ckl^^i- T^aa body so pro- 
jected is called a projectile. 
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Proposition XVL 

To find where a projectile mil be at any ffiven 
time after it has been projected. 

Let u denote the velocity of projection, and t 
the given time. Let A §, fig. 265, be the direc- 
tion in which the body is Fig. 265. 
projected from the point Q^ 
A. Take AQ = ut, and 
draw QPdownwards equal 
to i^^%* tJ^^n P is the-^ 
point where the body will 
be at the end of the time t. ^^ 

This follows immediately from the extended 
statement of the second law of motion in page 
394 ; for J.^ is the space described in the time t, 
in virtue of the velocity «*, and QP the space the 
body falls in the time t by gravitation. W^here- 
fore, by drawing A Q and then QP^ we arrive at 
the point P, where the body actually is at the end 
of the time t. 

Corollary. — To show the successive positions 
of the body at the end j.,-^. 266. 

of each successive se- 
cond. 

Take, along A Q, fig. 
266, the portions AQi, ^ 
QiQt, QiQsy &c., each 
equal to u ; draw, ver- 
tically, QiPi, Q,P^ 
QsPsi &c., equal respectively to 
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Then, it is obvioiis that P„ P» P„ &c. will be 
thepoeitions of the body at successive seconds. 

Hence the form of the curve described by the 
body may be eamly drawn. It is called a Para- 
bola. 

Pboposition XVIL 

To find where the body ttrikes the ground ^ (which is 
mppcied to be horizontaly) and the time of flight. 

^ P, in fig. 267, represents the ground, A Q 
p. 2gy the direction of pro- 

C'jection, and QP is 
vertical. Let the 
time of motion, or 
the time of flighty as 
it is called, be t; then, 
as before, 

AQ^uty QP = yt\ 

Now, let the gradient of ^4 iQ be one in n feet, 
{i.e. for every n feet you go along AQ you rise 
one foot,) then AQ^nQP^ and .'. 

ut^^n\gt^l 




2u 

or, ^= — 

ng 



(1). 



This gives the time of flight. 

To find u4P, (the distance at which the pro- 
jectile strikes the ground,) we have 

^P' = ^Q'-QP» 
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t 

ng ^ n ^ ^ 

This gives A P. 

Trigonometrical Solution. — ^Let the angle QA P, 
which is called the angle of projection, be a ; then 

AQ . ut 2 u 

/. ^ = — sm. a (3). 

Also, -4P=-4Q cos, a = «^ cos. a. 
And .'. by (3) AP = sin. a cos. a . . . . (4). 

Corollary. — AP== — sin. 2 a, by (4). Now, 

if 

sin. 2 a is greatest when 2 a is 90^, i.e. when 
a = 45°. 

Wherefore, the greatest value of AP, or, as it 
is called, the greatest horizontal range, is obtained 
by projecting the body at an inclination of 45 ** 
to the horizon. •This is not true when the velo- 
city of projection is great, because then the resist- 
ance of the air is considerable, and we have left 
that out of account altogether. 
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Ex. 1.— Find t and APwben »=2,and m =64. 
Here hy (1) ami (2) we haye, 

. ^x64 « , J 

= 2x32 ^ ^ seconds, nearly. 



^^"^ 1^ Vl-1 = IW feet nearly. 

Ex. 2.— Find A P when n = 10, and tt = 100. 

Ex. 3. — Find the greatest elevation the body 
attains, if it be projected at an angle of 30"", willi 
a velocity of 128. 

In this case, resolve the velocity into two velo- 
cities, one vertical, and the other horizontal. The 
vertical will be found by construction, or calcula- 
tion, to be 64. Now, tne horizontal velocity can 
have no effect as regards the vertical motion; 
wherefore, the greatest height attained will be got 
from the equation, 

= (64) » - 64 8. (See p. 436.) 

Which gives « = 64 feet. 

Ex. 4. — ^Find the greatest height ascended when 
the velocity of projection is 100, at an angle 
of 46". 

Ex. 5. — Find the velocity of projection at an 
angle of 45 "", which is necessary in order to hit a 
mark on the ground half-a-mile off. 

Ex. 6. — Find the angle of projection when the 
horizontal range is 100 feet, and the velocity of 
projection 100. 

Ex. 7. — A body \^ ^xo^^Cited horizontally from 
the top of a tower 100 i^^\» \Ji^> ^aSk ^\jckR». the 
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ground 40 feet from its base ; find the velocity of 
projection. 

Here the time of flight (t) is the same as the 
time of falling down 100 feet. 

.-. 100=16^% and /. t = 2^. 

Now 40 feet are described horizontally in this 
time; wherefore the velocity is 

Ex. 8. — 1£ the body is projected norizontally 
with a velocity 20, how far will it fall &om the 
base of the tower, the height being 64 feet? 

Ex. 9. — If the body is projected at 45 °, instead 
of horizontally, find the same. 



MOTION DOWN A CURVE. 

The velocity which a body acquires in moving 
down a smooth curve or groove, its weight bemg 
the only force causing the motion, is capable of 
being found by a very simple rule, which is 
investigated in the following Proposition. 

Proposition XVIII. 

To find the Telocity which a body acquires when it 
falb doicn along a smooth curve or groove. 

Let APQB be the curve or groove; and 
suppose that the body is let go at -4, and allowed 
to run down this curve toB ; it is required to find 
how fast it is moving at B. 
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Let PQ'be any portion of the curve taken so 
small that it may be practically regarded as a 

straight fine; draw PJR and AG 
vertically; and BC, QT, and PS 
horizontally. The forces which act 
on the body (W) while it is moving 
from P to Qi are its weight TF, ana 
the reaction of the curve. This re- 
action is always at right angles to 
the curve, and therefore has no tendency to 
accelerate or retard the motion of W; also, if 
P denote th'e effect of W down PQ, we have, by 
Prop. XIIL» 

^^ ^ PQ' 
and therefore, 

rate of axjceleration if) =" f^ ff- pnff^ pq9' 

Let ID denote the velocity of the body at P, and 
«?' that at Q; then we have, by Prop. XIL, 

«?'= V'o''\-2f.PQ, 

or, tj'= WT2PT, (since/= ||^)- 

Now suppose that the body, instead of moving 
down the curve, falls vertically down ACy and 
suppose also that «? is its velocity at 8 ; we then 
find, by Prop. XII., its velocity at T to be 

Vv''\'2g.ST. 

"Wherefore the increase of velocity that takes 
place when tlie body ^oea from P to Q in the 
actual case, is "precia^Vj \5cife «ascia ^ ^^J»a•^ ^hich 
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takes place when the body goes from 8 to T in 
the supposed case. Hence^ if we draw a great 
number of horizontal lines^ as in the figure^ 
thereby dividing the curve AB^ and the vertical 
AC, ID. s, series of corresponding elements, like 
JPQ and STf the change of velocity in the actual 
motion along the curve will be the same for each 
element, bs that for the corresponding element in 
the supposed motion down A C. Wherefore, the 
final velocity will be the same in both motions, 
supposing the initial velocity the same. In 
other words, we have the following rule: — K a 
body be let fall from A down any smooth curve 
or groove AB, its velocity at B will be the same 
(in magnitude) as if it had been allowed to fall 
directly down the vertical height, i.e. from A to (7.* 
If then V denote the velocity at JS, we have, by 
Prop. XII., 

^'^2g.A0 (1). 

CoroUary. — In the same way it may be shown, 
that if the body, instead of being simply allowed 
to fall down AB^ be projected along the curve 
with an initial velocity w, then, 

«>'=«* + 2^.^4(7 (2). 

The following is a good example of this, and 
Prop. XV. 

Proposition XIX. 

A lody {W\fig. 269, is attached to one end of a 
horizontal string A (7, the other end being fixed. 
If the body be let goy to find its velocity tchen it gets to 
its lowest position B, and the tension of the string. 

* It ma/ be Bhown that this proof is absolutely free from 
error^ as in the proof that s = -^/e ^ 
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Fig. 169. 




It is clear tbat Wy bj the action of the string; 
18 caused to describe a circular arc^ AB^ just as if 

it were simply allowed to move 
down the arc» as a smooth curve 
or groove. Li going firom A to 
B it descends a vertical distance 

aual to CBy which call r. 
ence, if « denote the velocity 
at B, we have, by the previous 
proposition, 

«' = 2yr . . . (1), 

which gives «. 

Also, the forces which act on 
W when at B^ are the tension of the string (which 
call T) acting upwards, and the weight W down- 
wards ; ue. T— W acting towards the centre. 
Thus r— TT is the force which causes the body 
W to describe a circle whose radius is r, with a 
velocity «. Wherefore, by Prop. XV., we have, 

(2); 

y ^ 
and, therefore, by (1), 



9 r 



9 ^ 

.\ r=3Tr (3). 

The tension at B^ therefore, is three times the 
weight. 

CaroUary 1. — If W be allowed to fall from a 
lower position A ', instead of J., to find « and T. 

Draw A' D borizotit^JX^ , «3wk Ut DB =5= A, which 
we shall suppose is \a;LOv?iiL. 'l\v^x^> %s^\iR&sst^^ 
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9 r g r 

2h; 
r 



••• T= (l + ^) W; 



Corollary 2. — The body being allowed to fall 
from Ay to find v and T when it gets as far as ^ '. 
We have, 

'e'^2gCD:=2g{r^h\ 

which gives v. 

To find Ty we must resolve W (which represent 
by A' E) into two forces, one. A' F^ at right 
angles to the string, and the other, FEy along the 
string. 

Then T — FE will be the whole force along 
the string. 

Now by similar triangles, CA D and A'FE^ we 
have, 

FE : A'E :: CD : CA\ 

or, FE : W xi r^h i r; 



/. FE^W 



r ' 



r ^ g r g r * 
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SIMPLE IMPACT. 



Impact is s^d to take place when bodies strike 
together ; we shall here consider only the simplest 
case in which this may occur. 

Proposition XX, 

If a body A overtake and strike another body B^ 
to find the effect of the blow or impact : both bodies 
cure supposed to be momngi along the same line. 

Let u denote the velocity of -4, and v that of 
B, both taking place in the same direction, but 
Fig. 270. that of A bciug the greater. When 

S ^O 4 ^ overtakes, and begins to press 
^ upon B^ it is clear that the velocity 
of B will be increased by that pressure. At the 
same time, B will react upon A with an equal 
and opposite pressure, which will, of -course, 
diminish the velocity of A* Now, as long as A 
is moving faster than By this increase of B*^ velo- 
city and decrease of -4's velocity will continue. 
Wherefore, at last, xScve N^od^v^^ ^^ A and B will 
be made equal, liet -o' \>^ \5kv^ ^Q^^vifc^^'^^^Y> 
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then A has lost an amount of velocity equal to 
u — v'; and therefore, by Prop. VI., the dynamical 
effect produced on A by the pressure of £ is 

supposing A to denote the weight of ^, 

In like manner, the alteration of velocity of B 
is «' — » (observe that «' is greater than «); and 
therefore the dynamical effect on ^ is 

B denotiug the weight of B. 

Now, the pressures which produce these dyna- 
mical effects, namely, the pressure of B on Ay and 
that of A on B^ are, by the law of action and 
reaction, equal during the whole time while the 
alteration of velocities is going on. The dyna- 
mical effects produced must therefore be equal. 
Consequently we have, 

-(«' — «)=* - (t« — O/ 

and .'. {B-\'A)f>=^Au-\'Bv. 

^ , Au'\'Bv ,,v 

* ^ ^ A -^B ••••♦• \^r 

This gives the equalized velocity v* 
If the bodies be perfectly devoid of spring, this 
equation completely solves the problem ; for when 
once the velocities are equalized, it is clear that 
there can be no mutual pressure exercised between 
the two bodies. But ful bodies are compressible. 
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mnd when compressed have a greater or less spring, 
or tendency to recover their shapes. It is clear 
that A and B will be in a state of compression 
when the velocities are equalized ; for thej have 
been mutually pressii^ on each other, and that 
with no small amount of force. Wherefore the 
spring, or . tendency to recover shape, will come 
into play after the equalization of the velocities, 
and cause a new exertion of mutual pressure be- 
tween A and B; which will further mcrease the 
velocity of B and diminish that of A, until B gets 
clear of and leaves A behind. Then the impact 
will be complete. 

Let u" be the velocity of A, and «" that of B 
at this time, that is, when B gets clear of A. 
Then it is found by experiment, that the altera- 
tion of velocity, «' — t* ', produced in A bv the 
spring, is always a certain fraction of the altera- 
tion u — v' previously produced, while the com- 
pression was going on. That fraction is always less 
than I, and its amount depends upon the elasticity 9 
as it is called, of the two bodies. Let the letter 
X be employed to denote this fraction ; then we 
have, 

or, by (1), 

,, /, , ^^ Au + Bf) ^ ,^» 

" '=(^+^) A+£ ~^" (^^• 

It is found also, similarly, that the same law 
Applies to the alteration of yelocity in B; that is, 
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or, by (1), 



« 



= (l+X)^5^-X* (3). 



(2) and (3) give the velocities w" and «", and 
thus the final effect of the impact is known. 

Corollary. — If B be moving in the opposite 
direction to Ay we must in all the above formulae 
change the sign of v, as is manifest. Thus, instead 
of (2) and (3), we shall, in this case, have, 

«"=(l+.X)^j^-X« (4).' 

«" = (1 + X)^;|^+Xe..,..(5). 

Observation. — ^When X = 0, the bodies are said 
to be inelastic; when \ = 1, they are said to be 
perfectly elastic. Neither of these cases occur in 
nature. 

Ex. I. — Ay moving vrith velocity 10, strikes B 
at rest; ui = -B, and X = i; find «" and «". 

Here «*= 10, «=0; wherefore, by (2) and (3), 
,, 3^.10 1,^ o-L. 

Wherefore, A loses 7i of its velocity, and B 
gains as much. 
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Ex. 2. — Same case, only B =s 2 A ; find u" and 
«". We have 

2 ZA 2 ' 

,, 3J.10 - 

Here ^ is completely stopped, and B goes on 
with the velocity 5. 

Ex. 3. — Same case, only J?s=3Jl ; find u" and 
«". Here 

,^ 3 -4.10 1 - -1 

Here the negative sign of u" shows that A ia 
not only stopp^, but driven back by the blow, 

Ex. 4. — Show that, if X = 1, and ^ is at rest 
before impact, A is always at rest after impact. 

Ex* 5. — ^If A = 2 By and A and B are moving 
in opposite directions before impact, find the finsd 
velocities. 

Ex. 6. — S|how that always 

Au + Bv=^Au" + Bf)'\ 
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Proposition XXI. 

If B be a fixed bodyy to find the velodty of A aftet 
impact. Fig. 270. 

In this case we may find the result by sup- 
posing By in the former proposition, to be exceed- 
ingly large compared with A. Thus, if I throw 
a heavy body on the ground, I do not move the 
earth, because it is so large; not because it is 
actually fixed. 

Now we have from (2), putting <? = 0, 

But, because B is exceedingly large compared 

A 

with A* the denominator of the fraction =. 

\ A^B 

is extremely large compared with its numerator. 
The fraction is therefore practically zero. Where- 
fore we find, 

that is, the velocity of A is reversed by the 
blow, and diminished in the proportion of X 
to 1. 

Ex. 1. — A marble is dropped on the. floor from 

9 
a hdght A, and reboimds to a height r^h; find X» 

The ball, since it falls a he ight A, strikes the 
ground with a velocity I/2 g h^ and^ since it risfisk 
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9 

to a height jz. k, it leaves the ground with a velo- 



'j/2y ^ *, or I V2ffk. Wherefore, 

4 

Ex. 2. — If X =s ^, and the ball is dropped firom 
a height A, find the height to which it rises after 
2 rebounds. 

Here let A' and A" be the heights to which 
the ball rises after the first and second rebound'; 
then 

t/2^'=:X V27a, and y27F = XV^A'. 

.-. A' = X*A=^A, and A"= ^ A'. 

4 4 

•*•*"= 16*- 



OBLIQUE IMPACT ON A PLANE. 

Proposition XXII. 

If A he throum against the ground obliquely y vdih 
a velocity Uyiofind how it moves after the blow. 

Let CF be tVve ^\aTL^^ wvd suppose that A is 
thrown against it xa \5ttft dit^OassviKO* ^^xdsice 
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KC to 2>, taking CD to represent the yelocity u. 
Draw HCE at right angles to CF ; p^. 271. 
and complete the rectangle CEDF. .x 
Take CH=^\CE; complete the f^H 
rectangle CHGF, and draw C^?. /"^ 
Then CG represents in magnitude 
and direction the velocity of A after 
the impact. 

For the velocity CD is equivalent to the two 
velocities CF and CE ^ the former clearly is not 
affected nor altered by the impact; the latter, OE^ 
is reversed and changed into A CE ; in other words, 
it is changed into GH Tfor CH^ X CE). Where- 
fore, after impact, A has the two velocities Cff 
and CF; and consequently the actual velocity of 
A is represented by CG. 

CoroUary. — The angle DCE is called the angU 
of incidence f and GCH the angle of reflection. 

Now, \^.DCE^ ^» and \xai.GCH^%^^ 
DE . ^^ ' ^^ 

^^^ .-. tan. GCH=^ ^ tan. DCE. 

This completes the explanation and illustration 
of the fundamental principles of Dynamics. 
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